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Abstract— Solar storms can damage transformers, electrical
networks, and satellites. In this paper, we use system identification methods to construct nonlinear time-series models that are
used to predict solar wind conditions with a 27-day prediction
horizon. To identify nonlinear time-series models, we use a
set of basis functions to represent the nonlinear mapping. For
these basis functions, we propose an alternative class of radial
basis functions, which have fewer parameters that needs to be
tuned by the user. Finally, we compare the predictions obtained
using identified models with predictions obtained with existing
models.

I. I NTRODUCTION
The Sun’s atmosphere flows supersonically away from
the Sun past the Earth and the other planets in the form of
the solar wind. The Sun’s magnetic field, which is commonly
referred to as the interplanetary magnetic field (IMF), is
embedded in the solar wind [4]. Although the solar wind
typically flows at about 400 km/s, large expulsions of plasma
from the Sun, called coronal mass ejections (CMEs) or solar
storms, can attain speeds of over 900 km/s.
High-energy CMEs interact with the Earth’s magnetic
field causing geomagnetic storms, which entail ionospheric
currents and aurora in both the northern and southern polar
regions. Most of the time, the aurora and the ionospheric
currents are weak and have minimal effect on technology.
During a solar storm, however, the aurora and ionospheric
currents increase, heating and expanding the upper atmosphere, which causes increased drag on satellites. In addition,
large ionospheric current fluctuations can induce currents in
power lines that can overwhelm and destroy transformers
and electrical networks [6]. Additionally, as discussed in
[10], solar storms can adversely affect animals, humans, and
aircraft. It is therefore important to be able to predict when
and where large ionospheric current fluctuations are likely to
occur.
When the Sun’s atmosphere is calm, there is little aurora
and small currents. However, large ejections of magnetic and
plasma energy cause large disturbances in the ionosphere.
To predict these large ejections of magnetic and plasma
energy, satellites monitor the solar surface and image the
photospheric magnetic-field patterns on the Sun.
Existing first-principles models that predict these magnetic
events [5, 9] are extremely expensive to run in real time, or
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must be run at low spatial and temporal resolution. Therefore,
researchers must wait until the ejections reach most of
the way to the Earth, where additional measurements are
made. The solar wind and IMF conditions are measured by
the Advanced Composition Explorer (ACE) satellite, which
orbits the Lagrangian gravitational null point between the
Sun and the Earth. The solar wind measurements are made
by ACE 30 to 60 minutes before the solar wind encounters
the Earth’s magnetic field.
Empirical models are potentially useful for predicting
specific quantities at specific locations. Empirical models
developed for understanding and predicting magnetic-field
fluctuations include Hammerstein-Wiener models [8], neural
network models [12], time-series models [2], statistical models [1], and power-law models [11]. The models developed
in [1, 2, 8, 12] use current ACE measurements as the inputs
to the model and predict magnetic-field fluctuations on the
Earth 30 to 90 minutes into the future. On the other hand, the
WSA model [11] uses photospheric magnetic-field patterns
from the Sun to predict solar wind conditions at ACE 3 to
5 days into the future.
The goal of this paper is to use system identification
methods to construct models that can be used to predict solar
wind conditions at the first Lagrangian point with a 27-day
prediction horizon. The periodicity of the Sun’s rotation with
respect to the Earth is 27 days, that is, the Sun’s rotation
and the Earth’s revolution around the Sun is such that the
same part of the Sun faces the Earth every 27 days. As a
result, the current solar wind conditions are highly correlated
with the solar wind conditions and image measurements of
the solar surface from 27 days earlier. Thus, the output
of the models developed in this paper is the solar wind
velocity measured by the ACE satellite, while the inputs to
the models are photospheric magnetic field measurements
and ACE measurements from 27 days earlier. By predicting
future solar-wind conditions using current ACE data and
photospheric magnetic-field data, our objective is to obtain
long-term predictions and thus advance warnings of future
disturbances. These warnings can be used to take steps to
minimize damage to sensitive infrastructure [6].
Since the solar wind velocity measured by ACE is both a
model input and a model output, a natural choice of models is
time-series models. Moreover, since the relationship between
current solar-wind velocity and past solar-wind conditions
and photospheric magnetic-fields is believed to be nonlinear,
we identify nonlinear time-series models.
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To identify nonlinear time-series models, we use a set
of basis functions to represent the nonlinear mapping, and
thus recast the problem as a linear least-squares problem. To
represent nonlinear mapping of several dimensions, radial
basis functions is a convenient choice. However, the user
must choose a class of radial basis functions and tune the
basis function parameters. Moreover, there are no guidelines
for choosing the best class of radial basis functions, while
the relative performance often depend on the particular
application. Furthermore, although an optimization-based
technique was developed in [7] to tune the basis-function
parameters, the method is computationally expensive and is
not guaranteed to find the global minimizer.
The methodological contribution of this paper is alternative class of radial basis functions for use in NARMAX
system identification. In particular, the standard approach
to nonlinear time series identification is to use a collection
of Gaussian radial basis functions centered at specified grid
points. These functions are characterized by a spread parameter, whose optimization entails a nonconvex optimization
problem. In the present paper we consider a collection
of polynomial basis function centered at each grid point.
The coefficients of these basis functions are then set by
least squares techniques, thus simplifying the approximation
process. In addition, we compare the performance of standard
polynomials, Legendre polynomials, and Bernstein polynomials. Bernstein polynomials are of interested for their ability
to attain uniform convergence of continuous functions on a
compact domain. After comparing the performance of these
classes of polynomials on representative examples, we apply
this technique to estimation of nonlinear time series models
for solar wind prediction.

