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Cholesky-Based Reduced-Rank Square-Root Kalman Filtering
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I. INTRODUCTION

The problem of state estimation for large-scale systems has
gained increasing attention due to computationally intensive
applications such as weather forecasting [1,2], where state
estimation is commonly referred to as data assimilation.
For these problems, there is a need for algorithms that are
computationally tractable despite the enormous dimension of
the state.

One approach to obtaining more tractable algorithms is
to consider reduced-order Kalman filters. These reduced-
complexity filters provide state estimates that are suboptimal
relative to the classical Kalman filter [3,4]. Alternative
reduced-order variants of the classical Kalman filter have
been developed for computationally demanding applications
[5, 6], where the classical Kalman filter gain and covariance
are modified so as to reduce the computational requirements.
A comparison of several techniques is given in [7].

A widely studied technique for reducing the computational
requirements of the Kalman filter for large scale systems
is the reduced-rank filter [8,9]. In this method, the error-
covariance matrix is factored to obtain a square root, whose
rank is then reduced through truncation. This factorization-
and-truncation method has direct application to the problem
of generating a reduced ensemble for use in particle filter
methods [10, 11].

The primary technique for truncating the error-covariance
matrix is the singular value decomposition (SVD) [8—11],
wherein the singular values provide guidance as to which
components of the error covariance are most relevant to the
accuracy of the state estimates. Approximation based on the
SVD is largely motivated by the fact that error-covariance
truncation is optimal with respect to approximation in uni-
tarily invariant norms, such as the Frobenius norm. Despite
this theoretical grounding, there appear to be no criteria to
support the optimality of approximation based on the SVD
within the context of recursive state estimation.

In the present paper we begin by observing that the
Kalman filter update depends on the product C Py, where
C}, is the measurement map and Py is the error covariance.
To develop this idea, we show that approximation of Cj P,
leads directly to truncation based on the Cholesky decompo-
sition. Filter reduction based on the Cholesky decomposition
provides state-estimation accuracy that is competitive with,
and in many cases superior to, that of the SVD. An additional
advantage of using the Cholesky decomposition in place
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of the SVD for reduced-rank filtering is the fact that the
Cholesky decomposition is computationally less expensive
than the SVD, specifically, O(n3/6) versus O(2n?)[12].

II. THE KALMAN FILTER
Consider the discrete-time system
2.1)
2.2)

where x; € R™, wy, € Rd“’, Yr € RP, v, € Rd“, and Ak, Gy,
Cy, and Hj, are known real matrices of appropriate sizes. We
assume that wy, and vy are zero-mean white processes with
unit covariances. Define Qy £ GxGY and Ry £ H,HT
and assume that Ry is positive definite for all £ > 0.
Furthermore, we assume that w; and v, are uncorrelated
for all £ > 0. The objective is to obtain an estimate of the
state xg using the measurements .

The Kalman filter provides the optimal minimum-variance
estimate of the state x;. The Kalman filter can be expressed
in two steps, namely, the data assimilation step, where the
measurements are used to update the states, and the forecast
step, which uses the model.

Data Assimilation Step

Tp1 = Apzi + Grwy,
Yk = Crar + Hyvg,

Ky, = PG} (CyP{CY + Ry) ™Y, 23)

Pt = Py = P (ChPLCyy + Riy)'CrPr, (24

23 =2t + Ky (yp — Crat). 2.5)
Forecast Step

wh = April®, (2.6)

Pf = AsPRAT + Q. 2.7)

The states 17;@ and arga are the forecast and data assimila-
tion estimates of the state x;, while the matrices P,g € R**n
and P,Cda € R™*™ are the state error covariances, that is,

£ £/ fN\T d da/_da\T
Py = Eley(ey) ], P = Ele(e”) ], (2.8)
where 62 Ly, — mfg, ega L0 — xga.

