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Growing Window Recursive Quadratic Optimization with Variable Regularization

Asad A. Ali', Jesse B. Hoagg?, Magnus Mossberg® and Dennis S. Bernstein?

Abstract—We present a growing-window variable-
regularization recursive least squares (GW-VR-RLS)
algorithm. Standard recursive least squares (RLS) uses
a time-invariant regularization. More specifically, the inverse
of the initial covariance matrix in classical RLS can be viewed
as a regularization term, which weights the difference between
the next state estimate and the initial state estimate. The
present paper allows for time-varying in the weighting as
well as what is being weighted. This extension can be used to
modulate the speed of convergence of the estimates versus the
magnitude of transient estimation errors. Furthermore, the
regularization term can weight the difference between the next
state estimate and a time-varying vector of parameters rather
than the initial state estimate as is required in standard RLS.

I. INTRODUCTION

Recursive least squares (RLS) is widely used in signal
processing, identification, estimation, and control [1], [2],
[3], [4], [5], [6], [7], [8]. Under ideal conditions, that is,
nonnoisy measurements and persistency of the data, RLS
is guaranteed to converge to the minimizer of a quadratic
function [5], [6]. In practice, the accuracy of the estimates
and the rate of convergence depend on the level of noise and
persistency of the data. The goal of the present paper is to
extend standard RLS in two ways. First, in standard RLS, the
positive-definite initialization of the covariance matrix serves
as the weighting of a regularization term within the context
of a quadratic optimization. Until at least » measurements are
available, this regularization term compensates for the lack of
persistency in order to obtain a unique minimizer. Tradition-
ally, the regularization weighting is fixed for all steps of the
recursion. In the present work, we derive a growing-window
variable-regularization RLS (GW-VR-RLS) algorithm, where
the weighting of the regularization term changes at each
step. As a special case, the regularization can be decreased
in magnitude or rank as the rank of the covariance matrix
increases, and can be removed entirely when no longer
needed. This ability is not available in standard RLS where
the regularization term is weighted by the inverse of the
initial covariance at every step.

A second extension presented in this paper also involves
the regularization term. Specifically, the regularization term
in standard RLS weights the difference between the next
state estimate and the initial state. In the present paper, the
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regularization term weights the difference between the next
state estimate and an arbitrarily chosen time-varying vector
of parameters. As a special case, the time-varying vector
can be the current state estimate, and thus the regularization
term weights the difference between the next state estimate
and the current state estimate. This formulation allows us to
modulate the rate at which the current estimate changes from
step to step.

For these extensions, we derive GW-VR-RLS update equa-
tions. While standard RLS entails the update of the state
estimate and the covariance matrix, GW-VR-RLS entails
the update of an additional symmetric matrix of dimension
n xn to allow for the variable regularization. Thus, GW-VR-
RLS entails some additional computational burden relative to
classical RLS.

II. PROBLEM FORMULATION AND GW-VR-RLS
ALGORITHM

For all i« > 0, let A; € R™*"™, b;,a; € R™, and R; €
R™ " where A; and R; are positive semidefinite, define
Ao = 0, by = 0, and assume that, for all £ > 0, Zf:o A+
Ry and Zf:o A;+ Ry are positive definite. Hence Ry and
R, are positive definite. For k£ > 0, define the regularized
quadratic cost

Jk(l‘) é

3

k
(:UTAix + bZTx) +(z —ap) TR (z — ag), (1)
—0

where = € R™. The minimizer x; of (1) is given by

k Yk
T = =3 ZAi + B Zbi T 2Rar | @)
i=0 i=0

Note that 2o = g is the minimizer of Jy(x).
To rewrite (2) recursively, define

k —1
PE(Y A+Re) (3)
=0

where the inverse exists by assumption, so that

k

vp = =3P [ D bi—2Rpay | ©))
i=0
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Using (4), it follows that

k+1
1
Tpy1 = —5 Pk E bi — 2R 10041
=0

K
= =3Pt <Z bi + br+1 — 2Rk+1ak+1>
=0

= —%PkJrl (—QP;ka + 2Rpay, + bgy1 — 2Rk+1o¢k+1)

