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Abstract. An optimal control problem, which includes restrictions on
the controls and equality/inequality constraints on the terminal states,
is formulated. Second-order necessary conditions of the accessory-
problem type are obtained in the absence of normality conditions. It
is shown that the necessary conditions generalize and simplify prior
results due to Hestenes (Ref. 5) and Warga (Refs. 6 and 7).
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1. Introduction

Second-order theory for problems in optimal control has been studied
for some time. The earliest results were motivated by the work of Bliss
(Ref. 1) in the calculus of variations. They concerned problems with open
control sets and depended on heuristic arguments to obtain both necessary
conditions and local sufficiency conditions; see, for example, Refs. 2-4,
which include some additional references. Mathematically rigorous treat-
ments of second-order necessary conditions seem to be limited (Refs. 5-8).
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Hestenes, whose work is the earliest, considered a fairly general optimal
control problem, but made the standard assumption that the control set
is open. His main result (Theorem 9.1, Chapter 6, Ref. 5) states that the
second variation of a suitably defined function is nonnegative on a set of
admissible variations related to the first-order necessary conditions. More
recently, Warga (Ref. 6) obtained a similar result, stated in a somewhat
different way, for problems where the controls are restricted to a convex,
not necessarily open, constraint set. A more radical departure is considered
in Refs. 7 and 8, where relaxed controls are introduced. The resulting
second-order conditions may be interpreted as exploiting strong (Weier-
strass—Pontryagin) variations instead of the weak (Lagrange) variations
used in Refs. 5 and 6. It should be emphasized that all of the above conditions
are of the accessory-problem type and are global over time. Thus, they
are quite different from the pointwise-in-time, second-order conditions
considered in the theory of singular control (Refs. 9-12). See Ref. 7 for
some additional remarks on these matters.

The approaches to the proofs in Refs. 5-8 appear philosophically
different. Hestenes works directly in the space of state-control pairs, while
Warga obtains necessary conditions for an abstract optimization problem,
which he then applies to the optimal control problem. There is, however,
a common ground. Both modes of proof rely on the implicit function
theorem to generate a one-parameter family of admissible elements. This
is done in such a way that the range of a variationa} operator, which is
associated with problem constraints, must have full dimension. Conditions
which imply the full-range property are called normality conditions, because
they imply (among other things) that the multiplier associated with the cost
in the necessary conditions is nonzero.

Normality conditions, such as those found in Refs. 5-8, are unpleasant
because they are usually difficult to verify and may, on occasion, fail to be
satisfied. This is why first-order conditions which do not require normality,
such as those due to Fritz John (in mathematical programming) and Pontry-
agin (in optimal control), are popular. In the absence of normality condi-
tions, there are some second-order necessary conditions in the mathematical
programming literature (Refs. 13-16); but, apart from the singular control
results (Refs. 9, 11, 12), there seem to be none in the theory of optimal
control. Our objective in this paper is to make significant progress in filling
this gap.

We begin in Section 2 by stating a rather general optimal control
problem which requires weak (not necessarily convex) assumptions on the
control set and includes mixed equality and inequality constraints on the
initial and terminal states. This problem subsumes the problems in Refs.
5-8 as special cases. Our initial attention (Section 3) is on the case of weak
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variations. Theorem 3.1 contains the necessary conditions which are stated
concisely in terms of Lagrangian and Hamiltonian functions and a multi-
plier-free characterization of admissible variations. The lack of a normality
condition leads to an unusual min-max formulation of an accessory
minimum problem. The necessary conditions take on a simpler and more
familiar form in the presence of normality and regularity. Precise definitions
of these concepts are given and they are characterized concretely [by
Conditions (C1) and (C2)]. For open control sets, normality and regularity
together are equivalent to natural generalizations of Hestenes’ normality
conditions [our Condition (C4) or (C5)]. In the presence of control con-
straints, the natural generalization of Warga’s (Ref. 6) normality condition
[our Condition (C6)] is sufficient, but not necessary for normality and
regularity. Thus, Warga’s second-order necessary conditions may hold
under weaker conditions than he states. Specifically, our Condition (C3),
which implies that his second-order conditions hold, may be satisfied under
his alternative (a), Theorem 1.1, Ref. 6.

The proof of Theorem 3.1 is based on necessary conditions for an
abstract optimization problem obtained recently by the second author (Ref.
17). These results are stated without proof in Section 4 and are used in
Section 5 to prove Theorem 3.1.

The theory developed in Sections 3-5 for weak variations of ordinary
controls can be extended with little change to relaxed controls (Ref. 7) and
mixed relaxed-ordinary controls (Ref. 8). This is done for relaxed controls
in Section 6. The results generalize those in Ref. 7 in much the same way
the results in Section 3 generalize those in Ref. 6. Under certain assump-
tions, the necessary conditions for the relaxed problem become necessary
conditions which apply to an optimum over the class of ordinary controls.
This result leads to a second-order necessary condition for ordinary con-
trols (Theorem 6.4), which is expressed entirely in terms of ordinary
controls and applies under weaker assumptions than those used in
Theorem 3.1. Even when the assumptions for Theorem 3.1 hold, the
second-order condition in Theorem 6.4 is quite different from the one in
Theorem 3.1.

2. Statement of the Optimal Control Problem

We need the following notation. Let T £[¢y, t,] be a closed interval
of the real numbers R and § CR’. Use M(T., $), L(T, S), PC(T, S), and
AC(T, S) to denote, respectively, the set of all functions g: T - S which
are measurable, measurable and essentially bounded, piecewise continuous,
and absolutely continuous. Let m and n be positive integers, j and k be
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nonnegative integers, X CR" and U CR™ be open sets,
ZAAQT, X), UCMT,U),
[TXXxU->R", i X XX >R, foriel0,...,j},
P XxX->R ifk>0.