III. SVD-BASED REDUCED-RANK SQUARE-ROOT
FILTER

To reduce the computational requirements, we consider
a filter that uses reduced-rank approximations of the error
covariances. Instead of updating the error covariances, we
propagate predicted error covariances Psd,‘j and Psf , using
reduced-rank approximations Psf;;‘ and Psfyk. The reduced-
rank approximations are chosen so that rank(ﬁs(f,j) < n and
rank(l:’;k) < n, and such that ||]5§d,§ — ]5:12||F and ||]5:k —
P,fHF are minimized.
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Let P € R™ ™ be positive semidefinite, let o7 > -+ >
on be the singular values of P, and uq,...,u, € R" be
the corresponding orthogonal singular vectors. Next, define
Uy € R™*9 and 3, € R?9*9 by

U =2 [ w 3.1

With this notation, the singular value decomposition of P
is given by P = U,%, U}, where U, is orthogonal. For
q < n,let gyp (P, q) € R™*4 denote the SVD-based rank-¢
approximation of a square-root of P given by ®syp (P, q) =
US4/ Note that SST, where S 2 ®gyp(P,q), is the
best rank-q approximation of P in the Frobenius norm.
Specifically, denoting the Frobenius norm by || - ||, we have
the following result in [14].

Lemma 3.1: Let P € R™ "™ be positive semidefinite,
and let 09 > -+ > o, be the singular values of P. If S =
(I)SVD(P q) then

min||P — PHF =||P—-SST|E = Uq+1 + -

rank(P)=q
The data assimilation and forecast steps of the SVD-based

rank-g square-root filter are given by the following steps:
Data Assimilation step

Ksk — Pkak (Ckaka + Rk;) 5

Ug ], Eqédiag(al,u' ,0q) -

“+02.(32)

(3.3)

Pda =Pl — PN (CuPLL.OF + Re) P Cu L, (3.4)

do = al o+ Kou(ye — Cral y), (3.5)
Forecast step

W = A, (3.6)

B = APRAT +Q, (3.7)

where P:k 2 gf (Sf )T, Pbdz £ Gda(GdayT S'f £
Dsyvp (P, q), Sdk £ @SVD(PSC‘k, q), and PfO is pos1t1ve
semidefinite.

Next, define the forecast and data assimilation error co-

variances Psf’ % and PSZ of the SVD-based rank-q square-root
filter by

Pl = &f(an — ol ) (an — 2l )",
P = &f(xn — xl5) (xy — 233)").

Using (2.1), (3.5) and (3.6), it follows that
P& AI-K, 1.Ci) PL (I-K 1, Cr) ™+ K R K, (3.10)
Pl = A PRAL + Q. G.11)
Note that Pfk and sz are predicted error covariances
and not covariances of the state error. Furthermore, since
K, # Ky, the SVD-based rank-¢ square-root filter is
a suboptimal filter. However, under certain conditions, the

SVD-based rank-q square-root filter is equivalent to the
Kalman filter.

(3.8)
(3.9)

Proposition 3.1: Assume that be = P,g and
rank(Pf) < g. Then, K., = Kj, P% = P8, and
P, sf.,k+1 =P k+ ~
Proof. Since rank(P;k) < g, it follows from Lemma 3.1
that

=5, (SS k)T - Pf, (3.12)

Hence, it follows from (3.3) that K = Kj. Furthermore,
it follows from (2.4), (3.4), and (3.12) that

P& = pie. (3.13)

Since rank(Pf) < g, it follows from (2.4) that rank(P?) <
g and hence (3.13) implies that rank(Ps‘fz) < q. Therefore,
Lemma 3.1, (??) and (??) imply that
oNT
Pl =55 (%) = P%
Hence, it follows from (3.13) and (3.14) that ]idz = P,fa,
and therefore (2.7) and (3.7) imply that PS w1 =Pl
Corollary 3.1: Assume that z{, = 2§, Pf; = P§, and
rank(P(f) < ¢. Furthermore, assume that, for all £k > 0
rank(Ay) +rank(Q) < ¢. Then, for all k > 0, K, = K,
and 2, = x}.
Proof. Using Proposition 3.1 and induction, it can be shown
that K = Ky and zf , =} for all k > 0. O

(3.14)

IV. CHOLESKY-FACTORIZATION-BASED
REDUCED-RANK SQUARE-ROOT FILTER

The Kalman filter gain K depends only on the correla-
tion CkPlg between the error in the measured states and the
unmeasured states. We thus have the following observation.