—Piy (_Plc_-i-llxk + Rpy1zk — Rpag + App1ak
+ Rpoy, + %karl - Rk+104k+1)

=k — Py (Ak+1$k + (Ri41 — Ry)zy,

+ Rpay — Rgp1ap41 + %bkﬂ)- (5)
Next, it follows from (3) that
k
P;;rll = ZAi + App1 + Ria
i=0
= Pgl + Rpy1 — Rk + Ak

Consider the decomposition

A1 = Yrr1¥i,s (6)

A
where ¢y € R™*™+1 and ny4q = rank(Ag41). Conse-
quently,

_ 1
Pei1= (P + Riy1 — Ri + Y1)

_ -1
= (Quty +¥rr¥in) @)
where A [ -t
Q1= <Z Ai + Rk+1>
i=0
_ -1
= (P, + Riy1 — Ri) (@)
where the inverse exists by assumption. Note that
P < Qrq1- (€))

Next, using the matrix inversion lemma

(X +UCV) =X XU (C ' +VX V) VX!
(10)

with X = Q,;il, U=, C =1 and V = ¢, it

follows from (7) that

Pri1 = Qrt+ (In — Vi1 (Lngyy + Vit Qe 1¥rs1)

XL Qur )- an
Next, consider the decomposition
Ri1 — Rig = g1 Skr1bjgr (12)

A
where @1 € R ™r+1 my 1 = rank(Rp41 — Ryi), and
Skt1 € R™Mr+1X"k+1 jg g matrix of the form

+£1 0
0 =1

>

Ska1 = (13)

+1

Therefore, (8) can be expressed as
_ -1
Qi1 = (P + dug1S410041) -

Letting X = P, ', U = ¢py1, C = Spy1, and V = ¢, it
follows from (10) and (14) that

(14)

Qr+1= Pi — Prooy1(Skt1 + Spyr Prdoes1) by 1 P
:Pk(fn—¢k+1(Sk+1+¢;£+1pk¢k+1)_1¢;cr+1pk>- (15)

Therefore, for £ > 0, the recursive regularized quadratic
cost minimizer of (1) is given by (5), (11), and (15), that is,

Quir=Pi(In= w1 (Sirrt 61 Pudron ) BE P (16)
P11 = Qrt (In = Y1 (I, + U1 Qrr1¥r41)

X ¢13+1Qk+1)7
Tp1 = Tk — P (Ak+1£vk + (Ri1 — Ri)zr + Reay

a7

— Rgyi1apq1 + %bkﬂ), (18)
where x¢g = g, Py = Ro_l, Y41 1s given by (6), and ¢g1
is given by (12).

ITII. SPECIALIZATIONS

A. Standard RLS

Consider the special case Ry = Ry and o = xg. Then

the quadratic cost

k
A

Ji(z) = (2T Az + b)) + (2 —20) T Ro(z — z0) (19)

i=0
is minimized by

1=k — Pria (Ak+1$k + %bk+1), (20)

Pk+1:Pk(In—¢k+1 (Iny it ¢g+1pk¢k+l)7l7/}g+lpk)a (21

where Py = R !, Since the recursive update for Q1 given
by (16) simplifies to Qx+1 = Px1, standard RLS does not
require the update of Qg1.

B. Standard RLS with oy, = x_1 and R = Ry

Consider the special case R = Ry and oy, = x;—1. Then
the quadratic cost
k
(xTAi:v + b;rzv) + (x —2p_1)"Ro(x — 21_1)
i=0

A
Jk(CL‘) =
is minimized by
Piyr =Py (Ink+1—1/)k+1(1nk+1+ 1/)E+1Pk1/1k+1)711/)13+1pk),

Try1 = Tk — Pry1 (Ak+133k + Py N (ap-1— o) + %karl),

where Py = Ry L Note that the update for Py does not

require Q.
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C. Standard RLS with forgetting factor

Let 0 < A <1, and consider the modified cost
k

T () éz A=t (2T Ayt BY )+ (x—20) " MRy (z—a0)
i=0

where for i > 0, A; = ¢;4}. Next, it follows that
k
Ji(z) = Nk Z A" (@M Az + BT x) +(z — w0) T Ro (x — 20)

