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Abstract

With intense current interest in active noise control,
it is desirable to develop models of acoustic phenomena
that are useful for state-space-based control methodolo-
gies. Consequently, this paper extends the one-dimensional
modeling of acoustic transfer functions developed in ear-
lier work to the case of two-dimensional acoustics. This
extension must therefore account for the phenomenon of
evanescent waves, which are non-propagating and thus af-
fect only the near field. While evanescent waves are well
understood within the context of wave models, their pres-
ence is less apparent in state space-based model modals.
This paper thus presents a derivation of state space models
for two-dimensional acoustics which are shown to predict
the presence of evanescent waves.

1. Introduction

The study of waves in elastic media is primarily
concerned with the spatial characteristics of the response
to harmonic inputs and is of fundamental importance in
acoustics and structural mechanics [2, 4, 6]. Wave models
have been used as the basis for active vibration control [1,
5]. However, the traditional approach to feedback control
is to base the analysis and design of controllers on transfer
function models of the system.

Transfer function models differ from wave models in
two key respects. First, whereas wave models are gener-
ally based on the response to harmonic inputs, transfer
function models predict structural response in the time
domain as well. - Secondly, transfer functions predict the
response of a structure between fixed locations. Hence,
transfer functions do not directly predict the spatial prop-
agation of waves, but can be used to recover the same.

In view of the distinctions between wave propagation
and transfer function models, it is of significant interest
to understand how certain phenomena that are predicted
by one type of model are manifested in the other. In par-
ticular, this paper is concerned with the phenomenon of
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evanescent modes which are of fundamental importance in
acoustics and vibrations. Evanescent waves arise from the
excitation of waveguide modes below their cutoff frequency
in acoustic ducts [4], pp. 218-22, [6], pp- 492-495.

In the near field of an actuator, such as in a colocated
sensor-actuator configuration, a sensor may measure the
effects of both evanescent and propagating waves, thus af-
fecting the performance. The use of state space models
that include these effects can help the controller distinguish
between these phenomena. The purpose of this paper is to
develop such models for acoustics that capture evanescent
wave behavior.

Section 2 summarizes the classical analysis of evanes-
cent waves from a wave modeling point of view. The subse-
quent sections device a way of modeling these effects in an
acoustic duct with an end-speaker actuator and with the
other end open. The analysis in the closed case being very
similar to the open case is not be covered. We then ob-
tain state space model and transfer functions from modal
analysis and temporal Laplace transforms and compare for
validity with the predictions of wave theory. Parametriz-
ing these models in terms of the output location yields a
spatial behavior of the duct which agrees with the classical
wave theory.

2. Review of Evanescent Waves
Consider a two-dimensional acoustic duct of semi
infinite length and width b with rigid side walls. Let  and
y denote the coordinates along and across the acoustic duct
respectively. Assuming that there is no mean flow in the
duct, the wave equation governing the dynamics of acoustic
pressure in the duct is given by

Pt = 62(pzz +p1/y) =0, (1)

where p(z,y, t), denotes acoustic pressure at location (z,y)
inside the duct at time ¢ and c is the speed of sound in the
medium.

The duct is excited by an harmonic acoustic source of
frequency w (wavelength A = 2%) at z = 0. This suggests a
wave pattern consisting of standing waves in the transverse
direction y and traveling in x direction. The acoustic pres-
sure response p(z,y,t) of the duct to the excitation can be
decomposed as a sum of eigenfunctions of the form [4]

Dj (f’;, Y, t) = A]' Cos(k.yjy) e-"(“’t“kﬁm) (2)
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where ky; = % Substituting (2) in the wave equation (1)
yields
- 2 _ 12
ki = (w/e)* — ky; ®3)