Lemma 4.1: Assume that P, € R™ ™ is positive
semidefinite. Partition ﬁk and P,g as

5 | Por (Pygr)?t } pt { Pf;k (Prgs)”
2 2 =1 Pt Pt

P, =
Pﬁq,k Pq k qq,k .k

where pqyk,ng € R9%9 and P@k,ng € R7%7, assume
that C), has the form

Co=1[1, 0],
and define K, by
Rk £ PkCE(CkPkaT + Rk)71

Furthermore, let {quk (I:’%k)T} = |:qu,k (quq k)T}
Then, K, = Kj.

Proof. The result follows from (2.3), (4.1), (4.2) and (4.3)
that f(k = K. O

Next, we consider a filter that updates the predicted
error covariances Pdk and Pf i using reduced-rank approx-
imations sz and Pck such that rank(PCdZ) < n and
rank(Pf,) < n, and such that ||Cy(P3 — P3)||p and
HCk(IBCf’k - Pcfk)HF are minimized.

Let P € R™™™ be positive definite. The Cholesky fac-
torization yields a lower triangular Cholesky factor L €
R™*™ that satisfies LLT = P. Partiton L as L =
[ Ly Ly ], so that truncating the last n — g columns
of L yields the rank-g Cholesky factor

PcuoL(Pq) = [ L1 -+ Ly | e R™ (4.4)

Lemma 4.2: Let PAG R™*™ be positive definite, deﬁne
S £ ®cpor(P,q) and P £ SST, and partition P and P as

_ Pq qu D _ Pq Pqﬁ
R S B I B

,(4.1)

4.2)

(4.3)
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where P, Pq € R%9 and Py, Pg
[Pq PqE}Z[Pq Pq6]~

Proof. Let L be the Cholesky factor of P. Since L is lower
triangular, LZ-L;F € R™*™ has the structure

LZLT _ |: Oi—l O(ifl)x(nfz!kl) :| ; (46)
¢ O(n—it1)x(i—1) il
where ff denotes an inconsequential entry, and therefore

- 0, Ogxz
L;L} =| 9 Taxd ] .
Z ! |: Oﬁxq ﬂ

Since P = ZZ 1 Li LT it follows from (4.4) that P = P+
Zz g+1 Li LT. Therefore, using (4.7) yields Pq = P, and
P 99 — = Py qq- O

Lemma 4.2 implies that, if S = ®cyor (P, q), then the
first ¢ columns and rows of SST and P are equal.

€ R%%, Then,

4.7

The data assimilation and forecast steps of the Cholesky-
based rank-q square-root filter are given by the following
steps:

Data Assimilation step

K.y = P O (Ch P OF + Ry) 7Y, (4.8)
P =Pl — PL.CY(ChPL,CF+Ry)TICLPL . (49)
xdi = x! ekt Ker(yr — Ckxc ) (4.10)
Forecast step
af o = A, (4.11)
Pl = AxPRATL + Qu, (4.12)
where

Df & of of T da A Qda T
Pc,k = Sc,k (Sc,k) ’ c k — S (Sc,k) ) (413)
St e 2 ®cno(Ply.q), S35 2 enoL(Ple,q), (4.14)

and Pf0 is positive definite.

Next, define the forecast and data assimilation error co-
variances Pf  and Pcd%, respectively, of the Cholesky-based
rank-g square-root filter by

Pfk £ &(an —app)(ar —aly)T],  (415)
2 &f(an — 2l (@ —25)7),  (416)
that is, P k and Pd are the error covariances when the

Cholesky- based rank q square-root filter is used. Using (2.1),
(4.10) and (4.11), it can be shown that

Pck =(I-K. kC’k)Pfk(I K. 1xCy) +KC7kRngk, (4.17)
Pl = A PS AL + Qk. (4.18)
Again, like the SVD-based rank-q square-root filter, the

Cholesky-based rank-q square-root filter is suboptimal and
generally not equivalent to the Kalman filter. However, the
following result shows that, in certain cases, the Cholesky-

based rank-q square-root filter is equivalent to the Kalman
filter.

