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Adaptive Control of Aircraft Lateral Motion with an Unknown
Transition to Nonmimimum-Phase Dynamics
Yousaf Rahman, Khaled Aljanaideh, Erol D. Sumer, and Dennis S. Bernstein

Abstract— We apply retrospective cost adaptive control
(RCAC) to a linearized aircraft dynamics with an unknown
transition to nonminimum-phase (NMP) dynamics. In prior
work, RCAC was used for command-following with unknown
NMP zeros. In this work we extend those results to command following for cases where the dynamics transition from
minimum-phase to NMP. We use system identification techniques to identify the NMP zero, and use this information
in RCAC. We consider both full-state feedback and output
feedback, and in both cases we follow step commands with
transitioning dynamics. We first consider the case where RCAC
is unaware of the change and NMP zero identification is unavailable to RCAC. We then assume that NMP zero information
is available to RCAC from system identification.

I. I NTRODUCTION
The performance limitations of nonminimum-phase
(NMP) zeros are inherent to fixed-gain feedback control [1],
[2], [3]. Within the context of adaptive control, NMP zeros
pose an additional challenge, namely, the tendency of the
adaptive controller to cancel NMP zeros. This issue can
be overcome with full-state feedback, but in many cases
full state measurements are not available. Traditional output
feedback model reference adaptive control is typically based
on positive real conditions, which cannot be met for NMP
systems [4], [5], [6]. In applications, however, such as aircraft
flight control, robotics, and active vibration control [7], [8],
[9], [10], NMP zeros arise due to sensor/actuator noncolocation. In these applications, NMP zeros are unavoidable, and
developing techniques that can address this problem remains
a research challenge.
To at least a limited extent, adaptive control laws have
been developed to address the challenge of NMP zeros.
For example, retrospective cost adaptive control (RCAC) has
been shown to be effective for NMP systems with known
NMP zeros [11]. For systems with unknown NMP zeros, a
constrained optimization approach is used in [12] to prevent
unstable pole-zero cancellation. However, it is clear that
much remains to be done to address the effect of NMP zeros
within adaptive control.
With this motivation in mind, the goal of the present paper
is to consider the lateral dynamics of a flight vehicle under
conditions of uncertainty that motivate the use of adaptive
control. In particular, the lateral dynamics are assumed to
transition from minimum phase to nonminimum phase. This
scenario is reminiscent of the dynamics of a hypersonic

vehicle in glide phase with unknown thermal effects [13],
[14], [15]. The ultimate goal is to achieve reliable command
following under the assumption that the transition occurs
over an interval of time whose onset and duration are
unknown and, in addition, the final NMP dynamics are
also uncertain. As an intermediate step in addressing this
problem, we consider the case where the details of the
transition and the final NMP dynamics are known, provided
by simultaneous identification. Retrospective Cost Model
Refinement (RCMR) has been used for model refinement of a
lateral dynamics model with erroneous modeling information
in the presence of noisy and biased measurements [16].
Nevertheless, this objective is nontrivial since the adaptive
control law must account for the transition from minimumphase to NMP dynamics.
In the present paper we address this problem by applying
RCAC in several ways, with the objective of ascertaining
how this can problem can be best be addressed. After
formulating the RCAC algorithm in Section 3, we proceed
in Section 4 to consider the case of full-state feedback. In
Section 5, we consider the output feedback case where only
φ is available for feedback. Finally, in Section 6 we consider
NMP zero identification.