Optimal Control Problem (OCP). Find (x(-), u(+))eZ xU which
minimizes

T (), u () & dolx (1), x(12), 1
subject to
Pi(x (1), x(82))<0, ie{l,...,/}  (omitif;j=0), 2)
Ylx(t), x{t2)) =0 {omitif k =0}, 3)
@) =ft, x @), u), aa.teT. 4)

This problem generalizes in several ways the optimal control problems
treated by Hestenes and Warga. In Ref. 5, Ineq. (2) is omitted, ) is
replaced by

x(t) =%y, x{t2) = %2,

where %, ©,€R" are fixed, and there are isoperimetric equality and
inequality constraints involving integrals of x(f) and u(¢) on T. The
isoperimetric constraints can be written in the form of (2) and (3) if
additional components are added to f and x(¢) in (4). In Ref. 6, Ineq. (2)
is omitted, and (3) assumes the form

x(t)=0, Jx)=0

We impose a very loose condition on the set of admissible controls
9 ; it need only be a subset of M(7, U). Thus, it may incorporate a variety
of interesting constraints beyond the classic situation of Ref. 5, where

U £ PC(T, U)
is open. For instance, it includes the case considered in Ref. 6, where
UL {u(-Ye LT, Uo): u(t)e U(t), te T},
U@)CU, forallteT,

U,C U is compact, and U(¢) is closed and convex for all te T.

To obtain necessary conditions for optimality, notation and assump-
tions concerning the functions f, ¢;, ¢ must be introduced. We begin with
some notation for the derivatives of functions of several variables.
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Let g:ACR >R, where A isopenand g is C'. For G € A,
g@ayR-F

denotes the first (Fréchet) derivative of g at a. The linear map g'(@) is
written as

y =g'(@)x,

where g'(a) is identified with the Jacobian matrix of g. Suppose that g is
C* ForaeA,

g'@): R xR >R

denotes the second (Fréchet) derivative of g at 4. The bilinear map ¢g"(@)
is written as

y =g"(@)x1, x2),

where g"(a) is identified with the Hessian matrices of the components of
g. Specifically, the ith component of y is written as

yi=x1g{(@)xs

where T denotes transpose and g(a) is the symmetric r X r matrix of
second partial derivatives of the ith component of g at 4. For notational
simplicity,

g"(@)x)*2¢g"(@)x, x).
Suppose that

1 4
r=2r,—, A=A1><A2X"‘XA,,, a=(ay,...,4,),
i=1

where
A,' C Rri and a; e Rri.

Then, the first partial derivative of g with respect to the pth component
of a at @, denoted by g, (@), is the first derivative of the map

g:A,-R,
where

é(ap) = g(db very dp—la ap, a_p+13 veey au)'

Similarly, the second partial derivative

8aya, (@) R? XR* >R’
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may be defined. It is a bilinear map, which may be identified with s r, X r,
matrices of second partial derivatives.
For y € R’, linear maps
AR >R,
and bilinear maps
B:R"xR>->R’,

let |y|, |<¢], |8| denote sup norms over the elements of the characterizing
matrices.

Depending on whether we want first-order or second-order necessary
conditions, the first or both of the following assumptions are required.

Assumption 2.1. ForallteT, f(z,-,-)is ClonX xU;forall (x,u)e
X x U, the components of f(-, x,u) and the elements of f. (-, x,u) and
fu(+, x, u) are measurable on T'; there exists an integrable function /: T >R
such that, for all (¢, x, u)e T XX X U,
£t x, )]+ |felts %, w)| +1 £l %, w)| = £ (@)
forief{0,...,/}, ¢:iisClon X XX ;

if k>0, ¢is C'on X xX.

Assumption 2.2. ForallteT, f(z,-,-)is C?on X xU;forall (x,u)e
X x U, the elements of the matrices which define f,. (-, x, &), fu(*, x, u),
fuu(+, x, u) are measurable on T'; there exists an integrable function {: T > R
such that, for all (¢, x, u)e T XX X U,

[Fox (& 2, )]+ | (8, %, )|+ | frn (8 x, w)| = £(2);
foric{0,...,/}, ¢ isC*’on X xX;
ifk>0,¢is C*on X xX.

Apart from the fact that U need not be bounded, these assumptions
are essentially those used in Ref. 6. They are certainly weaker than those
appearing in Ref. 5.

3. Necessary Conditions

This section contains the main results of the paper. We begin by
introducing some special notation. Then, we state the necessary conditions
(Theorem 3.1) and elaborate on them through a series of theorems and
remarks. The longer proofs appear in Section 5.
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In the statement of the necessary conditions, (X(-), a(-)eZ XU
designates a solution of OCP. Since many functions must be evaluated on
(x(t), ii(r)), this evaluation is represented compactly by a superbar. For
example,

FOR (2@, a(t) and ¢ 2y E (), £(2)).

We require sets of state and control variations. The state variations
are elements of

FLAC(T,R").
The set of control variations is any set % which has the following properties:
4 CLo(T,R™), 5)
UCU~a()2w() o) =ul-)=a(),u(-)eul, (6)
0c, (7
91 is convex. (8)

As will be discussed later, the freedom in the choice of % has certain
advantages. The set of critical directions, i.e., the elements of & x4 which
satisfy both the linearized equations of motion and the linearized active
terminal constraints and have inferior linearized cost, is also required. It
is given by

DEMC),0(-)eZ XU (n(-), w()) satisfies (10)-(12)},  (9)

where
(?;ixm (t1) +‘J;ix27? {£2)=0, i €lag, (10)
Gy (1) +hm(2) =0 (omitif k =0), (11)
()= +fOow@), aateT, (12)

and
Tao2{0}, /=0, (13a)
Lot {0}U{ie{l,....}:d:=0}, j>0. (13b)

Finally, it is useful to introduce a Lagrangian function
L XXX xRS R,
defined by

i
Llx1,x2, D2 Y lipi(x1, X2) + L (x1, X2),
i=0

{= (l(), ey lj, l‘j,), k > 0, (143)
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i
Llxi, x2, 1) 2 ;O lipi(x1, X2), 1=y, ..., 1), k=0, (14b)

and a Hamiltonian function
#: TxXxUxR" >R,
defined by
H(t, x, u,p)2p (e, x, u). (15)

Theorem 3.1. (i) If (x(-),a(-)) solves OQP and Assumption 2.1
is satisfied, then there exist / € R*™** and p(-) e £, such that

[#0, (16)
=0, i€{0,...,j}, (17
=0, i€{0,...,j}/1a0, (18)
pt)=-Z, 0",  pt)=2,0), (19)
PO =—F(t,p) =—f(6)p(), aa.teT, (20)
Jiw(), =0, foralle(-)ed, (21)
where t
R0 2] f lt, p (O (1) . (22)

(ii) If, in addition, Assumption 2.2 is sati§ﬁed, then for each
(#(},6(-)) €D, there exist [eR'7* and p(-)e £, such that (16)-(21)
are satisfied and