Proposition 4.1: Assume that p = ¢, C}, has the form
Co=[1, 0], (4.19)

partition P,£ and pcf & as

Pry (Ph)" 1 at | Pran (Plag)”
P,ﬁ:[ ]gj’v qqakj , Pl = ]57fq7k Aaak (4.20)
qq,k g,k c,qq,k cq.k
where qu,P r € R7*? and qu7P 7k € R9%9, and
assume that [Pch & ijq 5 = [P;c’k quq x)- Then, K. =
K. If, in addition, A, has the form
Agk 0
Ay = { e ] , 4.21)
Agak Aqk
where A, € RI*7 and Az, € R79, then

Df Df f f
[ Pc,q7k+1 Pc,ﬁq,k—s-l } [ Pq,k+1 Pﬁq,k+1 }

Proof. Partition P!, as

pf f T
Pf — ‘APc,q,k (Pc qq k) ‘| 4.22)
ok P P ’ ‘
¢,qq,k c,q,k
where P, € R?*4 is positive semidefinite and P, € R7<7.
It follows from Lemma 4.2 and (4.14) that
£ Df f Df
P c,q,k =F c,q,k? PC 2449,k Pc,ﬁq,k‘ (4.23)

Therefore, it follows from Lemma 4.1 and (4.8) that K ;, =
K.

Next, partition Pg?® as

Pda (Pga )T
L S U (4.24)
P qq,k P .k
where P € R9*? is positive semidefinite and P2y € RT¥9.
It follows from (2.4) that
Pl = Po— P (P o+ Ry)TIP,, (425)
Pii = P Pfq,k(qu,k +Ry) TP, (426)
Now, partition P2 and P2 as
pda (Pdg )T pda, ( > da )T
PC k= = gak C’qq@da Cdzi & gak Cl’qqylgda 6427)
P c,qq;k PC@k P c,qq;k c, .k

where Pg‘}c,Pda € R9%? are positive semidefinite and

Pd‘?e, sz € RI%4, Therefore, it follows from (4.9), (4.19),
(4 22) and (4.27) that
Pcd; Pf *pch k(pcf,q,k+Rk) IPqu, (4.28)
PlGan = Pf f ok — Plagn (Pl + Re)TIPE L (429)
Hence, comparing (4.25) with (4.28) and (4.26) with (4.29),
. T T
and using ‘[Pcf,qyk (Pchq k) } = [qu,k (quq k) } and
(4.23) yields

pla, =Pk Pl =P (4.30)
Moreover, since Sdk = QCHOL(PCdk, ), it follows from
da a da _  pda
Lemma 4.2 that chk = Pd’q’k7 f’qq’d = ’%q’k
Therefore, (4.30) implies that P k= Pq 2. P e g0,k qug",

Now assume that Aj; has the form (4.21). Then (2.7)
implies that

Pl =AgkPSAT L+ Qqs 4.31)
P i1 =Ag i Pot AT 4 Agq k POy AT |+ Qaq, (432)
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where (J; has entries
Qq,k (Qﬁq,k)T

Q= Qgqk  Qgk
Furthermore, it follows from (4.12), (4.21) and (4.27) that

pcf,q,kﬂ :Aqﬁkpcd,z,kAquk + QM» (4.34)

Pcf}Eq,kJrl :A@}fpggq,k:A:zf,k+A§q7kP33,kAqT,k:+Qﬁq,k-
(4.35)

1:heref0re, (4.31), (4.3%), (4.34), and (4.35) imply that
Pcf,q,k:+1 = P;,kJrl and Pj,aq,kﬂ = Pafq,k+1~ =

The previous result showed that the Cholesky-based rank-
q square-root filter is equivalent to the Kalman filter for
only a single time-step. The following result guarantees this
equivalence for all time-steps.

Corollary 4.1: Assume that C}, and Ay, are of the form
(4.19) and (4.21). Let P!, = Pty Pf_ = Pf | and
al o = xf. Then, for all k& > 0, K. = Kj, and hence
Lok = l’i

Proof. Using induction and Proposition 4.1 yields K. , =
K, for all £ > 0. Hence, it follows from (2.5), (2.6), (4.10),
and (4.11) that zf , = 2 for all k> 0. O

In the following section, we present a result for time-
invariant systems that guarantees that the Cholesky-based
rank-q filter is equivalent to the Kalman filter for a few time-
steps even when the measurement and dynamics map are not
constrained according to (4.19) and (4.21)

(4.33)