II. A IRCRAFT M ODEL

We consider the lateral dynamics of an aircraft with
a transition to NMP dynamics. We present the transition
as follows. The dynamics are first expressed in terms of
a nominal plant. Then, at an unknown time and in an
unknown manner, the plant parameters transition from stable,
minimum phase to stable, but NMP. We call the stable and
minimum phase plant the nominal plant and the NMP plant
the off-nominal plant.
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and the off-nominal continuous-time plant is given by
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T
where x = β P R φ , that is, sideslip angle, roll rate,
yaw rate, and roll angle.
Note that there are two parameter changes in A and one
parameter change in B, and both plants are open-loop stable.
Step commands are specified for the roll angle φ. Therefore,
we consider two approaches, namely,
1) Full-State Feedback with dummy commands for β, P ,
and R; and
2) Output feedback with only φ available for feedback.
We discretize the nominal and off-nominal plants with Ts =
0.1 sec. The discretized nominal and off-nominal plants are


0.9553 0.0265 −0.0934 0.0039
 −2.5210 0.9680 0.1310 −0.0050 
,
AD0 = 
 0.0551 0.0045 0.9708
0.0001 
−0.1282 0.0989 −0.0369 1.0004


0.0034
 0.2492 

(3)
BD0 = 
 −0.0017  ,
0.0126


0.9482
0.0255 −0.0900 0.0038
 −10.3212 0.9595 0.5152 −0.0210 
,
AD1 = 
 0.0186
0.0041 0.9723
0.0001 
−0.5304 0.0953 −0.0239 0.9999


0.0036
 0.2390 

(4)
BD1 = 
 −0.0061  .
0.0124
All examples below use these discretized plant dynamics.
Unless stated otherwise, we assume that the plant transition
occurs at t = 250 sec and that it takes 10 sec to transition
from the nominal plant to the off-nominal plant. We assume
that all parameters vary simultaneously with a linear transition.

and w(k) ∈ Rlw is the exogenous signal. The control-toperformance plant is defined by the transfer matrix
4

Gzu = E1 (zI − A)−1 B.

(8)
th

Furthermore, for each positive integer i, the i
parameter of Gzu is defined by
4

Hi = E1 Ai−1 B.

(9)

The goal is to develop an adaptive output feedback controller that minimizes the performance variable z in the
presence of the exogenous signal w with limited modeling
information about (5)-(7). The components of the signal
w can represent either command signals to be followed,
external disturbances to be rejected, or both, depending on
the configurations of D1 and E0 . We consider the following
formulation of RCAC given in [17], [18], [19].
A. Control Law
We use the strictly proper time series control law
u(k) = θT (k)φ(k − 1),

(10)

where
θ(k) = [N1T (k) . . . NnTc (k) M1T (k) . . . MnTc (k)]T ,
T

T

T

(11)

T

φ = [y (k − 1) . . . y (k − nc ) u (k − 1) . . . u (k − nc )]T ,
(12)
where, for all 1 ≤ i ≤ nc , Ni (k) ∈ Rly ×lu and Mi (k) ∈
Rlu ×lu . The control law 10 can be reformulated as
u(k) = Φ(k − 1)Θ(k),

(13)

where
Φ(k − 1) = Ilu ⊗ φT (k − 1) ∈ Rlu ×lu nc (lu +ly ) ,
Θ(k) = vec(θ(k)) ∈ R

lu nc (lu +ly )

,

(14)
(15)

”⊗” denotes the Kronecker product, and ”vec” is the
column-stacking operator.
B. Retrospective Performance
For a positive integer nf , we define
4

Gf (q) = Df−1 (q)Nf (q),

(16)

where q is the forward shift operator, nf ≥ 1 is the order of
Gf and
4

Nf (q) = K1 qnf −1 + K2 qnf −2 + · · · + Knf ,
III. RCAC F ORMULATION

(17)

4

Df (q) = Ilz qnf + A1 qnf −1 + A2 qnf −2 + · · · + Anf . (18)

Consider the MIMO discrete-time main system
x(k + 1) = Ax(k) + Bu(k) + D1 w(k),

Markov

(5)

y(k) = Cx + D2 w(k),

(6)

z(k) = E1 x(k) + E0 w(k),

(7)

where k ≥ 0, x(k) ∈ Rn , z(k) ∈ Rlz is the measured
performance, y(k) ∈ Rly contains additional measurements
that are available for control, u(k) ∈ Rlu is the input signal,