It can be seen from (3) that if w < ckyy then k. is imagi-
nary and pi(z,y,t) decays exponentially in z. Hence, the
cut-off frequency of the kth eigenfunction is given by
Weo,k é k_:c' (4)
An eigenfunction is said to be evanescent since it does
not propagate through the acoustic duct. Consequently,
for input frequencies higher than the cut-off frequency, the
wave propagates along the duct. Note that all eigenfunc-
tions except the fundamental po(z,y,t) have non-zero cut-
off frequencies. Thus the fundamental, if excited, is always
transmitted and can never be evanescent. Setting k = 1,

we define
A TC

Weo = == (5)
as the global cut-off frequency. Comparing (4) and (5), it
can be seen that all the eigenfunctions p;(x,y,t) for j > 0
are evanescent if w < weo-

To further illustrate the phenomenon of evanescent
waves, recall the concept of group velocity ¢ [2, 4, 6] of
propagating waves which characterizes a notion of speed
of energy propagation along the z direction. The group
velocity of pr(z,y,t), g = ccosf, where @ is defined by

cosf 2 4/1- (“—’E’—’“)2 (6)
w
For w > weo 1, 8 denotes the angle between the direction of
propagation and the longitudinal direction. If the bound-
ary input frequency is high so that 6 is small, then ¢; is
approximately equal to c¢. As w decreases or € increases,
the direction of propagation becomes predominantly along
the transverse direction rather than along axial direction.
When w reaches the critical value weo, it follows that
6 = % and thus c; = 0 so that no energy propagates down
the duct. This is the well-known cut-off phenomenon.
Furthermore, note that if w < wc, then using (5) the
wavelength of the boundary input A satisfies A = % =

e > 21¢ — 2p. This shows that if the wavelength of the
input A is greater than the maximum allowable wavelength
2b, then there is no sound propagation, in which case the
wave is said to be ‘too big to fit’ inside the duct of width

b.

3. Two-Dimensional Duct with

Commandable Boundary Input
Consider a two-dimensional acoustic duct of length
L and width b. Let z be the spatial coordinate along the
length of the duct with one end at z = 0 and the other at
z = L, and let y be the spatial coordinate along the width
of the duct, with y = 0 and y = b the sides of the duct. A
speaker (boundary input) with a fixed displacement profile

Ppe : [0,b) = R is mounted at x = 0 and theend z = L
is either open or closed. The wave equation (1) describes
the acoustic pressure dynamics in the duct.

It can be shown that the velocity potential ®(z,y,1)
also satisfies (1) where p(z,y,t) and ®(z,y,t) are related
by Euler’s equation p = —-p%%’ [4, 7]. Noting that the
particle velocity at a location (z,y) is given by ¥V = Vo,
the boundary conditions for p(z,y,t) at the speaker end
are

22(0,0,1) = Voo, 1) = Yoc(@ult), or
P09, = —pS0 = —ppre)i(). (D)

where Vo (Y, t) = ¥be(y)u(t) is cone velocity of the speaker.
The boundary conditions for p(z,y,t) at z = L are

P(L,y,t) =0,

If the end z = L is closed, then p,(L,y,t) = 0 instead.
The boundary conditions on the sides of the duct are given
by

if z = L is open. (8)

py(x,0,t) =0, py(z,b,t)=0. 9)

However, for (7) and (9) to co-exist on the set of points
{(0,0),(0,b)}, ¥{.(y) must vanish on y = 0 and y = b.
The boundary condition (8) neglects the radiation effects
due to the nonuniform flow and nonuniform pressure dis-
tribution across the open end of the duct. The bound-
ary condition (9) assumes that the walls of the acoustic
duct are rigid. Note that the boundary condition (7) is
non-homogeneous and time varying. To homogenize the
boundary conditions (7)-(9), we define the shifted pressure
by p(z,y,t) = p(z,y,t) — U(z,y,t), where U(z,y,?) satis-
fies all the boundary conditions. Hence (1) becomes
ﬁtt - Cz(ﬁzz +13yy) = —Utt + CZ(U:M: + Uyy)- (10)