A. Linear Time-Invariant Systems

Next, we consider linear time-invariant systems and
hence assume that, forall k > 0, A, = A, C, = C, G, = G,
H, = H, Qi = @Q, and R, = R. Next, we assume that
p < n and (A, C) is observable so that the observability
matrix O € RP"*" defined by

OL[CT (CAT (CAP1)T ] (4.36)

has full column rank. Next, without loss of generality we
consider a basis such that

o= |
O(p—l)nxn

Therefore, (4.36) and (4.37) imply that, for every positive
integer ¢ such that ip < n,

CA™! = [ Opxp(i—1) I Opx (n—pi) ] : (4.38)

Next, we present a result that shows that the Cholesky-
based rank-g square-root filter is equivalent to the Kalman
filter for a specific number of time steps. To do this, we first
present the following results.

Lemma 4.3: Let i be a positive integer, and for all £ >
0, let P, € R™*™ satisfy

CA™ Py = CAPAT + CATIQ (439)
— CA'P,CT(CP,C + R)'CP AT

Assume that CA'P, = CA'Pf and CP, = CPf. Then,

CA P, = CAi_lP,gﬂ.

Proof. The result follows from (2.4),(2.7), and (4.39). O

T

(4.37)

Lemma 4.4: Assume that P, € R"*" satisfies (4.39)
forall k> 0andi=1,...,7r. Let CA""'Py = CA""'P{
for i =1,...,r. Then, for all k=0,...,r, CP, = CPL.
Proof. The result follows from repeated application of
Lemma 4.3. O

Proposition 4.2: Let r > 0 be an integer such that 0 <
g = pr < n. Furthermore, assume that 15Cf,0 = P{. Then, for
all k=0,...,r, K., = Kj. If, in addition, $£,0 = xf), then
forall k=0,...,r, zf , = af.

Proof. It follows from Lemma 4.2 and (4.38) that, for all
k>0andi=1,...,r,

CA™'PL, =CA'P!, CAT'PY% = CA™ P% (4.40)
Note that Pf 1= AP&%AT + @, and therefore

c,k+
CAT'PL = CAPRAT + CcAQ. (4.41)
Substituting (4.40) into (4.41) yields
CAT Py = CAPRAT + CATIQ, (442
fort=1,...,r. Using (4.9) in (4.42) yields
CAIT PLy =CAT [ PL+CATIQ
(4.43)

- Pf.cT(CPt . CT+R)TICP! | AT,

forall k > 0 and i = 1,...,7. Since P!, = P{, it follows
from Lemma 4.2 that, for ¢ = 1,...,7, CAi*1}5§70 =
CAi’ng. Hence, it follows from (4.43) and Lemma 4.4
that, for k = 0,...,r, CP{ = CPf. Finally, (2.3) and (4.8)
imply that, for k =0,...,r, K., = K}, and hence, for all
k=0,...,r, 2l =al. a

Hence, the Cholesky-based rank-g square-root filter is
equivalent to the Kalman filter for a fixed number of time
steps that depend on the rank q of the approximations of the
predicted error covariances, as well as the dimension p of the
output. However, in general P!, and Pf are not equal for all
k =0,...,r even though Proposition 4.2 implies that K. j
and K}, are equal. Moreover, K. and K}, are generally not
equal for k > 7.

V. EXAMPLES

We compare the performance of the SVD-based rank-
q square-root filter and the Cholesky-based rank-q square-
root filter with the Kalman filter for two linear time-invariant
systems.

A. Compartmental Model

Consider n compartments or subsystems exchanging en-
ergy through mutual interaction [13]. Applying conservation
of energy yields, for ¢t =1,...,n,

Eigk1 =1 =P Eir —a(@it1k — Tik)
—a (e — Tic1,k) + Pk,
where FEj;;, is the energy in the i-th compartment, P;; is
the external disturbance affecting the i-th compartment, 0 <

G < 1 is the loss coefficient, and 0 < « < 1 is the flow
coefficient. It follows from (5.1) that

5.1

Thy1 = Az + Gy, (5.2)
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lI>

where Pix = giwik, vx = [Evg -+ En,k‘]Ty wy
[wig - wnsl s

A € R™" and G € R™" is defined by G £
diag(g1,...,9n). Let n = 20, @ = 0.35 and 5 = 0.5.
We assume that the disturbance wy, affects all of the com-
partments so that g; # 0 for ¢ = 1,...,n. The external
disturbance wy, is modeled as a white-noise process with unit
covariance. Finally, we use measurements of the energy in
the 10th and 11th compartments to estimate the energqy in all
of the compartments, that is, yx, = [ 106 211k | + Uk