Consider a static nonlinear system
yk = f (xk ) + vk ,
p

l

n(m+l)

where uk ∈ R , yk ∈ R , f : R
→ R , vk ∈ Rl is
zero-mean white noise, and β is the number of time-steps
corresponding to 27 days. Since a typical sample interval
is 15 minutes, usually β = 2592. We consider the problem
of identifying the unknown model f when measurements of
outputs yk and inputs uk are available, and vk is unknown.
Next, defining xk ∈ Rn(m+l) by
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where fi : Rp → R. Next, we assume that each component fi
of the function f can be written as a basis function expansion
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where gj : Rp → R for j = 1, . . . , s are the individual basis
functions and bij are the unknown coefficients of the basis
function expansion. Next, defining g : Rp → Rs as


g1 (x)
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(III.4)
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we can write (III.3) as
f (x) = Bg(x),

(III.5)

△

¤T

IV. R ADIAL BASIS F UNCTIONS
A convenient choice of basis functions for g are radial
basis functions, which can handle arguments of arbitrary
dimensions [3]. A radial basis function is a function of the
△
distance rj = kx − cj k2 from a specified center point cj . For
example, Laplacian, logistic, Gaussian, and thin-plate spline
radial basis functions have the form
gj (x)

,

gj (x)
(II.2)

Thus the problem of identifying the unknown model in
(II.1) is equivalent to multivariable function approximation.
Therefore, we first discuss the problem of approximating an
unknown function.

(III.6)

Since (III.6) is linear in the unknown parameters B, we can
use least-squares technique to estimate B. However, the basis
functions g, which are chosen by the user, affect the accuracy
of the resulting approximation.

(II.1) can be written as
yk = f (xk ) + vk .

p

yk = Bg(xk ) + vk .

(II.1)
m

l

where xk ∈ R , yk ∈ R , f : R → R , and vk ∈ R is zeromean white noise. We assume that we have measurements
of yk and xk , while f and vk are unknown. The problem is
to estimate the unknown function f .
Writing f in terms of it’s scalar components, we have


f1 (x)
 f2 (x) 


f (x) = 
(III.2)
,
..


.