The choice of shifting function U(z, y, t) is not unique. We
choose

Ulz,,t) = Lpboe()i(t)(1 ~ 7), if = L is open, (1)

U(z,y,t) = %Lmﬁbc(y)u(t)(l - %)2, if z = L is closed. (12)

4. State space model for the

speaker-open duct
In this section we derive the state space form for
the speaker-open duct. Using the shifting function for the
open duct given by (11), equation (10) becomes

R n n x
Dt — CZ(Pm +pyy) = —Lpuc(y) u(t)(1 - 'E) +
PLopl@yut)(1 - 1), (13)
with homogeneous boundary conditions

ﬁZ(07y? t) = 0: ﬁ(Lyya t) = 07

Py(x,0,t) =0, py(z,b,t)=0. (14)
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To use separation of variables, let

Bla,y,t) =Y Y ai(t)Vil@)W;(y).

i=1 j=1

(15)

The eigenfunctions of (13) with the boundary conditions
(14) are given by

G e E527] wiw = 2 cos [ﬂ;ﬂ)

Define the modal frequencies w;; as

% + )7\ ? i\
N ) U e
(

17)
Substituting (15) into (13), multiplying by Vor(z)Woi(y)
and double integrating over [0, L] x [0, b] yields

dr + OJ;‘:;QH =by,u u(t) + bzyknl(t) k,1=0,1,2,....
(18)
Lb 8L
biw = —py/ Tmfbc,z,
_ o, [Tb 8L
b2,kl =cp 1 —(2k T 1)271_2 Gbe,ls (19)

where fic; and gpe, are Ith Fourier coefficients of the co-
sine series of ¥pc(y) and ¢ (y), respectively. That is,

Poe(y) = 7é).fbc,n COs (n—:y) y
PYre(y) = g:o Gbe,n €OS (g_;)_rg) . (20)

Noting that 9y (y) vanishes at y = 0 and y = b, it can be
shown that gber = —(55)% foc,k-

To obtain a finite-dimensional state space model, we
retain m axial modes and n transverse modes, and define
the 2mndimensional state vector

2(t) & [‘Ill(t) qu1(t) dmn(t)  Gmalt) ]T :

Then equation (18) can be written in matrix form as

(21)

To reduce (22) to a state space form with an undifferenti-
ated input, we define a transformed state

z(t) 2 3(t) — Byi(t) — AByu(t) — (A2B; + By)u(t). (25)

Hence, it follows from (22) that

#(t) = Az(t) + Bu(t), (26)
where B = ABy+ABy=[B;; 0 Bmn 0T
2¢%p [Lb
Bij = —wibij+beij = ——I:B\/ ‘Z.fbc,j-

Now, consider a pressure sensor at location (zs,ys)-
The measured pressure ym(t) = p(zs, ¥s, t) is given in terms
of the shifted pressure by

ym(t) = p(Ts,¥s,t) = (25, s, 1) + U(s, 95, 1)

= Z Z qi.’i(t)Vi(xs)Wj(ys) + U(ws: Yss t)
=0 j=0
Ci(t) + U(xs, s, 1)

Cz(t) + CABLu(t) + U(zs, ¥s, 1), (27)

where C 2 [Ci1 O Cmn 0] with Cy
Voi(xs)Wo;(ys). Using the Fourier series identity 1 — £

Yo @ +f)27r, cos ((zi';i)"’), it follows from (16), (19)

and (20) that CABya(t) = —pL(1 — %)¥uc(ys)i(t) =
~U(zs,ys,t). Hence from (27) we obtain

e

Ym(t) = p(zs, Ys, t) = Cx(t).

Equations (26) and (28) define the state space model of
the open duct. The state space model of the speaker-close
duct can be obtained by choosing the appropriate shifting
function U(z,y,t) and following the analysis presented in
this section.