To evaluate the performance of the SVD-based and
Cholesky-based reduced-rank square-root filters, we compare

the costs Jy, Jsx and J.x, where Ji = tr(Pf), Joi =
tr(Psf,k)’ Jek = tr(PCf,k). In all cases, we initialize the
three filters with 2§ = 2f, = 2f j = 0 and P} = P!, =

Py = In.

We compare the performance of the SVD-based and
Cholesky-based filters for ¢ = 2,5,10. The steady-state
performance of the SVD-based rank-g square-root filter and
the Cholesky-based rank-¢ square-root filter, respectively,
is shown in Figure 2. Figure 3 shows the performance of
the SVD-based reduced-rank square-root filter Js; and the
Cholesky-based reduced-rank square-root filter J. ;, when
¢ = 2 in both cases. Finally, we plot J. x/Ji and Js/J
when ¢ = 10. Note that p = 2, and hence, » = 5 satisfies
q = pr. Therefore, it follows from Proposition 4.2 that the
Cholesky-based rank-g square-root filter is equivalent to the
Kalman filter for £ = 0,...,5, as confirmed by Figure 4.

B. N-mass system

Next, we consider the mass-spring-damper model
shown in Figure 1. For ¢ = 1,...,10, m; = 1 kg, while
kj = 1 N/m and ¢; = 0.2 N-s/m for j = 1,...,11. We
assume that an external force w;j acts on the mass m;,
where w; j, is a white-noise process with unit covariance so
that

(5.3)
]T

Ty1 = Axy + wi,
where 2 [q1d1 - qo o], w 2 [wy -+ wig],
and A € R29%20 js5 obtained using a zero-order-hold dis-
cretization of the continuous-time dynamics. We assume
that the displacement of the 5th mass is measured so that,
Yr = @5, + Uk, where vy is white-noise process with unit
covariance. Again, we initialize the Kalman filter and the
reduced-rank square-root filters with zf, = zf = 2f ; =0
and Pg = pcf’o = p§70 = IQ().

We compare the performance of the reduced-rank square-
root filters for ¢ = 4 and ¢ = 8. The mean-squared error
(MSE) in the estimates of the position of the masses is shown
in Figure 5. It can be seen that, for a specific choice of g,
the performance of the Cholesky-based rank-q square-root
filter is better than the performance of the SVD-based rank-q
square-root filter. The MSE in the estimates of the velocities

of the masses is shown in Figure 6.

k1 k2 k11
7
m \/\ (X X ] ‘\/\\ m \/\ (XX ] ‘\/\m
T TH 5TF TH 10
e
4 ¢ C11
Fig. 1. Mass-spring-dashpot system.

45 T

I Cholesky-based
[CIsvD-based

40

351

30+

Steady-state Cost

I
q=2 q=5 q=10
rank of the approximation of the predicted error covariance

Fig. 2. Steady-state performance of the SVD-based and Cholesky-based
reduced-rank filters for ¢ = 2,5,10. Note that n = 20 and even when
q = 2, the performance of the Cholesky-based reduced-rank square-root
filter is similar to that of the Kalman filter. The steady-state performance
of the Kalman filter is shown as the dashed line for comparison.

VI. CONCLUSIONS

We developed a reduced-rank square-root Kalman filter
based on the Cholesky factorization. We presented condi-
tions under which the SVD-based reduced-rank square-root
Kalman filter and the Cholesky-based reduced-rank square-
root Kalman filter are equivalent to the Kalman filter. In
general, neither the Cholesky-based nor SVD-based reduced-
rank square-root filter consistently outperforms the other.
However, in this paper, we showed two examples where the
Cholesky-based reduced-rank square-root filter performs bet-
ter than the SVD-based reduced-rank square-root filter. Since
the Cholesky factorization is a computationally efficient
algorithm compared to the singular value decomposition,
the Cholesky-based reduced-rank square-root filter provides
a computationally efficient alternative method for reduced-
rank square-root filtering.
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