L), a(:), =0, (23)
where

L), @), DAL (D (1)) + 280, (D(n (t1), 1(12))
+Zen(Dm (t2>)2+j [ n 1, p () (1 ()2

+ 25 (8, p () (), @ (D)) + Fon (1, p (D) ()1t (24)

Our second-order condition is less complex than the one in Ref. 6. First,
as in Ref. 5, J, is written in terms of the Hamiltonian function instead of a
second-variation differential equation of order »n (see Form 1.2 in Ref. 6).
Second, a multiplier-dependent condition, which in our notation is
equivalent to

F.t,p)w()=0, aarteT,
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does not appear. As will be seen, its role is served by (10) with { = 0. Lastly,

and this simplification holds with respect to Ref. 5 as well, there are no

difficult-to-verify conditions related to normality. Additional assumptions

do produce simplifications in statement (ii). This will be discussed shortly.
Let § be a subset of a vector space, and define

cone S&{ax:x €S, a>0}.

Then, the following remark is easily verified.

Remark 3.1. If % is replaced by cone 4 in (9) and (21), Theorem
3.1 remains valid.

Remark 3.1 does not strengthen the necessary conditions, but it does
make them positively homogeneous in the variations (n(+), w(-)). This is
consistent with the way second-order necessary conditions are usually
written in the mathematical programming literature. The remark may make
Theorem 3.1 easier to apply. For example, when

U =PC(T, U)
and 3
YU=PC(T,U)~a(-),
as in Ref. 5,
cone 4 = PC(T, R™).

Also, cone % may be viewed as a conical approximation to % at ()
(Refs. 16 and 18). In Theorem 3.1 (i), the remark may be extended so that
9 is replaced by the closure of cone %. However, simple examples show
that this extension does not apply to (ii).

Several other points deserve attention. For each /, (19) and (20) assure
that p(-) is uniquely determined. This fact justifies writing J; and J, as
tunctions of /, rather than of / and p({-). Also, it implies that the family of
pairs (f, p(+)) which satisfy the necessary conditions [either (i) or (ii)]} is
completely characterized by the corresponding family of multipliers /. The
family of multipliers [ which satisfy (ii) is dependent on (71{:), ®(- ) e Q.
Unlike Refs. 5 and 6, we do not know if there exists an [ and corresponding
p(+) such that (23) is satisfied for all (7(*), @(-))e @. Consequently, (ii)
requires some modifications if it is to be cast as an accessory minimum
problem (Refs. 1-3 and 5).

Let the normalized multipliers associated with the first-order condi-
tions be given by

Q£ {/:1 satisfies conditions (16)—(21) and =1} 25



84 JOTA: VOL. 41, NO. 1, SEPTEMBER 1983

From Remark 4.1 and the connections established in Section 5, it follows
that () is compact. This and the continuity of J, in [ yield the following
obvious paraphrasing of (ii).

Theorem 3.2. Suppose that (£(:),u(-)) solves OCP and that
Assumptions 2.1 and 2.2 are satisfied. Then,

fz(n('),w('))érpe%xfz(n('),w('),F) (26)

is defined for all (n(+), w(*))€ D, and
(n(:),0(-)=0

solves the accessory minimum problem: Find (n(-), 0 (-))€ & which minim-
izes Jo(n (), w(+)).

Second-order necessary conditions having this min-max structure have
appeared recently in the mathematical programming literature Refs. 14
and 15, but are new in the theory of optimal control. The min-max structure
disappears if additional assumptions, similar to those used in Refs. 5 and
6, are imposed.

Let us pursue this issue in greater detail. If

1,>0, forsomele (),

we say that (£(-), i#(+)) is normal. This is a weaker definition of normality
than the more common one:

>0, forall/e().

If Q) has a single element [, we say that (£(+), i(+)) is regular.

Remark 3.2. If (£(-),@(+)) is a regular solution of OCP, the con-
clusion of Tﬂheorem 3.1(ii). is strengthened as follows: there exists / € R
and p(-)e £, such that (16)-(21) are satisfied and

(), w(-),)=0, forall(n(:),w(:))eD. 27
Moreover,

L ()0 =Tn(-),0(-), D,

and the accessory minimum problem loses its min-max structure. If (£(-),
@#{-)) is both a regular and normal solution of OCP, there is a unique [,
Ip=1, such that (27) holds. This consequence occurs in both Refs. 5 and
6; it is noted in Ref. 5, but not in Ref. 6.
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Normality also allows the set @ in Theorem 3.1 to be expressed in
alternative ways. Use

Ia 2 1,0/{0} 28)
to denote the set of active inequality constraints. Let
D5 2{(n(+), 0(-) e xU:(n(-), w(-)) satisfies (), (11), (12)}, (29a)

where 8 =a, b, ¢ is given by

(a) (50::17} (rl) + &Oxzn (tl) = 0; ‘b-lxln (tl) + q;ixzn (tZ) = 0’ i€ IAa (29b)

(b) Jilw(+),D=0; (29¢c)
©) Gun(t) +di,n(t2)=0, ie{pela:l, =0}, (29d)
<I§ixm (t)+ ¢-ix2"1 (t2)=0, ie{pela:l,>0} (29e)

If 7 € % implies —aii € % for some a >0, we say that % is two-sided.

Theorem 3.3. Suppose that (x(-), #(-)) is a normal solution of OCP
and Assumption 2.1 holds.

(i) Then, 2,.=9.

(ii) Assume that I, =, and let [, >0, satisfy Theorem 3.1(i).
Then, @, = D.

(iti) Suppose that gl is two-sided, and let [, [,>0, satisfy Theorem
3.1(). Then, 2. = 9.

This theorem is useful in the application of the second-order necessary
conditions, because certain inequality conditions in the definition of & are
replaced by more easily treated equality conditions. It also establishes
connections with Refs. 5 and 6. When OCP is specialized to Warga’s
problem, Theorem 3.3(ii) applies, because there are no inequality con-
straints. His second-order condition is essentially expressed in terms of 9,
[the condition #.(t, p(t))w(t)=0, a.a.te T, implies (b)]l. When OCP is
specialized to Hestenes’ problem, Theorem 3.3(iii) applies, because

4 =PC(T, U)—a (")

is two-sided. His second-order condition is expressed in terms of 9. (see
Theorem 9.1, Chapter 6, Ref. 5). Note that (c) does not include (5% and
oy, This is the traditional way of writing the second-order necessary
conditions (Refs. 2—4).