(28)

5. Transfer Functions for Two
Dimensional Acoustic Duct

In this section we obtain the transfer function of

the speaker-open duct from input u(t) to measurement

ym(t) in two ways. Firstly, using the state space model
(26), (28), the transfer function for the open duct is

&(t) = A&(t) + B u(t) + Bau(?), (22) Gopen(s) = C(sI - A)B=3"3" : 20;132:
i=0 j=0 ij
where ) .
e~ 2e%p, s cos(ZHEDTTa) o517 )
A , 0o 1 0 1 =YD foei Z . (29
= block—dlag "wfl 0 , 5 _wgnn 0 5 (23) i=0 j=0 i
s T This transfer function is in a sum-of-modes form with
BA 1=[0 biu 0 bimal, modal frequencies w;; and modal residue R;; = Ci;By;
By =[0 by 0 bomn]”. (24) for the (ij)th mode.
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A transfer function can also be obtained using tem-
poral Laplace transform of (1). Let P(z,y,s) denote the
Laplace transform of p(z,y,t) with respect to t, where s
is the Laplace variable. Let P(z,y,s) be of the sererated
variable form P(z,y,s) = X(z,s)Y(y,s). The Laplace
transform of (1) yields

$X(2,9)Y (¥, 8) = *(Xea(z, 8)Y (4, 5) + X (,5)Yyy (y, 5))-

X,
St Bl =

For convenience, define B2(s)

Y, (y,s
—-)",%—,;5), so that

S = B2e) + BE(0) (30)
Thus X(z,s) and Y (y, s) are given by
X (z,s) = ai(s) sinh B;(s)z + az(s) cosh B;(s)z,
Y (y,s) = bi(s) sinh By (s)y + ba(s) cosh By (s)y, (31)

where ar(s) and bi(s), k = 1,2 are arbitrary constants to
be determined.

Substituting (31) in (9) yields by = 0 and Gy(s) =
BE n=1,2,..., where = v/=1. We define

ﬁyné% n=1,2,..., (32)
and hence from (30) we define
Ba(s) & ,/— +B8,4% k=12.... (33)
Thus the pressure can be written as
o0
P(2,y,8) = Y cos(By,ny)(a1,n(s) sinh(Bz,n(s)2)
" +ag.n(s) cosh(Byn(s)z)).  (34)

Substituting (34) in (7) and (8), operating by
2 cos(By,ky) fy ()dy yields a1 x(s) = —22feettl8) ang
_ sinh(8z % L)
ag k(s) = —a1,x(s) cosh(B. xL)" (35)

Hence the pressure P(:c,y,s) = Girropen(s) U(S), where
Girropen(s) is given by

Girropen(s) =
psfocn Sinh(ﬂz,n(s)(L - zs))
Tg Cos(ﬁy nys) (3) COSh(ﬂzyn(S)L) . (36)

Next we compare the irrational transfer function (36) with
the transfer functions (29) derived using the state space
model. Using the infinite product expansions of cosh(z)
and equations (17), (32) and (33) we can write

Next we write the partial fractions

sinh(Bz,n(s)(L — z5)) _ i lns+km (38)
Bz,n(s) cosh(Bz n(s)L) = 24wk’

To determine I, and k,, multiply both sides of (38) by
the respective sides of (37) and let s — +jw;,n to obtain
lm =0 and

2
km = -2% cos (-—————(2m + l)nzs) .

5L (39)

By substituting (38) and (39) into (36), we obtain the sum
of modes transfer function given in (29). Thus the irra-
tional transfer function of the open duct agrees with the
transfer function obtained using modal analysis. A simi-
lar argument holds for irrational transfer function of the
closed duct.