=0
k

= \F Z (2T Az + b z)

=0

+ (z —xo)TRo (x — z0),

where A; = )\ TAL b = /\ ip;, and Ry = RO Therefore,
Jp(x) = NeJy(x), where Jy () is given by the traditional
RLS quadratic cost (19). Minimizing Jj(x) is equivalent to
minimizing Jy (z). In this case, the minimizer of J, is given
by (20) and (21); however, the minimizer xj is expressed
in terms of Ayi; and bk+1 rather than Ak+1 and by41.
Substituting Apy1 = A* " TAp 1, bprr = A F b4, and
Ypp1 = A~FFD/24, 1 into (20) and (21) yields

Pry1 = Pk(I A g (T + A0
X quzk+l)7lng+lpk)v

Tp1 = Tk — Pryr ()\_k_lf_lkﬂivk + %)\_k_lgk-l—l)'

Next, for ¢ > Q, define P, 2 A"%P;, and it follows that the
minimizer of Ji is given by

Py =X Pk(I — Ukt (My o+ Vi Prtbreyn) ™ 1¢g+1pk)a

- _ -
Tpy1 = Tk — Prpr (Ak+1$k + §bk+1),
where Py = Ry L

D. Standard RLS with oy, = x_1 and forgetting factor
Let 0 < A <1, and consider the modified cost

k
Z Pt (a:T/L-:c + l_)lT:c) +
1=0
X )\kR()(ZC — kal);

Jr(x) 2 (x — xk,l)T

where for i > 0, 4, = 1 1/}T. Next, it follows that

k
Ji () kZ)\_Z T Az + b)) + + (& —ap_1)”

i=

0 (T — $k71)

X

K
= \F Z (2T Az + bl ) + (@ — zp-1)”
i=0

x Ro (z — x-1), (22)
where A; = A TiA; b, = A~%b;, and Ry = Ry. Combining
the steps in Sectio_n III-C and Section III-D, it follows that
the minimizer of Ji is given by

Ppy1=X Pk(f ~ Pt Mgy i+ gy Petlig1) 17/;;+1pk)7

/\kJrl

Thy1= xk—PkJrl(AkHiEk-l- Pyt ($k71—$k)+%5k+1),

where Py = Ry .
IV. SETUP FOR NUMERICAL SIMULATIONS

Forall k > 0, let 1, opt € R™, 95, €R™, where its ith entry
Yy,; 1s generated from a zero mean, unit variance Gaussian
distribution. The entries of v, are independent. Define

A
Bk = wkak,opt'

Let [ be the number of data points. Define

l
A 1 1—
Oyi = jziﬂ;ﬁ,i —= 1,
k=1
é 1 2 l—o00
op = 7 Z Ik ,optLk,opt -
k=1
Next, for ¢ = 1,...,n, let N; € R, and M} € R

be generated from zero-mean Gaussian distributions with
variances U]2V,i and o3, respectively, where on,; and o
are determined from the signal-to-noise ratio (SNR). More
specifically, for i = 1, .

sz

SNRy,; 2 221 and SNRy 2 22

ON,i UM
where, fort =1, ...

/1K 2 _

y Ny, ON = K Zk:l Nk,i and OM =
1 K 2
V' k=1 My

Finally, for k > 0, define Ay, 2 (5 + Ni) (¥ + Ni)T
and by, = —2(Br + My)(Yr, + Ni), where Ny, is the noise
in v and My, is the noise in Gy.

Define

242008 —112 16 15 —22 —21 032]"
»E2[-111 —02 11 —02 04 023 —25]"

Unless otherwise specified, for all k > 0, x opt = 21, Qf =
o, and o = 07><1.
Define the performance
A ||k,opt — k]
%k, opt

V. NUMERICAL SIMULATIONS WITH NOISELESS DATA

We now investigate the effect of Ry, oy and A on GW-
VR-RLS. Furthermore, in this section, A; and b;, contain no
noise, specifically, for all £ > 0, Ny = 07«1 and My, = 0.