Since normality and regularity have significant implications, it is of
interest to determine conditions which imply them. In seeking such condi-
tions, we have more freedom than prior researchers, because (unlike them)
we have separated the issues of normality and regularity from the proof
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of the necessary conditions. In fact, some simple observations yield condi-
tions which are equivalent to regularity and normality. After stating these
conditions, we will introduce stronger conditions and briefly explore their
relationship to the conditions in Refs. 5 and 6.

We need to use the derivatives ¢,, ¥,, Gi,» Pix,y { €1, for several
index sets 7 C{0, ..., }. To ease the notation, let i;<i,<-:-<i, be the
elements of I when I # &, and let s =0 when I = J. If s + k >0, introduce

& X xX >R

by
' E(piy. . b, ),  forl#D, k>0, (30a)
o' 2(¢y,..,¢:), forl#T, k=0, (30b)
'Ly,  forlI=0,k>0. (30c)
Now, define
IR %% >R
by
I w(-) 205 +Din(t), (31a)
n(-) solves (12) with n(t,) =& (31b)
From Section 5, it follows that, for I =10, ..., j}, the condition
T w(-)=0, forall (¢ w(-)eR" x4, (32)

is equivalent to (19)-(21). Moreover, |I[|=1, (17), and (18) are equivalent
to

=1, (33a)
l,' = 0, forie IAQ, (33b)
=0, forief0,...,j}/ Lo (33¢)

Thus, () is the set of [ satisfying both (32) and (33). We may omit from
our consideration the components of / which must automatically be zero.
Let

v £ cardinality of 4.

Then, normality and regularity can be characterized by the system

p=(p0a--~’pv+k)7 PiZO’ie{O,---’V}’ (34)
lol=1, (35)
p T w(-))=0, forall (£ w(-))eR" x4 (36)

Specifically, we can make the following statement.
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Remark 3.3. Suppose that (£(-), &(-)) solves OCP. Then, (34)—(36)
has a solution p. The pair (£(-), #(-)) is regular if and only if the following
condition holds:

Condition (C1). There is a unique p which satisfies (34)-(36).
The pair (£(-), @#( - )) is normal if and only if the following condition
holds:

Condition (C2). There is a p which satisfies (34)~(36) and po>0.

A variety of conditions exist which imply Conditions (C1) and (C2).
A trivial example occurs when there are no equality constraints or active
inequality constraints,

v+k=0.
Hereafter, we assume

v+k=1.

The following remark is easily verified.

Remark 3.4. Suppose that (£{-), @(-)} solves OCP. Then, there
exists a p which satisfies (35), (36), and po=0. Conditions (C1) and (C2)
are implied by the following condition:

Condition (C3). There is a unique p which satisfies (35), (36}, and
po - 0-

If v =0, condition C3 is equivalent to the joint satisfaction of Conditions
{C1) and (C2).

Condition (C3) is closely related to traditional normality conditions.
The connection with Ref. 5 is made by the following theorem.

Theorem 3.4. If cone % is a linear space, then Condition (C3) is
equivalent to the following condition:

Condition (C4). T’a(R", cone %) =R"**,
If cone % = L.(T,R™), Condition (C3) is equivalent to the following
condition:

Condition (C5). rank[(®+PLZ (1))DLW]=v +k, where Z(r,) is
determined by

ZoO)=f()Z@), aateT, (37
Z(t)=I,4nxn identity matrix, (38)
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and W is defined by

W_A_J 2Z(tz)Z“l(z)fu(t)(Z(tz)Z—l(t)fu(t))Tdt‘ (39)

31

Proof. Note that the determination of p by (35), (36), and po>0 is
not changed if 4 is replaced by cone 9. Since cone % is a linear space,
S0 is

GATo(R", cone %).
Condition (C3) holds if and only if 9 C R****" is a hyperplane with normal
P-z(ﬁ(),---ap_u+k): ﬁ0>0'

From this, it is easy to verify the equivalence of Conditions (C3) and (C4).
For

n(t)=0 and w(-)eLo(T,R"),

the set of n(z,) generated by (12) is the range of W (see, e.g., Ref. 19).
The equivalence of Conditions (C4) and (C5) follows from this.

For the problem treated in Ref. 5, Conditions (C4) and (C5) are similar
to those appearing in Sections 7 and 8 of Chapter 6. See also Ref. 20.
When cone ¥ is not a linear space, simple, equivalent characterizations of
Condition (C3) are not available. However, there are conditions which
imply Condition (C3).

Theorem 3.5. Suppose that (x(+), #(-)) solves OCP. Condition (C3)
is implied by the following condition:
Condition (C6). There is ap R ™, p #0, such that
Ocint{l"A (g, w(+)): £eR" 0 (-) e W, p T, w(-)) =0}
Condition C6 is implied by the following condition:

Condition (C7). rank(&),’cq‘ + CT)Q;Z (t))=v +k.

Though simple, Condition (C7) has limited value, because it often fails
to hold. Consider, for instance, the problem of Ref. 6, written in the form
OCP. Then, x{t;) is specified and

b (x (1)) =0,

where
J:X»IR" and j>0.
Specifying these constraints in terms of ¢ requires

k=k+n>n.
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Since the matrix in Condition (C7) has » columns, Condition (C7) cannot
possibly hold. Condition (C6) is the natural generalization of the interior
point condition given in Theorem 1.1 of Ref. 6. This can be seen from the
equivalence noted in Theorem 3.3(ii) and the fact that

Jilw(+),)=0
is equivalent to
p TT2(¢ w(+))=0.

All of the conclusions of Ref. 6 hold under Condition {(C3}. Moreover, it
is easy to find examples where Condition (C3) holds and Condition (C6)
does not. Thus, when it can be verified, Condition (C3) is the preferred
condition.

A few additional facts concerning Theorem 3.1 are worth noting.

Remark 3.5. For (n(-), w(-))€ D, define

I (-), ()2 {i € Lao: dix,n (1) + Pin,m (12) <0}, (40)
gL U SmC)e(). (41)
() w()eD
If { satisfies (16)—(21), then it must also satisfy
I;=0, ied 42)

This remark follows from Remark 4.2, which shows that it is a con-
sequence of conditions corresponding to the conditions in Theorem 3.1(i).
While Remark 3.4 adds nothing new to (16)-(21), it is a way of deducing
that additional components of [ are zero. In applications, it may be difficult
to obtain #. However, if (n(-), w(+))€ 2 is found such that (12) holds as
a strict inequality for { =/, then /; =0. Such determinations are useful in
testing for normality and regularity, because they allow I, in {36) to be
replaced by a proper subset of I4,.

