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Unbiased Minimum-variance Filtering
for Input Reconstruction

Harish J. Palanthandalam-Madapusi and Dennis S. Bernstein

Abstract—In this paper, we introduce the concept of input
and state observability, that is, conditions under which both
the unknown input and state can be estimated from the output
measurements. We discuss sufficient and necessary conditions
for a discrete-time system to be input and state observable. Next,
we derive an unbiased minimum-variance filter to estimate the
unknown input and the state, when the state space matrices
are known. We show that the Kalman filter and other filters
in the literature are special cases of the filter derived in this
paper. Finally, we present an illustrative example.

I. INTRODUCTION

Systems with unknown inputs have received consid-
erable attention in the past [3-8,10-23,25-28]. An active
area of research is state reconstruction with known model
equations and unknown inputs. Among the popular ap-
proaches are full-order observers [4, 6, 15, 16, 28], reduced-
order observers [7,8,19,21], geometric approach [3], gen-
eralized inverse approach [19,21], trial-and-error approach
[26], and the singular value decomposition [8]. A widely
used approach is to model the unknown inputs as outputs of
a known dynamic system and incorporate the input dynamics
with the plant dynamics [1,13]. However, this approach
increases the dimension of the observer and is limited to
specific types of inputs.

The unknown inputs in a dynamical system may rep-
resent unknown external drivers, input uncertainty, state
uncertainty, or instrument faults. Thus unknown-input recon-
struction has several important applications in uncertainty
estimation and fault detection. Input reconstruction also has
applications in filtering and coding theory. In some early
work, input reconstruction is achieved through system inver-
sion [23,25]. More recently, methods for input reconstruction
using optimal filters are developed in [4, 10, 14,27].

An unbiased minimum-variance filter for discrete-time
stochastic systems with arbitrary unknown inputs is derived
in [16]. Finally, [9] presents an alternative derivation of the
filter in [16] and uses the filter to reconstruct the unknown
inputs. A related filter is presented in [24].

A related problem is the concept of input and state
observability, which is the ability to reconstruct the inputs
and states using only output measurements. Necessary and
sufficient conditions for input and state observability for
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continuous-time systems in terms of the invariant zeros of
the system are presented in [4, 8, 12, 14, 19]. Input and state
observability for discrete-time systems are considered in
[14].

In this paper, we adopt a rigorous approach to examine
conditions under which both the input and state can be esti-
mated from the output measurements. We discuss necessary
and sufficient conditions for a discrete-time system to be
input and state observable and derive simple tests for input
and state observability. Since no assumptions on the input
are made, the unknown input can be either an unmodeled
exogenous signal or an unknown function of the states.

Once the necessary and sufficient conditions for input
and state observability are presented, we develop optimal
filtering techniques that take advantage of input and state
observability. The Kalman filter and the filters derived in [16,
24] are shown to be special cases of the unbiased minimum-
variance filter derived in this paper.

Finally, we present an example to illustrate the methods.

II. INPUT AND STATE OBSERVABILITY

A. No Feedthrough Case

Consider the time-varying system

Thi1 (IL1)
Yk = (I1.2)

where z;, € R", e € RP y; € Rl7 Ay € R"" Hp €
R"*P and C) € R/*™ Without loss of generality,
we assume | < n, maxg[rank(Cy)] = | > 0, and
maxy[rank(Hj)] = p > 0. No assumption on the inputs ey
are made. Hence, the signal e; can either be an exogenous
input or a nonlinear function of the states. For the sake of
simplicity, we assume that the initial time ko = 0.

Apzi + Hyey,
Crwy,

Throughout this paper,  denotes a nonnegative integer.
Furthermore, for convenience, every vector or matrix with
zero rows or zero columns is an empty matrix. Define the
data vectors Y, € ROUtDl and &, € RIHDP a9

Yo €0

A Y1 A €1
b= . |, &= (I1.3)

Yr €r

Definition II.1. Let » > 1. Then the input and state
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unobservable subspace 3, of (II.1), (IL.2) is the subspace
s, = {[ 85”0 } e R Y, _0}. (IL4)
r—1

We define [, € RtDixn pr e ROFDIXTD and U, €
R(r+1)l><(n+rp) by

Co
C14
r2| Gad | g2
CrArfl e AO
C1Hy 0 e 0
CyA1Hy CyH, e 0
CrArfl T AlHO CrArfl e A2H1 CrHrfl
(IL5)
and
AN
v, =T, M ]. (IL6)

Note that My is an empty matrix and thus Vg = 'y = C.
Next, from (II.1), (IL.2), we can write

yr = FTI‘O + Mrgr—l = \IJT |: SxO :l ) (H7)
r—1

so that

where N denotes null space. Next, define the positive integer

"o Iy { max{(?ffzfl 1}, p<li (11.9)

L, p=1
where [a] denotes the smallest integer greater than or equal
to a. Note that r( is not defined in the case p > .