A. Effect of Ry,

We begin by testing the effect of R, on convergence of
€r when Ry, is constant. In the following example, we test
GW-VR-RLS for three values of Rj. Specifically, for all
k Z O, Rk = I7><7, Rk = O.l]7><7 or Rk = 0.0l]7><7. In
all three cases, for all £ > 0, A, and b, are the same. For
this example, Figure 1 shows that smaller values of Ry, yield
faster convergence of ¢ to zero. This effect occurs because
decreasing Ry reduces the magnitude of the regularization
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20 : : :
sol Ry = Irxr |
== -Rp=0.1I747
70r = R}c :0.01[7><7’
~ 60 . 1
= sof 1
SN—
< 40 1
W ogot 4
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Time step k
Fig. 1. Effect of Ry on convergence of xj, to X opt. For this example,

smaller values of Ry, yield faster convergence of ej to zero.

term in the cost function (1). Next, we let R be constant
and positive definite until Zi:ol A; has full rank, then we
let R, = 0. More specifically,

In the following example we compare GW-VR-RLS with
Ry, = Isx3 and Ry, given by (24) with € = 1. In both cases,
for all £ > 0, Ay, and by are the same. For this example,
Figure 3 shows that setting Ry given by (24) with ¢ = 1
yields faster convergence of € to zero than setting Ry =

R — { 0

if rank Zi:ol A; <n,

(23)

0, if rank >0 A; = n.

For Ry, given by (23), if there is no noise in the data, then xj
may converge to Zj opt in finite time. In particular, if there
exists a positive integer /N such that Zij\;_ol A; has full rank,
then, for all k > N, x; = j opt. Figure 2 shows that e,
converges to zero in finite time when Ry, is given by (23).
In this case for all k& > 7, Zf;ol A; has full rank. Thus, for
all k > 8, xp, = Tk opt-

20
80 1
70+ 4
—~ 60 1
= sof 1
SN—
< 40 1
W gt 1
20 1
10 1
0 i i i ‘ i i
0 2 4 6 8 10 12 14 16 18 20
Time step k
Fig. 2. Effect of Ry on convergence of Ty to Zy opt. In this example,

ZLO A; has full rank. Therefore, for £ > 8, Ry, = 0 and x, = T opt-

Next, we choose the smallest R such that Zf:o A; is
positive definite. More specifically, we conduct the singular
value decomposition USUT = Zf;ol A;, where U € R™*",
S € R™ ™ and has the form

sé[

where I' € R™*™ contains the m non-zero singular values of

Zf;ol A;. Note that the singular value decomposition has the
form USUT because Zf;ol A; is symmetric [9, Corollary

5.4.5]. Next, define
g2 {

where e > 0. Finally,
Ry, k=0

US’UT, if rank Zi:ol A; < n,
0, if rank Zi:ol A; =n,

Fme

O (n—m) :| ,

O(n—m)Xm O(n—m)x(n—m)

Ome

O (n—m) :| ,

O(n—m)xm eI(n—7n)><(n—7n)

R & (24)

I7>< 7-
100
80| 4
/Z)\ 60 q
=
< 4ol 1
&40
20t TIT s 7
0 ; ; ;
0 10 15 20 25
Time step k
Fig. 3.  Effect of Ry on convergence of xj to xj opt. The solid line

denotes €, with Ry given by (24) and the dashed line denotes € with
Ry, = I7 7. For this example, setting R, given by (24) with ¢ = 1 yields
faster convergence of € to zero than setting Ry = I7x7.

B. Effect of oy

Figure 4 compares GW-VR-RLS with o = z;_; and
ap = xg, where, for all k > 0, Ry, = I7«7. For this example,
setting o = x,_; yields faster convergence of €j to zero
than setting oy, = xg.

100
Q = T—1

- — -k =T

Ek (%)

0 5 10 15 20 25 30 35 40 45 50
Time step k

Fig. 4. Effect of one step regularization on convergence of xy t0 Tk opt.