In general, (21) may not be replaced by a condition which holds
pointwise in 7. One exception of obvious practical value is the following.

Remark 3.6. Suppose that

U ={w()eLo(T,R™): w(t)e U(t),te T},
where

U020 -i),
U is a convex subset of R™, and

#(-YeLo(T, U).
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Then, the integral condition (21) is equivalent to the pointwise condition:
F(t,p)w=0, forallyeU(t),aa.teT. (43)

The result (43) follows easily. Write
w()=v()—i(t).

Then, (21) is equivalent to

r Fu(t, p ()i (t) dt sj'tz Tt p () dr,  forall u(-)e LT, O).
i i 44)
By a standard argument used in the proof of the maximum principle (see,
e.g., Ref. 21, p. 79), Ineq. (44) is equivalent to
Fut,p(O)AO)<Fu(t,p(O)u, neUaateT,

which is equivalent to (43).

A careful reading of Section 5 shows that Assumptions 2.1 and 2.2
are somewhat stronger than they need to be. In Assumption 2.1, it is
sufficient to require the following of ¢; and ¢: ¢;, for i € Lo, and ¢ have
a Fréchet derivative at (X (1), £(¢»)), and ¢ is continuous in a neighborhood
of (£(t1),x(t2)). In Assumption 2.2, it is sufficient to require that ¢,
i €ls0, and ¢ are twice Fréchet differentiable at (x(z,), X (2)).

4, Necessary Conditions for an Abstract Optimization Problem

We now state necessary conditions for an abstract optimization prob-
lem. These conditions, which are an obvious specialization of results proved
and discussed further in Ref. 17, are the basis for the proof of Theorem 3.1.

Letj and k be nonnegative integers, € be a vector space,

E,CECE,
$::E>R, forief0,...,j}
J:E->R,  ifk>0.
Abstract Optimization Problem (AOP). Find ¢ € E which minimizes
F(e)2 dote), 45)

subject to
ecE,, (46)
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bie)=0, ie{l,...,j} (omitifj=0), (47)
de)=0  (omitif k =0). (48)

To state assumptions and necessary conditions for AOP, it is necessary
to generalize the notion of the Fréchet derivative, so that it applies at
boundary points of a function’s domain (see Ref. 22, p. 167). The mapping

g:AcR >R

is F.differentiable at @€ A if 4 is contained in a convex subset of A
having nonempty interior and there exists an r X s matrix g'(d) satisfying

lim o -a|™[g(@)~g(@)—g @)@ -a)]=0. 49)
acAj{a}

The second-order F-derivative is defined by application of the above
definition to the map g': A > R".

One-sided directional differentials are obtained as a simple application
of the F-derivative. Let %" be a vector space,

WCw, G:W >R, weW, heW,
and assume that there exists @ > 0 such that
w+aheW, a [0, ).
The F-derivative at & =0 (if it exists) of the map
a->G(Ww+ah):[0,a)>F

is DG{(w;h), the one-sided djrectional differential of G at w in the
direction . The second-order F-derivative of the map

a->G(W+ah): [0,a)>R

at a =0 (if it exists) is D?G(w; h), the second-order one-sided directional
differential of G at w in the direction A.
Elements of R™ are written as

a={a,...,0)

Define

Pr(a)é{aeﬁ’:aizﬂ,i=1,...,:’, Y a,~<a'},

i=1
A'é{aER’:a;ZO,i=1,...,r, Y ai=1},
i=1

and let co W be the convex hull of W.
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In the following assumptions, let & € E satisfy (46)-(48), and let M C &
be a convex set such that

0esM and ENM+é)CE,.
Define

b2 (bo, ..., 1), k=0, (502)
b2 (do,....dp8), k>0. (50b)

Assumption 4.1. For each
E4colhy,. .., his}CM,

there exists & > 0 such that

é+oECE, foralloe[0,4), (51)
"~ k+1
a-> x[z(é +o Y aih,-) : A¥ > R* is continuous for all
j=1
ogc(0,d) (omitif k =0), (52

k+1

a —><i>(é+ Y aihg) :PEH(G) > R * s Fidifferentiable ata = 0, (53)
i=1
h->D¢;(e; h): M >Risconvex, ie{0,...,j}, ifk=0. (54)

Assumption 4.2. For each
Eéco{hla ey hk+2}CM,

there exists & > 0 such that (51) is satisfied and

a->d (e' + k}j a,-h,-) P**(@) » R is twice F-differentiable at a = 0.
(55)
Finally, we require the following notation:
G 4A{yeM: y satisfies (57) and (58)}, (56)
where i A
De¢;(é;y)=0, i €lag, 57)
D§@E;y)=0  (omitif k =0), (58)
and
fao2{0}, j=0, (59a)

L2 {0)U{ielt, ...l du@)=0}, j>0. (59b)
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Theorem 4.1. (i) Suppose that ¢ solves AOP and that Assumption
4.1 is satisfied. Then, there exists

l% (IO, ey lj+k)€ Rl+i+k’

such that
[#0, (60)
L=0, ie{0,...,5} (61)
=0, ie€{0,...,j}/ a0 (62)
I"'D®@E;h)=0, heM. (63)

(ii) If, in addition, Assumption 4.2 is satisfied, then, for each y 69?,
there exists

[&(lo, ..., L) e R
satisfying (60)-(63) and
I"'D*®(e; y)=0. (64)

Remark 4.1. The set
{1:1 satisfies (63)}

is closed, because it is the dual cone (Ref. 21, p. 34) of D&(e‘; M. This
and the form of (61) and (62) imply that

Q14 {1:1 satisfies (61)-(63) and |I| = 1}

is compact.

Remark 4.2. Let [ satisfy Theorem 4.1(i). Suppose that ye 9 and
i € [0 are such that

Déi(¢;y)<0.
Putting A =y in (63) shows that
f;=0.
More generally,
=0, ied, (65)

where

F4 U@ {i € Lao: D;(€; y) <O} (66)
ye
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Remark 4.3. Suppose that (53) holds with k = 1. Then, for h,, h;,
a1 20, a; =0, it is easy to see that

D&)(é, Chhl +a2h2) =C¥1D(§(E; h;)"'azD(i(é; hz).