Proposition II.1. Assume that n > 2 and p < [. Then
ro <n—1.

Proof. Suppose p = I. Then n — 1 > 1 = ry. Next,

suppose p < I. If [Z”T_}” <lthenn—-12>1=mr.lIf

[?T_IH > 1, then, sincen—1>n—1land [l —p > 1, it

follows that ro = (?T_zﬂ <[n-=-l]<[n-1]=n-1. O

Proposition IL2. Let » > 1. If 8, = {0}, then the
following statements hold:

D p<l.

2) If p=1I,thenp=1[0=n.
3) r>rg.

4) rank(l',,—1) = n.

5) rank(C,H,_1) = p.

Proposition I1.3. Assume that either p < lorp =1 = n.
Then n + rp < (r + 1) for all r > rg.

FrC04.6

Proof. Suppose p = [ = n. Then n + rp = (r + 1)l
for all » > 0. Next, suppose p < [, let r > 7y and assume
(r+1)l <n+rpsothat rl —rp < n —1I. Hence r < ?:pl,
and thus (?T_p” <rg < ?’T_;, which is a contradiction. Thus
n+rp < (r+1)I. O

Proposition II.3 implies that if p <! or p = = n, then
for all » > ro the number of columns of ¥, is less than or
equal to the number of rows of W,..

Definition I1.2. The system (II.1), (I.2) is input and
state observable if i1, = {0} for all r > r.

Definition II.2 implies that if (II.1), (IL.2) is input and
state observable, then, for all > rg, the initial condition x
and input sequence {e;}’_; are uniquely determined from
the measured output sequence {y; }7_,.

Theorem II.1. The following statements are equivalent:
1) (L.1), (II.2) is input and state observable.
2) For all » > rg, Y, = 0 if and only if {

3) For all r > rq, rank(¥,.) = n + rp.
4) rank(¥,,_1) = n+ (n — 1)p and for all r > rg,
rank(C,. H,._1) = p.

i) .

Proof. From Definition II.1 and Definition II.2 it follows
that 1) = 2). Using (I.7), 2) = 3). To prove 3) = 4),
since for all » > 7o, rank(¥,.) = n + rp, it follows that
rank(C,.H,_1) = p. Hence, for all # > ry rank(¥;) =
rank(¥;_;) + p. Hence, since n — 1 > 71y, we have
rank(¥,,_1) = n + (n — 1)p. Finally to show 4) = 1),
we consider two cases. First, suppose n = 1. In this case
C}) and Hj, are nonzero scalars, and hence it follows that
rank(¥,.) = n + rp for all » > ry and hence i, = {0} for
all » > ro. Next, suppose n > 2. In this case, 4) implies
that rank(¥,.) = rank(¥,_;) + p for all » > ry. Next, since
n — 1 > ry, it follows that, for all » > rg, rank(¥,) =
rank(¥,,_1) + (r —n+ 1)p. Thus rank(¥,.) = n+ rp for all
r > ro and hence 4, = {0} for all r > ry. O

Theorem II.1 shows that (II.1), (I.2) is input and state
observable if and only if W, has full column rank for all
r > 1. In this case the unique solution of (IL.7) is

i) _ +
|: 87”,1 :| - \I/ry'r‘a

where | represents the Moore-Penrose generalized inverse
Ul = (Ury, )~ 1ol

(IL.10)

B. Feedthrough Case

Next, we consider the system

Apay + Hyey,
Crxy + Grey,

L11)
IL12)

Tk4+1 =
Y =

where G, € RP, while Ay, Hy, Ci, Tk, ex, and y
are defined as in (II.1), (I.2). Without loss of general-
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ity, we assume ! < n, maxg[rank(C%)] = [ > 0, and
Hiy,
G
the output y; is directly affected by e, as well as by the

past values of ej. Therefore, we have

maxy, ( rank = p > 0. Due to the term Gjeyg,

Yy =, [ o } , (IL.13)
£,
where ¥, 2 [T, M, | eROFDXI+0+Dr] and
N, —
Go 0 0 0
C1Hy G1 cee 0 0
Cr1Ar s AiHy CraAp g AsHy o Gpy 0
CrAr_1---A1Hg CrAr_1---A2H; Cr-H._1 Gy
(IL.14)

Furthermore, we have the following definition.