Furthermore, Ki ∈ Rlz ×lu for 1 ≤ i ≤ r, Aj ∈ Rlz ×lz for
1 ≤ j ≤ r, and each polynomial Df (q) is asymptotically
stable. The choice of Gf can be made based on Markov
parameters, or the location of the nonminimum-phase zero.
Next, for k ≥ 1,we define the retrospective performance
variable
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4

ẑ(Θ̂(k), k) = z(k) + Φf (k − 1)Θ̂(k) − uf (k),

(19)

where
4

Φf (k − 1) = Gf (q)Φ( k − 1),

(20)

4

uf = Gf (q)u(k),

(21)

and Θ̂(k) is determined by the optimization below.
In this paper, Gf is chosen to be a finite-impulse-response
(FIR) filter, that is, Aj = 0, for 1 ≤ j ≤ nf .

subspace zeros arise due to the nonsquare nature of the
dynamics [21], and the plant may exhibit NMP behavior.
The drawback of using full-state feedback is the need to
provide commands for the three additional states, which is
not straightforward in the presence of uncertain dynamics.
To overcome this problem, we specify dummy commands
for the states x1 , x2 , and x3 given by

C. Cumulative Cost and RCAC Update Law
For k > 0, we define the cumulative cost function
4

J(Θ̂(k), k) =

k
X

x1c (k) = x1 (k − 1),

(27)

x2c (k) = x2 (k − 1),

(28)

x3c (k) = x3 (k − 1),

(29)

λk−i ẑ T (Θ̂(k), i)ẑ(Θ̂(k), i)

where xic (k) denotes the command of state xi at step k.

λk−i η(i)Θ̂T (k)ΦT
f (i − 1)Φf (i − 1)Θ̂(k)

A. Output-Subspace Zeros

i=1

+

k
X
i=1
k

− Θ0 ) P0−1 (Θ̂(k) − Θ0 ),
lu nc (lu +ly )×lu nc (lu +ly )

+ λ (Θ̂(k)

where λ ∈ 0, 1 , P0 ∈ R
4

T

T

(22)

is positive

lu nc (lu +ly )

definite, η(k) = η0 z (k)z(k), and Θ0 ∈ R
. The
following result follows from RLS theory [20].
Proposition 2.1: Let P (0) = P0 and Θ(0) = Θ0 . Then,
for all k ≥ 1, the cumulative cost function (22) has a unique
global minimizer Θ(k). Furthermore, Θ(k) is given by


Θ(k) = I − K(k)Φf (k − 1) Θ(k − 1)


− P (k)ΦT
f (k − 1) z(k) − uf (k) ,
where P (k) satisfies

1
P (k − 1) − K(k)Φf (k − 1)P (k − 1) ,
P (k) =
λ
and

(23)

(24)

K(k) = P (k − 1)Φf (k − 1)Λ(k)−1 ,
(25)
λ
Λ(k) =
Il + Φf (k − 1)P (k − 1)ΦT
f (k − 1).
1 + η(k) z
(26)
D. NMP-Zero-Based Construction of Gf
We construct the filter Gf such that the coefficients
K1 , . . . Knf are equivalent to H2 × poly(NMPOSZ ) for
the full-state feedback case and H1 × poly(NMP) for
the output feedback case. For the full-state feedback case
poly(NMPOSZ ) is a polynomial whose roots are equal to
the NMP output subspace zeros. In the case where there
are no NMP output subspace zeros, poly(NMPOSZ ) = 1.
We explain output subspace zeros in Section 4. Similarly,
for the output feedback case, poly(NMP) is a polynomial
whose roots are the NMP zeros. If there are no NMP zeros,
then poly(NMP) = 1.
IV. F ULL -S TATE F EEDBACK
We now apply a full-state feedback control law where
we command all four states. The advantage of using fullstate feedback is the lack of nonminimum-phase zeros in
the transfer function Gzu . However, as shown below, output