Thus, (54) holds.
We now consider the abstract counterpart of Theorem 3.3. Let

Ds2{y e M: y satisfies (¢) and (58)}, (67a)

where ¢ =4, b, ¢ is given by:
&) Ddo(;y)=0, Di(e;y)=0,iela, (67b)
®) I'DdE; y)=0, (67c)
@ Dé:i(e;y)<0, ie{pels:l,=0}, (67d)
Déi(e;y)=0, ie{pels:l,>0} (67¢)

and

T2 Ih0/{0} (68)

Theorem 4.2. Suppose that Assumption 4.1 is satisfied, that & solves
AQP, and that there exists / satisfying (60)-(63) such that /,>0.
(i) Then, ¥ =9.
. (i) Assumethatls =, andlet/, lo> 0, satisfy Theorem 4.1(i). Then,
Ds=9.
(iii) Suppose that M is two-sided, and let [, />0, satisfy Theorem

~

4.1(i). Then, : =9.

Proof. (i) Clearly,
$4CH.
Conversely, let y € 9, and suppose that
Dé(&;y)<0.
If [ satisfies (60)~(63), then by Remark 4.2 /; must be zero. Thus,
Déo(e;y)=0.
(i) Ifye%s, then (b) and lo>0 imply that
Déo(e; y)=0.
Since y satisfies (58) and [, =,
yed.
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Conversely, if y € 9, then by (i),
Déoe; y)=0.
Since [, = and y satisfies (58), (6) must hold.
(iii) Since M is two-sided, it is easy to see that (63) is equivalent to

I'DdE;y)=0, yeM. (69)
If y € G, then it follows from (69) and [ >0 that
Déo(é;y) =0.
This and (€) imply that
D:Cha
Thus,
ye9b.
Conversely, if y e 9?, then (58) and (67d) must hold. By Remark 4.2,
;=0, foralliel, such that D;(¢;y)<O0.

This last statement is equivalent to (67e), which completes the proof.

S. Proofs for Section 3

Our principal task is to prove Theorem 3.1 using Theorem 4.1. The
correspondence between AOP and OCP is established in the following
way. Let

LR XM(T, R™), (70)

E&{(x,u(-)eXXM(T,U): x(-)e&
exists which satisfies (4) and x(t;) = x,}, (71)
Eo2ENR" xU), (72)
Dy, u ()2 Dy, x (x1, u(-))(t1)), (73)

where

D2 (o, ..., ), k=0, (74a)
DL (do,....b4), k>0, (74b)

and x{x1, u{(-})(-) denotes the unique solution of (4) satisfying x{¢;) =x;.
Let
e£(E(tr), a(-)),
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where (X (), @(*)) solves OCP, and define M by
MAR" x 9. (75)
From (6)—(8), it follows that M is convex,
0eM and EN(M+é)CE,.

Using (70)-(73) and (75), we now show that Assumption 2.1 implies
Assumption 4.1. Let

E&colhy, ..., i} CM,
where
A (G w(-)eR XU, ie{l,...,k+1}
Conditions {6)—(8) imply that

k-+1
i)+ Y wwi()elU, teT,acP (1)
i=1

Thus, if '€ (0, 1] is chosen so that
k+1

)+ Y aibieX, a eP* (),
i=1

we can consider solutions x (-, a) of the system

¥t a)=F(tx(ta),a), aa.teT, (76)
k+1
X(h,a)=f(f1)+‘§1 a;&;, (77)

where o € P“*(5") and
k+1
Floxa)2f(tx 20+ L aen). (78)
i=1

We want to show that there is a & € {0, &'} such that x (-, a) € & exists
for @ eP**Y(¢) and that x(-, ) has an F-derivative at o =0. If, for all
te T, the function F(t,-,-) is C* on X XA, where A CR**! is open and
0 e A, these results follow immediately from Assumption 2.1 and standard
theorems on the parametric dependence of solutions of differential
equations. Unfortunately,

k+1

al{t)+ Z aw;i(t)e U, teT,

may imply that there is no such set A, even though U is open. Thus, we
rely on Theorem I1.4.11 of Ref. 22, in which F(t,-, ) is F-differentiable
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on a set which is not necessarily open. This theorem [with F(z, -, -) defined
on X xP*"Y(&")] guarantees our desired existence result, which proves (51).

If C(T, X) denotes the Banach space of bounded continuous functions
g: T - X with the uniform topology, then it also follows from Theorem
11.4.11 of Ref. 22 that the map

a>x(+,a):P"@)>C(T, X)

has a continuous F-derivative. This fact and the C !_differentiability of &
imply by simple arguments that the mapping

a-> B, ), x(t, @) PG >R (79)

is F-differentiable at « =0, which proves (52). Similarly, the map in (79),
with @ replaced by ¢, is continuous on P**}(g), which proves (53). To
show (54), note that, if k =0, then (53) can still be verified with k=1
which, by Remark 4.3, implies (54).

To prove Theorem 3.1(i), it remains to be shown that (60)-(63) imply
(16)—(21). Clearly, (60)~(62) are equivalent to (16)—(18). By setting

flzé’, (l)l(‘)z(l)(‘), 77(')=xa1(',0)a
it follows from (76) and (77) that the first-order directional differential of
the map
Gu)=>x(xy,u(-)):E->CT, X) (80)

at (x(t1), #(+)) in the direction (£, w(*))eM is given by the solution 7(-)
of (12) with n(t;) =& From the chain rule for F-derivatives (see Ref. 22,
p. 172), it follows that

DO@E; h) =D, n (1) +Peyn (), (81)
where
R w().
Thus, using (12) and (81), (63) becomes
T w(-)=0, (£w(-)eR XL, (82)
where

t.

T (& ()2 @y, + Do Z (12))€ + D2 (1) j 2 e @) d, (83)

and Z(-) is given by (37) and (38). Obviously, (82) implies that
1T[®,, +®,,Z (,)]=0. (84)
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If p: T > R" is defined by
pTO=1"8,Z(e)Z7'(0), (85)
it is clear that (84) is equivalent to
e, 27 ') +p(t)=0, teT.

From this, it is easy to verify that p(-) satisfies (19) and (20). Using (84)
and (85) in (82) yields (21).