Definition I1.3. Le} r > 0. Then the input and state
unobservable subspace 3\, of (I.11), (I1.12) is the subspace

g4, = {[ go } e RMr+p, y :0}. (11.15)

r

~ The input and state unobservable subspace is given by
3. = N(,.). Next, if p < then define the integer

’Foé [L-‘fl

. (IL16)

Since n > [ — p it follows that 79 > 1.

Proposition IL4. Let » > 0. If &, = {0}, then the
following statements hold:

1) p<l.

2) n>1

3) r > 7p.

4) rank(T,,_1) = n.
5) rank(G,) = p.

Definition IL.4. The system (IL.11), (I.12) is input and
state observable if i, = {0} for all r > 7.

Theorem I1.2. The following statements are equivalent:

1) (II.11), (I1.12) is input and state observable.
2) Forall r > 7o, Yy = 0 if and only if [ go ] =0.

3) Forall v > T rank(¥,) = n+ (r + 1)p.
4) rank(V,—1) = n(p + 1) and for all k > 1o,
rank(Gy) = p.

Finally, if (Il.11), (IL.12) is input and state observable,
then Theorem I1.2 implies that ¥, is full column rank for
all » > 7. In this case the unique solution of (II.13) is

2]

Py (IL17)
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III. UNBIASED MINIMUM-VARIANCE FILTER FOR INPUT
AND STATE OBSERVABLE SYSTEMS

Consider the time-varying system

Apxy, + Brug + Hper, + wi,
Crzr + Diug + Greg + v.

(IIL1)
(IIL.2)

Tk41
Y =

where y, yi, €x, Ax, Cr, Hry and Gy are defined as in
section 2, while uy, € R™, Bj, € R"*™ and D, € R¥>X™. We
assume that Ay, By, Ci, Dy, Hy, and G, are known, while
ey, is unknown. wy, € R™ and v, € R? are unknown Gaussian
white noise sequences with known covariances @ and Ry

_ respectively. We say that (IIl.1), (IIL2) is input and state

observable if it is input and state observable with By, = 0
and Dj, = 0. We assume that (III.1), (II1.2) is input and state
observable.

We consider a filter of the form

Tprikrr = Trrre T Lit1 Wkt — Crradpyan
—Dpq1up41), (111.3)
Lfﬁk+1|k = Aki'k|k + Bruy. (I11.4)
The state estimation error is
A N
€k = Tkl — Thg1|k+1s (IIL.5)
and the error covariance matrix is defined as
A
Py1jpr1 = E [ensreiyq] (IIL6)

where E is the expected value. The filter is unbiased if and
only if

E[@k+1 — Epp1jps1] = 0. (I11.7)
Furthermore, (II1.7) can be written as
E[Arer + Hrex + wi, — Lgy1(Cra1 Agex
+Crt1Hiep + Crprwy
+opg1 + Gryreps1)] = 0. (I11.8)
Since ey, is arbitrary, (II1.8) implies
Li41Gry1 =0, (I11.9)
and
(I — Lg41Cry1)Hy = 0. (II1.10)

Lemma IIL.1. If (II1.9) and (II1.10) are satisfied, the
error covariance matrix P 1|41 is given by

Poiips1 = LepiResiLiy — FosaLiyy
—Lis1 By + Prgajks (IIL.11)
where
P = APy Al + Qr, (I11.12)
Riri 2 CoprPooipClis + Risr,  (IIL13)
Fipr 2 PGl (IL.14)
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Proof.

Py k1

= E [€k+1€;£+ﬂ

= E [(Aka:k + Hiep + wi — ApZp|k
— L1 (Cry1 Ay, + Cry1 Hiep, + Crpqwy,
+Grent1 + Vps1 — Crp1Apgr))
X (Apzi + Hyep + wi, — Apdyy
— L1 (Cry1 Agzg, + Cryr Hiep, + Crpqwy,
LG + Vhst — Ck+1Akik|k))T} . (IIL15)

Since (II1.9) and (IT1.10) are satisfied, (II1.15) becomes

Prt1jk+1
= E[(I — Lit1Cks1)Arer + Lip1vp11
—[I = Li11Cry1]wy)
X ([ = Lg41Ck41)Arer + Lpg1vp11