6. Evanescent Waves in State Space
Models

In this section we show that the models obtained
in previous sections capture the evanescent wave behavior
discussed in Section 2.. Let k be an integer such that, for an
arbitrary boundary input frequency w, By -1 = ﬁk—_blﬁ'- <
© < & — g, . Now, letting s = jw and using (32) and
(33) note that B; j(jw) is real for all j > k and purely
imaginary otherwise. Each term in the irrational transfer
function (36) can be written as

sin(| Bz ; ()w)|(L — 7))
Q; (y,5w) COS(Iﬂz,le)

explf (L= )] —epl=Bes(L=2)] o0
exp|B; ;L] + exp[—B; ;L]

where Q;(y,jw) = cos(Byy)2slei.  Here f,; =
Bz.j(ow). For j > k, it can be seen that Tj(z,y,jw)
decays exponentially to zero as x+ — L and for j < k,
Tj(z,y, w) is sinusoidal, thus a propagating solution in z.
For a semi-infinite duct (as in section 2.), G, ;(jw)L > 1
hence Tj(z,y, jw) ~ Q;(y, w)eP=i0)* for j > k.

Comparing these analytical results with the theory in
section 2. it is apparent that T} (z, y, Jw) corresponds to the
eigenfunction pi(z,y,t) and By = weo,k is the ‘cut-off’
frequency for T (z,y,w). The fundamental mode, hence,
is described by Ty(z,y, jw).

Moreover if ¢pc(y) such that its first Fourier coeffi-
cient fpe,o0 = 0 and if w < weo,1 then all the term in the
summation (36) decay to zero exponentially as z — L.
Consequently there is no sound propagation in the duct or
waveguide. This is the global cut-off frequency (5) defined

Tj(z,y, Jw) = <k

= Qj (y’ .7“))

= 28,0 (3)L 5 in Section 2.. However if fuc0 # 0 then only the fundamen-
cosh(Bz,n(s)L) = H [1 +( @2r+ 1)7r) ] tal mode Tp(x,y, jw) is propagated. This is in accordance
o =0 with the behavior discussed in Section 2. and hence the
H ( 2L/c ) [ + w2, ). 37) irrational transfer function (36) does capture the cut-off
o \(2r+ 1w m phenomenon. The angle 8 defined in (6) can be shown to
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be the same as the angle between the propagation vector

B 2 By ki + By.xj and the z direction.

As an example, consider a duct 5 m long and 0.15
m wide. For simplicity, consider a boundary input such
that ¥yc(y) = cos(2my/b) so that ficr # 0 only if k = 2.
The summation in (36) then reduces to a single term
To(z,y,w) which is plotted as a function of w for sev-
eral values of sensor location zs (see Figure 1(a)). Below
the cut-off frequency weo,2, as zs — L, To(z,y,w) — O.
However resonant peaks are observed above the cut-off fre-
quency.

A comparison of sum-of-modes transfer function (29)
and (36) is plotted in Figure 1(b). The plot shows the
magnitude of sum-of-modes transfer function with m =
100, 1500 for sensor located at =, = L/5. Although the
sum-of-modes transfer function agrees well beyond the cut-
off frequency, there is a disparity of orders of magnitude
below the cut-off frequency. This is because an exponen-
tial solution cannot be approximated by a finite sum of
sinusoids. However it is observed that the sum-of-modes
transfer function does show evanescent behavior as xs — L.

In summary, in this paper we develop state space mod-
els for a two-dimensional acoustic ducts using modal de-
composition of the response to an arbitrary boundary in-
put issued by a speaker located at one end of the duct.
This paper also derives irrational transfer functions us-
ing Laplace transforms which exactly capture the cut-off
phenomenon or the evanescent wave behavior observed
in acoustic ducts. The sum-of-modes transfer functions
derived from the state space models are shown to agree
with the irrational transfer functions. Note, however,
that a one-dimensional acoustic model which essentially is
the fundamental Typ(x,y, jw) is insufficient to capture the
evanescent behavior.
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Figure 1: (a) Magnitude plots of the transfer function (36) for different values of 5. (b) Comparison

of transfer functions (29) and (36).
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