To prove Theorem 3.1(ii), we apply a second-order generalization of
Thoerem I1.4.11 of Ref. 22 to (76) and (77), with k +1 replaced by k +2.
This shows that Assumption 4.2 is satisfied. By setting

f1=§, wl(')zw(')s 7](')—_—xax(',0), 0(')=xa1a1('70)7

it follows from (76) and (77) that the second-order directional differential
of the map in (80) at~(f (t1), @(+)) in the direction (&, w(-))eM is given
by the solution 6(:)e ¥ of

6 (1) = F (080 + Fux (O (1)) +2F (Y (1), @ (D) + Fuae (1)@ (1)),
a.a teT, {86)
a(¢,) =0, (87)
where 7 (-) is given by (12) with n(¢;) = & For
h&Ew()eM,
we have
D’®@E; h) = sy, (1)) + 2D, (n (1), 11 (£2))
+ @0, (0 (22)) + B,,60(1). (88)
By using (85)—(87) and (20), we observe that

IT®,,0(6)=p" (t200(t2)—p T (t1)6(t1)

- £ BT (06@) +pT (6] dt

1

= [ 1 POV 0 + 2t p O (0, 0 1)

+ 3 (t, p ()@ (£))*] dt. (89)
Hence, (88) and (24) show that

IT'D*®@E; h)=T2(n (), w(+), ]).
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From (81), (56), and (9), it follows that (£, w(+)) e G is equivalent to

(), w(-)e,

with £ = 7(#1). Thus, (64) with y = (57{t1), ®(-)) implies (23), which com-
pletes the proof of Theorem 3.1.

The proof of Theorem 3.3 is a consequence of Theorem 4.2 and the
correspondence between 9 and .

We now consider the proof of Theorem 3.5. To prove that Condition
(C6) implies Condition (C3), let

p=(po,...»Pv+t)s
and assume without loss of generality that
lol=1.
If py =0, then p satisfies
(P1y- - s Posi) T w(+)) =0,
Eo(-DeAL{Ew(-)eR xU:p T w(-)=0}.
It follows from Condition (C6) that
P15+, pur) =0,

which contradicts p # 0. Thus, we assume without loss of generality that
po>0. Now, let

5 = (509 s )ﬁv+k)
be any solution of (35) and (36). Since, by Condition (C6),
OcintI"A(R", %),

we must have po> 0. This proves existence in Condition (C3). To prove
unigueness, we show that g =p. Since g, >0, it can be seen that

(po/B0)p ~p) T (g w(:) =0,  (w()eA.
Thus, Condition {C6) implies
(00/P0)(B1s -+ 5 Purr) =(P1, -+, Purk)s
and hence
p =(po/pop-
Since

lel=16l=1 and po/po>0,
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we have that p =g, as desired. To prove that Condition (C6) follows from
Condition (C7), note that (83) and (84) imply that R" x{0} is a subset of
A. By Condition (C7),

FfA(Rn X{O}) = Rv+k’
which implies Condition (C6).

6. Necessary Conditions for a Relaxed Optimal Control Problem

This section contains first-order and second-order necessary conditions
for a relaxed optimal control problem, expressed in a form (Theorem 6.1)
analogous to Theorem 3.1. The general approach follows Warga (Ref. 22),
in that relaxed controls are represented by probability measures. Since the
measures belong to a convex set, the arguments used to obtain Theorem
6.1 are similar to those used in the proof of Theorem 3.1. The relation of
Theorem 6.1 to solutions of OCP is also explored. By specializing measures
in the necessary conditions to Dirac measures, we obtain, for special cases
of OCP, an interesting second-order necessary condition involving ordinary
controls, which is unlike the one of Section 3.

First, we state the relaxed optimal control problem. It is based on
OCP with % = 022, where

BA2{u(-yeLalT, Up):ut)e Ult), te T}, (90)
UcU,  foralteT,

Uy,C U is compact, and U/ (-) is a measurable set-valued mapping on 7,
in the sense describgd in Ref. 22, Section 1.7, p. 146. The relaxed controls
corresponding to 4 are defined as follows. Let rpm(Uo) be the set of
Radon probability measures on Uy (see Ref. 22, p. 50), and let

R T x X xripm(Uy) » R”

be given by
Fero)2 [ floxuodu). 1)
Uo

If (¢, x, - ) is continuous on U, for all (t, x) € T X X, then fX canbe regarded
as an extension of f, in the sense that
R x, 8. =f(t, x, u),

where 8, denotes the Dirac measure at u (see Ref. 22, p. 266). The relaxed
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controls are elements of the set

FEg()io: T>rpm(Us), o ()N U (1) =1,2.a. te T}. (92)

gelaxed Optimal Control Problem (ROCP). Find (x(-),0('))e
Z x & which minimizes

TR (), 0 ()2 polx (t1), x(t2)), (93)
subject to (2), (3), and
O =R x(0,0(), aareT. (94)

This problem is closely related to the relaxed optimal control problem
treated in Ref. 7. There, (2) is omitted, (3) is of the form

x(t)=0, dx()=0,

and U, is a compact metric space.

To obtain first-order and second-order necessary conditions for ROCP,
we require the following assumptions. Note that they are weaker than
Assumptions 2.1 and 2.2, in that u € U, and (¢, x, u) need not be differenti-
able in u.

Assumption 6.1. For all (t,u)e T xU,, f(1,-,-) is continuous on
X xUyand f(t, -, u) is C' on X; for all (x, u)e X x Uy, the components
of f(-,x,u) and the elements of f.(-,x, u) are measurable on T'; there
exists an integrable function ¢: T - Rsuch that, for all (¢, x, u) e T XX X U,

If(t x, W) +1fe(t x, )| = {(0);
forie{0,...,j}, & isC'on X xX;
if k>0, is C' on X X X.
Assumption 6.2. For all (, u)e Tx U, f(t,-,u) is C* on X; for all
(x, u)e X X Uy, the elements of the matrices which define f,.(-, x, u) are

measurable on T; there exists an integrable function {: T - R such that,
forall (t, x,u)e T XX xX Uy,

[fux (b, x, 0)| = L(0);
forielD,...,j}, &:is C?’on X xX;
ifk>0,¢is C*on X X X.