- LMC,CH]W)T} . (IL16)

Noting that E[e,w, ] = 0, Eleyv, ] = 0 and Elwiv, ] =
0, we have that
Pritjps1 = Lis1Rey1 L
+(I = L1 Chy1) [Ar P Ay + Q]
X(I = Lp41Cry1)"

Furthermore, using (II1.12) - (ITI.14) and (III.17), it follows
that (III.11) holds. O

(IL.17)

Next, we define the cost function J as the trace of the
error covariance matrix

J(Li+1) = uE[epiie0yq] = 0Pyyijpir. (IL18)

Theorem IIL.1. The unbiased minimum-variance gain
Ly in the filter (II1.3) that minimizes the cost function
(I11.18) subject to the constraints (I11.9) and (I11.10) is given
by

L1 = (Fk+1
—Qk+1(‘I’;crﬂéﬁfb;fﬂ)_l‘bgﬂ) R@lp
(111.19)
where
Brp1 = [ ~Grpr Vier | (I11.20)
Vit1 2 ChpiHy, (.21
Qi1 2 [ Ouxp Hi | = Fopa Bl Srr (11122)

Proof. The cost function J can be written as

J(Lgt1) =
= t[Lipp1Rey1Liyy — Frpa Ll

Py 1541

~Li 101 Prgaji + Prgaji)-
(I1.23)
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Thus the optimization problem is to minimize the cost
function (I11.23) subject to the constraints (II1.9) and (II1.10).
If Aj, € R"*24 is the matrix of Lagrange multipliers, then
the Lagrangian is

AN
L(Lk+1) = J(Lit1)
—|—2tr([ Lk—i—le—i-l (I — Lk+10k+1)Hk ] AEJFI).
(I11.24)

Differentiating with respect to L, and setting it to zero,
we get

2Ry 1 LE 1 — 2Cki1 Pesapn
+2[ Grp1 —Cry1Hp ]AEH =0,
(I11.25)

while differentiating with respect to Agy; and setting it
to zero yields the constraints (II.9) and (III1.10). Further,
assuming R to be positive definite, we write (IIL.25) as

Ly = B (Copr Pogaje — ®rgadiy,). (11.26)

Using (II1.26) in (II1.9) and (II1.10), we obtain the matrix of
Lagrange multipliers

Apgr = Qg1 (O R @)

Substituting (IT1.27) into (II1.26), yields the optimal solution
for Ly, as

L1 = (Fiyy

7Qk+1((I)E+1RI:+1-1®E+1)71¢;£+1> R . O

(111.27)

It is straightforward to check that Ly given by (II.19)
satisfies the constraints (III.9) and (III.10). We now show
that the filters presented in [16,24] and the Kalman filter are
special cases of the filter (III.19).

Proposition III.1. Suppose H; = 0 in (IIl.1), then
the unbiased minimum-variance filter gain Ly satisfying
(IT1.9) is given by

L1 = [Fk+1 — Frp1 Ry G
X (GE+1R;_&1G;¢+1)*1GE+1} R/Zil

Furthermore, the covariance update equation is given by

(II1.28)

Pitijis1 = Poyipe — For1 R [T — Grpa
(GE Ry Grop) T\ GE Ry FE, (11.29)

Proof. Substituting Hy, = 0 in equation (IIL.19) yields
(II1.28). Next, we note that when Hr = 0 and (IIL.9) is
statisfied, Py 1)r+1 i again given by (IIL.11). Furthermore,
using the expression for Ljy; from (II.28) in (IIL.11), we
get (I11.29). O

Proposition III.1 concides with the output-correction
filter developed in [24]. Next, the following result is given
in [16].
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Proposition III.2. Suppose G, = 0 in (II1.2) and
assume (III.1), (III.2) is input and state observable. Then
the unbiased minimum-variance filter gain Ly satisfying
(II1.10) is

Li1 = Hlly + Frop Ry (I = VigaIly),  (I130)
where 11, is defined as
JAN ~ _ ~
0, = (ViR Ves) 'V RL.
(IIL.31)

Furthermore, the covariance update equation becomes

Pyt = Progae — Fk+1R;Zi1F1;F+1+
(Hy — Fk+1Rl;-|1-1Vk+1)(VkE1RZ-i1Vk+1)_1
X (Hy — Fry1 R L Vi)™ (I11.32)