= f (yk−β , yk−β−1 , . . . , yk−β−n ,
uk−β , uk−β−1 , . . . , uk−β−n ) + vk ,

xk =
£ T
yk−β

III. S TATIC N ONLINEAR F UNCTION A PPROXIMATION

where B = [bij ] ∈ Rl×s is the matrix of unknown coefficients. Thus the system (III.1) can be written as

II. NARMAX M ODEL I DENTIFICATION
Consider the nonlinear time-series model
yk

ThB11.2

gj (x)
gj (x)

= e−αj kx−cj k2 ,
1
=
,
1 + e−αj kx−cj k2
2
= e−αj kx−cj k2 ,
= kx − cj k22 log(αj kx − cj k2 ),

(IV.1)
(IV.2)
(IV.3)
(IV.4)

respectively. The parameters αj and cj determine the spread
and center, respectively, of gj .
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Although the coefficients bi of the basis function expansion are identified by using standard least-squares, the
parameters αj and cj must be chosen by the user. In practice,
the user can use an optimization process to tune these
parameters. However, optimization with respect to αj and
cj is in general a nonconvex optimization problem.
For example a gradient-based optimization algorithm is
used in [7] to optimize the cost function with respect to
the parameters αj and cj . However, the gradient-based
optimization algorithm finds a local minimizer and not the
global minimizer. Furthermore, the optimization process is
computationally expensive.

VI. B ERNSTEIN AND L EGENDRE P OLYNOMIAL R ADIAL
BASIS F UNCTIONS
In (V.6), as the order q of the polynomials increases, Φ
becomes numerically ill-conditioned. Thus we use Legendre polynomials and Bernstein polynomials instead of the
standard polynomials in (V.4). Although all three types of
polynomials are linear combinations of each other, they
differ in properties such as orthogonality and numerical
conditioning.
Legendre polynomials Li : [−1, 1] → [−1, 1] are given
by

V. P OLYNOMIAL R ADIAL BASIS F UNCTIONS
In this section, we propose an alternative type of radial
basis function to avoid the need to optimize with respect
to the parameters αj . First, we rewrite gj as a polynomial
expansion of rj of the form
gj (x) =

q
X

aji rji ,

(V.1)

i=0

where the coefficients ai are to be determined. Thus
 Pq

i
i=0 a1i r1


..
g(x) = 

Pq .
i
i=0 asi rs
£
¤T
= A 1 r1 · · · r1q 1 r2 · · · rsq
,
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L0 (r)
L1 (r)

= 1,
= r,

L2 (r)
L3 (r)

= (3r2 − 1)/2,
= (5r3 − 3r)/2,

L4 (r)
L5 (r)

= (35r4 − 30r3 + 3)/8,
= (63r5 − 70r3 + 15r)/8,

L6 (r)

= (231r6 − 315r4 + 105r2 − 5)/16,
..
.

while Bernstein polynomials Bi,q : [0, 1] → [0, 1] are given
by
Bi,q (r) =

q!
ri (1 − r)q−i .
(q − i)! i!

Furthermore, Legendre polynomials are orthonormal on
[−1, 1], while Bernstein polynomials are orthonormal on
[0, 1]. Thus, Legendre polynomials and Bernstein polynomials lead to better numerical conditioning of Φ if used instead
of the standard polynomials in (V.1) as

where A ∈ Rs×s(q+1) is the matrix of unknown coefficients
defined as
△

A
=





a10
0
..
.

···
···

a1q
0

0
a20

···
···

0
a2q

···
···
..
.

0
0

···
···

0
0
..
.

0

···

0

0

···

0

···

as0

···

ast

(VI.1)

gj (r) =
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Thus (III.6) becomes
yk

= Cφk + vk ,

(V.3)

△

where C = BA ∈ Rl×s(q+1) , and
△ £
φk = 1 r1 · · · r1q 1 r2

···

rsq

¤T

.

(V.4)

Let N be the number of data points. Then, define the
output matrix Y ∈ Rl×N and the regression matrix Φ ∈
s(q + 1) × N by
¤
¤
△ £
△ £
Y = y0 · · · yN , Φ = φ0 · · · φN . (V.5)
Thus the least-squares estimate Ĉ of C is given by
Ĉ = Y Φ† ,

(V.6)

where † represents the Moore-Penrose generalized inverse.
Now, by using least-squares to estimate the unknown
matrix C, we eliminate the need to choose αj .