As in Section 3, we employ a superbar notation for a solution
(x(-), () of ROCP. We work directly with the convex set &, instead
of introducing a set of control variations corresponding to % in Section 3.
In the proof of Theorem 6.1, P—-&() plays the role of q. The set of
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relaxed critical directions, which is the counterpart of & in (9), is given by
DR A (), (-)eZxF:(n(+), o(-)) satisfies (10), (11), and (96)}, (95)
where
P(O=FL OO+ 620,00 ~f ), aateT. (%)
Finally, we introduce a relaxed Hamiltonian function
R T xX xrpm(Ug) xR" > R,
defined by
" (t, %, 0,0) 20" (0, x, 0). o7

The following theorem is proved by arguments exactly parallel to those
used in the proof of Theorem 3.1. The additional technical details concern-
ing variations with respect to relaxed controls can be found in Ref. 7.

Theorem 6.1. (i) If ((-),(+)) solves ROCP and Assumption 6.1
is satisfied, then there exists / € R**"** and p(+)€Z, such that (16)-(19) are
satisfied and

B(O)=-%(tp() =—fr®)pt), aa.teT, (98)
IR (), D=0, forallo(-)eZP, (99)

where
‘o _
UNCION) —A—f [ (6, £(t), o (), p(O)~F" (,, p()] dr.  (100)
ty
(i) If, in addition, Assumption 6.2 is satisfied, then, for each
(#(+), () e DT, there exists [ € R"7** and p(-) e &, such that (16)—(19),
(98), and (99) are satisfied and
TE @ (), 6(), D=0, (101)
where
IZ @), a(), D)
22, (D)) + 2‘5?,51;2(1 Y (t), 1(82) + Loy, (D (22))°

+ [ G p O
+2[HE(, £(t), o (1), p(0)) —FX (8, p()) (D)} dt.  (102)
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Remark 6.1. Because of the assumptions on U(+), it can be shown
(see Ref. 22, p. 361) that (99) is equivalent to

FR(t,p(t))= min ¥t %), u,pt), aateT. (103)
uelU{t)

Thus, Theorem 6.1(i) is a pointwise minimum principle for relaxed
controls.

Since most applications involve ordinary controls, it is of interest to
examine situations where Theorem 6.1 can be applied to OCP. The argu-
ments used in the proof of Theorem V1.2.3 of Ref. 22 show that (i) yields
the familiar minimum principle.

Theorem 6.2. Suppose that (£(-), #(-)) solves OCP, U = 0{(, and
Assumption 6.1 is satisfied. Then, there exist [ € R*™*** and p(-)e &, such
that (16)—(20) are satisfied and

J(t, p(t)) = mén #(t, %(t),u,p(r), aatel. (104)
uelU(t)

Extending Theorem 6.1(ii) to solutions of OCP is more complex.

Theorem 6.3. Suppose that (£(-), #(-)) solves OCP, % =4, and
Assumptions 6.1 and 6.2 are satisfied. Assume that one or both of the
following assumptions hold:

Assumption (Al). f(t, x, U (1)) is convex for all (1, x)e TX X
Assumption (A2). o> 0, for all [ which satisfy the minimum principle
[(16)—(20) and (104)].
In (96) and (102), make the following substitutions:
o =fo,FRo=F0,
R (1, p(1)) = %, (t, p(8)), T (t, (O () = Foux (&, P(O) M (1))

Then, for each (7(-), 5(+)) e D%, there exist [ e R"*** and p(-)eZ, such
that (16)-(20), (104), and (101) are satisfied.

Proof. Assumption (A1) implies that the set of relaxed controls is
no richer than the set of ordinary controls (see Ref. 22, Theorem V1.3.2).
Thus, if (£(+), @(+)) is a solution of OCP, (%(-),8a(,) is a solution of
ROCP. Hence, Theorem 6.1 applies to

(f(')a 0-'('))‘:(.{('),63())-
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Noting that
R, @) =f -, at)

gives the desired results. Under Assumption (A2), the arguments used in
Ref. 7, p. 306, extend directly to the present situation. They show that
(&(+), 8a¢) solves ROCP, with % replaced by $NN, where N is a
sufficiently small neighborhood of &(-). The preceding argument then
applies, because the necessary conditions for this modified problem coincide
with the necessary conditions for ROCP.

Theorems 6.1-6.3 are closely related to Theorem 2.2 of Ref. 7. They
simplify and generalize its results in essentially the same way that Theorem
3.1 simplifies and generalizes the results of Ref. 22, Most of the conclusions
in Section 3 concerning normality and regularity can be adapted with little
change to the present context. For example, suppose that (£(-),#(-))
solves OCP, that (16)-(20) and (104) are satisfied by only one /, with |/| =1,
and that, for this [, [;> 0. Then, Assumption (A2) is satisfied, and Theorem
6.3 becomes: there exists /€ R™7** and p(-)e &, such that (16)—(20) and
(104) are satisfied and

TEm(),0(-),)=0, forall(n(:),o(-)eD*. (105)

This strengthens Theorem 2.2 of Ref. 7, because the normality assumption
there is stronger than the above assumption on /.

In applying Theorem 6.3 to OCP, it may be inconvenient to work with
relaxed controls expressed as measures. Warga (Ref. 7), in part (c) of his
Theorem 2.2, gives a second-order necessary condition which avoids both
ordinary controls and measures. Here, we give a second-order necessary
condition which involves ordinary controls. Since it is obtained (trivially)
by setting 6 (- ) = 8§ z(, in Theorem 6.3, it is weaker than the one in Theorem
6.3.

Let

DA (), u(-NeZxU:(n(+), u(-)) satisfies (10), (11), (107)},  (106)
where

7 =FOn@)+ft £@), u@®) @), aareT. (107

Theorem 6.4. Suppose that the hypotheses of Theorem 6.3 are
satisfied. Then, for each (5 (), &(-)) € @™, thereexist e R" ™ and p(-) e Z,
such that (16)-(20) and (104) are satisfied and

I3 @), a(), =0, (108)
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where

T3 (), u(+), 1)
2 Zu D@ () +2Z0 (D (1), 1(12) + Loy D (82))°

+£ (B 6, 0 (00 (1)

+2[9 (4, £ (), u(t), (1))~ . (&, p () In (1)} . (109)

When the requirements for Theorem 3.1 are met, condition (108) is

quite different from (23). In fact, when Theorems 3.1 and 6.4 are applied
to the examples of Ref. 7, pp. 287-288, it is seen that neither theorem is
stronger than the other.
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