Proof. The proof follows directly from Proposition III.1
and (III.11). O

Proposition IIL.3. If G, = 0 and Hy = 0 in (IIL.1),
(II1.2), then the unbiased minimum-variance filter gain Ly
reduces to the Kalman filter gain

Lis1 = Fen Ry}, (IIL.33)

and the covariance update equation reduces to the Kalman

filter covariance update equation

Pioiiprr = Porip — Fort B Bl (INL34)

Proof. Setting H;, = 0 and G = 0 in (IIL.19) and
(IIL.11), we get (ITI1.33) and (I11.34) respectively. O

So far, we have discussed unbiased estimation of the
state xj, in the presence of arbitrary unknown inputs ej. Next,
we discuss how the unknown inputs e are estimated, using
the unbiased estimates Ty, of the states xy.

Proposition I11.4. Consider (IIL.1), (II1.2), and suppose
that &, is an unbiased estimate of xy in (IIL.1). Then

éx = Gl (yr — Criyyy, — Drug), (I11.35)
is an unbiased estimate of e.
Proof. Since | > p, we can define é;, as
érn = Gl (yr — Criyyy, — Drug), (I1L.36)

Taking expected value on both sides of (III.36) yields

Eér] = E[GI(Grex + Cre +vi)]  (IL37)

Since 2y, is an unbiased estimate of xy, the state estimation

error €y, satisfies
Elex] = 0. (IT1.38)

Using (ITI.38) and noting that v is zero mean, (II1.37)
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becomes

E[éx] = E[G] Grer]
= E[ek]. O
Proposition IIL.5. Consider (III.1), (IT.2) and let Gy, =

0. Suppose that 2, is an unbiased estimate of the states xy
of (III.1). Then

éx = H L1 (yks1 — Crt1@ps1jh — Di1unr),
(IT1.39)

is an unbiased estimate of e,.

Proof. Since [ > p, we can define é;. as

éx = H Lir1(yur1 — Crr1pprn — Diyrtign),
(II1.40)

where 1 denotes the Moore-Penrose generalized inverse.
Next, we use (II1.3) and (II1.40) to get

_ gis 5
e = Hp(Tryijprr — Thyapk)

= Hj(tps1 +ens1 — Apdye — Bru)
= H;(xk‘i’l — Apzy — Brug +epq1 — AkEk)
= Hf(Hgey, +wy, + eg1 — Aper). (IIL41)

Further, taking expected value on both sides of (I11.41), yields

E[ék} = E[H;(erk+wk+€k+1—Ak&‘k)],

(IIL.42)

Finally, noting that E[e)] = 0 and the fact that wy, is zero-
mean, we get

Eléx] = H] HyEley] = Elex). 0
IV. EXAMPLE

We consider a discrete-time model of the Van der Pol
oscillator

T h+1 | 21k +Tsxok
- 2
T2 k41 Tk + To[(1 — 2% p)wok — m1k] |7

av.1)

where T is the sampling interval. We assume that the linear
part of the dynamics is known perfectly, that is, the initial
model is the linear part of the equations while Tsxi T2,k
is assumed to be unknown and thus acts as the unknown
input ej. Measurements of the state x5 are available, thus
the output matrix is C, = [ 0 1 |. Since the nonlinear
term appears only in the equation of the second state we

take H, = 1

states, the states from an open-loop simulation of the known
model, and the estimates of the states from the unbiased
minimum-variance filter. It is seen from the plot that the state
estimates from the unbiased minimum-variance filter based
on the known model approximates the actual states closely.
Once the estimates of the states are obtained we then obtain a

. Figure 1 shows a plot of the actual

5716



least squares estimate é of the unknown signal e by using
(II1.39). Figure 2 shows the actual unknown signal e, and
the estimate é; of the unknown signal.

V. CONCLUSIONS

In this paper, we introduced the concept of input and

state observability, that is, conditions under which both

the

unknown input and state can be estimated from the

output measurements. We discussed sufficient and necessary
conditions for a discrete-time system to be input and state
observable. Next, we derived an unbiased minimum-variance
filter to estimate the unknown input and the state. Finally, we
presented an illustrative example.
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Fig. 1. Discrete-time Van-der Pol Oscillator Example. Comparison

of

the actual states of the system, the state estimates from the

unbiased minimum-variance filter, and the states from an open-
loop simulation of the known model equations.
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Discrete-time Van-der Pol Oscillator Example. A plot

showing the actual unknown input and the estimated unknown
input.
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