A plant is nonsquare if lu 6= ly . In the case of the aircraft
when using full state feedback, the plant is nonsquare. Since
in this case, ly > lu , the plant is ”tall”. As shown in [21],
RCAR implicitly squares the plant. We thus consider the
notion of output-subspace zeros, which are the zeros from
the control input to the scaled performance variable HiT z,
which drives the update of Θ(k), where Hi is the Markov
parameter used by RCAC [21]. If Gzu is square or wide and
has full rank, then N (HiT ) = {0}. Therefore, HiT z = 0 if
and only if z = 0. In this case, it is reasonable to expect
that the zeros from u to z and zeros from u to HiT z are
identical. However, in the case where Gzu is tall, N (HiT ) is
a proper subspace of Rlz , and thus HiT z may be zero with
nonzero z. In this case, the output-subspace zeros and the
transmission zeros of Gzu may be distinct. In fact, in the
full state feedback case, there are no transmission zeros but
there may be output-subspace zeros. If the output-subspace
zeros are NMP, then NMP behavior arises despite the use of
full-state feedback.
B. Examples
Figure 1 shows command following when the NMP dynamics are unmodeled. Notice that in this case RCAC does
not destabilize the closed-loop system. For this example,
nc = 6, η0 = 50, λ = 1 and P0 = 1. Figure 2 shows
command following assuming NMP information is known
throughout the flight. RCAC is able to follow the command
despite having poor transient performance during and immediately after the transition to NMP dynamics. The adaptation
is slower and a penalty is added to the control input at
the expense of performance before the transition. Figure
3 shows the controller Θ. The controller converges before
the transition, adapts and converges to different controller
coefficients after the transition. For this example, nc = 40,
η0 = 3.5 × 102 , λ = 0.9997 and P0 = 0.9.
V. O UTPUT F EEDBACK
We now consider output feedback, where measurements of
only φ are available for feedback. We follow step commands
for φ. In all cases, we assume that the plant transition occurs
at t = 250 sec and that it takes 10 sec to transition from
the nominal case to the off-nominal plant. We assume that
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Fig. 1. Command following with unmodeled NMP dynamics. RCAC is
able to follow the command until the transition to NMP behavior. After the
transition, RCAC does not cause instability, but there is a large steady state
error.

Fig. 3. Command following with NMP zero information. The controller
coefficients converge before the transition, adapt and converge to different
controller coefficients after the transition.
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Fig. 2. Command following with NMP information. RCAC is able to
follow the command throughout, despite poor transients and slow response
before transition to NMP dynamics.

all parameters vary simultaneously with a linear transition.
The nominal plant has one real zero at −0.9959 and two
complex zeros at 0.9818 ± 0.0556j. Figure 4 shows the
transition of the two complex zeros as the system transitions
from minimum phase to NMP. The two complex conjugate
zeros become real and diverge along the real line. At the end
of the transition, the plant has two NMP zeros at −1.0027
and 1.1369. Figure 5 shows the magnitude of the zeros as a
function of time.
Figure 6 shows step command following with unmodeled
NMP dynamics. Notice that in this case RCAC does not
destabilize the closed-loop system. For this example, nc = 2
and η0 = 50. Figure 7 shows step command following in
the case where NMP information is provided by system
identification. After a transient, RCAC follows the command
despite the transition to NMP dynamics. Figure 8 shows the
controller Θ. The controller converges before the transition,
and adapts and converges to different controller coefficients
after the transition. The identified zeros are shown in Figure
9. For this example, nc = 15 and η0 = 0. In all cases, λ = 1,
P0 = 0.5. Note that the transition to NMP dynamics takes

Fig. 4. Zero Locations. The two complex conjugate zeros become real and
diverge along the real line. The transition to NMP dynamics occurs as the
real zero crosses the unit circle.