For this example, setting oy, = x—1 yields faster convergence of ¢, to

zero than setting o, = o

C. Effect of Forgetting Factor

In this section, we examine standard RLS with forgetting
factor (as described in Section III-C). In the following
example, we consider three values of A, specifically A=1,
A=0.995 or A\=0.9. For all £ > 0, Ry = 0.11747 and

21,
Lk,opt = { 29
)

For this example, Figure 5 shows that, for £ < 200, the
forgetting factor has negligible impact on the behavior of ¢y.
For k > 200, smaller values of A yield faster convergence
of g to zero.

0 <k <200
k> 200
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20
0 i = =

S ; [ =
0 100 200 300 400 500 600 700 800 900 1000
Time step k

Fig. 5. Effect of forgetting factor on convergence of xj to X opt. For
k < 200, the forgetting factor has negligible impact on the behavior of €.
For k > 200, xk opt # ©200,0pt> and a smaller value of X yields faster
convergence of Ty t0 T opt-

VI. NUMERICAL SIMULATIONS WITH NOISY DATA

We now investigate the effect of Ry, ay, and A on GW-
VR-RLS when the data have noise. More specifically, for
all & > 0, My and Nj, are generated from zero mean
Gaussian distributions with variances depending on SNR, ;
and SNRg, respectively. Figure 6 shows the effect of noise
on standard RLS for different SNR values. In this example,
a smaller value of SNR yields a larger asymptotic value of
Ek.

In the next example, we examine the convergence of ¢y,
for standard RLS when 1, and (j have constant bias. We
consider three cases of constant bias, specifically, for all k >
0, N, = (0.2)17x1 and My = 0.2, N = (0.2)17x1 and
M, = 0 or Ny = O7x; and My = 0.2. For this example,
Figure 7 shows that bias increases the asymptotic value of
k. Furthermore, bias in 3 yields a higher asymptotic value
of 5 than an equal percent of bias in .

920

—__SNR,, = SNR; = 20|
— - -SNRy,; = SNRg = 10
nor == SNRy; =SNRg =5 |]

0 10 20 30 40 50 60 70 80
Time step k

Fig. 6. Effect of noise on standard RLS. In this example, smaller values
of SNR yield larger asymptotic values of €.

A. Effect of Ry

In this section, we examine the effect of R; where Ry
is constant. In the following example, we test GW-VR-RLS
for three different values of Rj. Specifically, for all k£ > 0,
Ry = I7«7, R = 0.11747 or Ry = 0.0117«7. Furthermore,
SNRy i = SNRg = 5 and, for all £ > 0, Aj; and b, are the
same. For this example, Figure 8 shows that smaller values
of Ry can result in larger peak values of ¢y.

Recall that, Figure 1 showed that smaller values of R, can
yield faster convergence of ¢ to zero. However, if the data
have noise, then Figure 8 shows that the transient response

Ny = 0201, My, =02
- = =-Np,=02I741, M, =0
701 ‘_‘_Nk:07><17]\/1k:0-2 u

;
0 10 20 30 40 50 60 70 80
Time step k

Fig. 7. Effect of bias on standard RLS. For this example, bias increases the
asymptotic value of ;. Furthermore, bias in ) yields a higher asymptotic
value of ¢, than an equal percent of bias in .

of ¢, can be worse for smaller values of R;. As the SNR
increases, Figure 8 converges to Figure 1.

100k '|| Ry = Irxr i
" - - -Rp =0.1I7x7
801 ' i - Rk = 0.0117><7 |

Ek (%)

40t

20

0 10 20 30 40 50 60 70 80
Time step k

Fig. 8. Effect of Ry on convergence of xj, to Xy opt. For this example,
smaller values of Ry, can result in larger peak values of €.

B. Effect of oy

Figure 9 compares GW-VR-RLS with o = x,—; and
ay = xg, where, SNRy ; = SNRg = 5 and for all k£ > 0
Ry = 0.1I7«7. For this example, Figure 9 shows that the
transient response of £ can be worse for a, = xf_1 than
it is for ap = xg.