VII. E XAMPLES
Consider the
pstatic nonlinear system (III.1) with l = p = 1
and f (xk ) = |xk |. To estimate the static nonlinear function
using radial basis functions, we use 2000 data points with
uk ∈ [−100, 100]. The noise vk is zero-mean and white with
standard deviation 0.1. We compare Gaussian radial basis
functions with regular, Legendre, and Bernstein polynomial
radial basis functions. For the radial basis functions, 31 ci are
chosen to be distributed uniformly in [−100, 100]. Figure 1
shows the fit error as a function of the order q of three types
of polynomial radial basis functions as compared to Gaussian
radial basis functions with αi = 0.01. Although the αi for
gaussian radial basis function are tuned manually to give
the least fit error, the Legendre and Bernstein polynomial
radial basis functions have smaller fit errors. Furthermore, it
is seen that for large orders q, regular polynomial radial basis
functions have large fit errors, while Bernstein polynomial
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radial basis functions have the least fit errors. The large
fit errors for regular polynomial radial basis functions for
high orders seem to be due to poor numerical conditioning
of Φ. Furthermore, note that a 9th order polynomial radial
basis function has 10 unknown coefficients for each ci , while
the gaussian radial basis functions have 1 function for each
ci . However, The unknown coefficients in polynomial radial
basis functions are estimated using least-squares, while the
αi in Gaussian radial basis functions are tuned manually.
Next, consider the static nonlinear system (III.1) with
l = 1, p = 2 and f (xk ) = |x2,k |atan(x1,k ). To estimate
the static nonlinear function using radial basis functions, we
use 961 data points with uk ∈ [−3, 3] × [−3, 3], and zeromean, white vk with standard deviation 0.1. We compare
Gaussian radial basis functions with Bernstein polynomial
radial basis functions. Figure 2 shows the actual function,
while Figure 3 shows the approximation using Gaussian
radial basis functions with αi = 0.7. The centers ci for
the Gaussian radial basis functions are chosen to form a
11×11 uniform grid in [−3, 3]×[−3, 3]. The fit error for the
Gaussian RBF approximation is 0.5801, while the fit error
for an approximation with 10th order Bernstein polynomial
radial basis function at each ci of the 11 × 11 uniform grid
is 0.0661. Note that, for the Gaussian radial basis function
approximation, the user has to tune the parameter αi . On the
other hand, in the Bernstein polynomial RBF approximation
there are more unknown coefficients than the Gaussian RBF
approximation, but these unknown coefficients are identified
using least squares and no manual tuning is required.
Next, we repeat the above example with fewer centers ci
for Bernstein polynomial RBF approximation. We choose
ci for the Bernstein polynomial RBF to be 11 uniformly
distributed points along the x2 axis. Figure 4 shows the
approximation of the function using a 100th order Bernstein
polynomial radial basis function for each of the 11 ci . The
fit errors for 10th and 100th Bernstein polynomial RBF
approximation are 3.2298 and 0.8416, respectively.
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Fig. 1. Polynomial Radial Basis Functions Example. The fit error
for three types of polynomial radial basis functions as a function
of the order of polynomials q.
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Plot of the actual function f (x) = |x2 |atan(x1 ).
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VIII. S OLAR - WIND V ELOCITY P REDICTION

0

In this section, we use Bernstein polynomial radial basis
functions to identify NARMAX models of the form (II.1).
The output of the model is the solar-wind velocity measured
by the ACE satellite.
First, we use ACE measurements of velocity, temperature,
and density from 27 days earlier and the WSA model
[11] predictions as the inputs to the model. The goal is to
investigate whether the use of past ACE data can improve
WSA predictions. Since one of the model input is the
WSA model output, the prediction horizon is 4-5 days. The
dynamic order n for the NARMAX model is chosen to

−2
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Fig. 3. Estimate of the function f (x) = |x2 |atan(x1 ) using
Gaussian radial basis functions with 121 ci and αi = 0.7.
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Gaussain RBF
Bernstein
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Number of
centers
121