Figure 4 showed that setting o, = x,—1 can yield faster
convergence of £ to zero than setting oy = x9. However,
if the data have noise, then Figure 9 shows that the transient

response of €, can be worse with ay = x,—; than it is
with oy = z¢. As the SNR increases, Figure 9 converges to
Figure 4.

Next, we compare GW-VR-RLS for different choices of
ay. More specifically, we let a, = L, (k) where

VA R 0<k<v,
Ly (k) = { Thw, k>,

where v is a positive integer. In the following example, we
test GW-VR-RLS for three different v. Specifically, v = 1,
v =5, v = 10. In all cases, for all £ > 0, A and b, are
the same, R, = I7x7 and SNRg = SNRy ; = 5. For this
example, Figure 10 shows that larger values of v can yield
better transient performance of ey.

Next, we let a, = W, (k) where

Zo, k=1,
A _
W,(k) = ﬁ Zf:ll Lk—i, 1<k <p,
%Zf:l Tr—i, k > Ps
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o = Tp—1
- — - = T

0 10 20 30 40 50 60 70 80
Time step k

Fig. 9. Effect of ay, on convergence x to Ty opt. For this example, this

figure shows that the transient response of £, can be worse for o, = 1

than it is for oy, = xo.

El

ap=L,(k),v=1
o ---ar=Ly(k), v =5 ||
70 == a=L,(k), v =10
§60*
\_/50,
<
W 40
30

5 10 15 20 25
Time step k

Fig. 10. Convergence of xy to Ty opt. For this example, larger values of

v yield better transient performance of €.

where p is a positive integer. In the following example, we
test GW-VR-RLS for three different values of p. Specifically,
p=1,p =25, p=10. In all cases, for all £ > 0, Ax and
by are the same, R, = I7x7 and SNRg = SNRy,; = 5. For
this example, Figure 11 shows that larger values of p can
yield better transient performance of ¢j than smaller values
of p.

£l
80
70

ZD\’O\ 60

N— 50 =

3

W 40f
30
20
10 i i i i

0 5 10 15 20 25
Time step k
Fig. 11.  Convergence of x t0 Tp opt. In this example, larger values of

p yield better transient performance of € than smaller values of p.

C. Effect of Forgetting Factor

In this section, we examine standard RLS with forgetting
factor. In the following example, we test RLS for three values
of A, specifically A=1, A=0.95 or A=0.9. Let SNRy; =
SNRs = 5, and, for all £k > 0, Ry = 0.1I7x7. For this
example, Figure 12 shows that smaller values of A yield
larger asymptotic value of ey.

Next, we let
0 < k <500,

_ 21,
Thopt =1 4 k> 500,

For this example, Figure 13 shows that, for £ < 500, smaller
values of \ yield larger asymptotic values of ;. For £ > 500,
Thopt 7 T500,0pt> and a smaller value of X yields faster
convergence of ¢y, to its asymptotic value.

140
120 — A= 1
--=-A=0.95
100 —
_ == A=09
XX 80 g
N~—
2 60 |
W
40 g
20 mlmism s s ]
0 ; ; ; ; ; ; ;
0 10 20 30 40 50 60 70 80

Time step k

Fig. 12.  Effect of forgetting factor on convergence of x t0 Z opt. For
this example smaller values of A yield larger asymptotic values of ¢y,.

160k
60 =
140

120
~~
32 100
S—
80
<
W 60

40
20

00 100 200 300 400 500 600 700 800 900 1000
Time step k

Fig. 13.  Effect of forgetting factor on convergence of x t0 Z opt. For

k < 500, smaller values of X yield larger asymptotic values of . For k >

500, Tx,0pt 7 T500,0pt- and a smaller value of A yields faster convergence

of e, to its asymptotic value.

VII. CONCLUSIONS

In this paper, we presented a growing-window variable-
regularization recursive least squares (GW-VR-RLS) algo-
rithm. This algorithm allows for a time-varying regularization
term in the RLS cost function. More specifically, GW-VR-
RLS allows us to vary both the weighting in the regu-
larization as well as what is being weighted, that is, the
regularization term can weight the difference between the
next state estimate and a time-varying vector of parameters
rather than the initial state estimate. Future work will include
an investigation of the convergence properties.
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