Order of
polynomials
N/A

Fit error

121

10

0.0661

11

10

3.2298

11

100

0.8416

0.5801

TABLE I
F IT ERRORS FOR APPROXIMATION OF THE FUNCTION
f (x) = |x2 |ATAN(x1 ) USING G AUSSIAN RBF AND B ERNSTEIN
POLYNOMIAL
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Fig. 5.
Comparison of WSA model prediction of solar-wind
velocity and prediction of NARMAX model for March-April 2003.
Data to the left of the vertical line are used to fit the NARMAX
model, while the data to the right of the vertical line is prediction.
The skill coefficient of the NARMAX model prediction compared
to the WSA model prediction is 2.0073.

Fig. 4. Estimate of the function f (x) = |x2 |atan(x1 ) using a
100th order Bernstein polynomial radial basis functions for each
of the 11 ci .

Basis Functions

2/7

RBF.

be 4 by trial and error. In Figure 5, the data to the left
of the black vertical line are used to fit the model, while
the data to the right of the vertical line are used for model
validation, that is, prediction. For the prediction region, the
skill coefficient of the NARMAX model as compared to the
WSA model is 2.0073, where the skill coefficient of the
NARMAX identified model as compared to the WSA model
is defined as
△

Skill coefficient =
prediction error using WSA model
prediction error using the identified NARMAX model .
A skill coefficient that is greater than 1 indicates that the
prediction using the identified NARMAX model is better
than the WSA model prediction.
Next, we use ACE measurements of velocity, temperature, and density from 27 days earlier in conjunction with
measurements of the Sun’s photospheric magnetic field as
the inputs to the model. Since the inputs are measurements
made 27 days earlier, the prediction horizon of the identified

model is 27 days. We use the identified models to make 27
days advance predictions of solar-wind velocity and compare
these 27-day predictions to 4-day predictions of WSA model.
Figure 6 shows the 27-day predictions of the NARMAX
model and 4-day predictions of the WSA model for MarchApril 2003. The skill coefficient of the 27-day predictions as
compared to the 4-day WSA predictions is 1.7181. Figure 7
shows squared errors for prediction as a function of time.
The blue regions indicate time periods during which the
NARMAX prediction is better than the WSA prediction,
while the red regions indicate periods during which the WSA
prediction is better. Despite the fact that NARMAX model
predictions are made 27 days in advance versus 4 days in
advance for the WSA model, the NARMAX predictions are
better than the WSA model predictions 70.236% of the time.
Finally, Figure 8 shows the NARMAX model predictions
for April-June 2006.
IX. C ONCLUSIONS
Solar storms can damage transformers, electrical networks,
and satellites. In this paper, we used system identification
methods to construct nonlinear time-series models that predict solar wind conditions with a 27-day prediction horizon.
To identify nonlinear time-series models, we used a set of
basis functions to represent the nonlinear mapping. Furthermore, we introduced polynomial radial basis functions,
which have the advantage that there are fewer parameters
that need to be tuned by the user. We then compared three
types of polynomial radial basis functions through numerical
examples and found that Bernstein polynomial radial basis
functions are advantageous. Finally, we used Bernstein polynomial radial basis functions to identify NARMAX models
and predict solar wind conditions 27 days into the future and
compared them to 4-day predictions obtained from existing
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Fig. 6. Comparison of NARMAX model predictions and WSA
model prediction of solar-wind velocity and for March-April 2003.
Despite the fact that the NARMAX model predictions are 27-days
in advance as compared to 4-days advance predictions by WSA
model, the skill coefficient of the NARMAX model prediction
compared to the WSA model prediction is 1.7181.
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Fig. 8. Solar-wind Velocity Fit and Prediction for 2006. Data to the
left of the vertical line are used to identify the model, while data to
the right of the vertical line are used for validation, that is, prediction.
Since the inputs are measurements that are made 27 days earlier, the
prediction horizon is 27 days. The green dashed line indicates the solar
wind velocity from 27 days earlier.