place over 1 sec, instead of 10 sec. RCAC performs better
when using only output feedback, because the zeros of Gzu
better describe the system than the output subspace zeros.
VI. NMP Z ERO I DENTIFICATION
To perform the identification process we use the µ-Markov
model. For all k ≥ 0, µ ≥ 1, and each model order nmod ≥
n, the input u(k) and the output y(k) satisfy the µ-Markov
model
y(k) =

µ−1
X

nmod
+µ−1
X

nmod
+µ−1
X

j=0

j=µ

j=µ

Hj u(k −j)+

bj u(k −j)−

aj y(k −j),

(30)
where H0 , . . . , Hµ−1 are Markov parameters of the system,
that is, if the outputs y(k −j) for all j ∈ {µ, . . . , nmod +µ−
1} are zero and the input is the impulse u(0) = 1, u(k) =
0 for all k > 0, then the first µ outputs of (30) are the
Markov parameters H1 , . . . , Hµ of the system. Models of
the form (30) are of interest because consistent estimation
of H1 , . . . , Hµ is possible in the presence of arbitrary output
noise using standard least squares [22], [23] when the input
u is white.
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Fig. 5. Zero Magnitudes. The system becomes NMP at approximately
t = 252 sec. The zero transitions to 1.1369 in 10 sec.
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Fig. 7. Command fllowing with NMP information provided by system
identification. RCAC is able to follow the command throughout, and yields
better performance than the full-state feedback case, with better minimum
phase performance and quicker adaptation to NMP dynamics.
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Fig. 6. Command following with unmodeled NMP dynamics. RCAC is
able to follow the command until the transition to NMP behavior. After the
transition, RCAC does not cause instability, but there is a large steady state
error.

The µ-Markov model (30) can be expressed as
y(k)= θµ φµ (k) + θu φu (k) − θy φy (k),

(31)

where
θµ =

4



H0

4

θu =



bµ

···

bnmod +µ−1

4

θy =



aµ

···

anmod +µ−1

4

φµ (k) =



u(k) · · ·

4

φu (k) =



T
u(k − µ) · · · u(k−nmod−µ+1) ,

4



T
y(k − µ) · · · y(k − nmod − µ + 1) .

φy (k) =

···

Hµ−1



,


,

,

u(k − µ + 1)

T

,

Least squares estimates θ̂µ,` , θ̂u,` , θ̂y,` of θµ , θu , θy are given
by


θ̂µ,` θ̂u,` θ̂y,`
= argmin Ψy,` − θ̄µ Φµ,` − θ̄u Φu,` + θ̄y Φy,`
[ θ̄µ θ̄u θ̄y ]

F

,(32)

where θ̄µ , θ̄u , θ̄y are variables of appropriate size, || . ||F

0
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300
time (sec)

400

500

600

Fig. 8. Command following with NMP zero information. The controller
coefficients converge before the transition, adapt and converge to different
controller coefficients after the transition.

denotes the Frobenius norm,

4 
Ψy,` = y(nmod + µ − 1) · · · y(`) ,

4 
Φµ,` = φµ (nmod + µ − 1) · · · φµ (`) ,

4 
Φu,` = φu (nmod + µ − 1) · · · φu (`) ,

4 
Φy,` = φy (nmod + µ − 1) · · · φy (`) ,
and ` is the number of samples. Since we have a timevarying system, in order to track the change in the parameters with time we use a window of width of 70 data
points moving 70 steps at a time to obtain the estimated
Markov parameters. Once we obtain the estimated Markov
parameters for a specific window we apply the eigensystem
realization algorithm (ERA) [24] to reconstruct the system
from its Markov parameters. ERA provides a state space
realization, from which we construct a transfer function and
find the zeros of the system. Figure 9 shows a plot of the
modulus of all zeros of the system versus time. Note that
before t = 250 sec the lateral dynamics have three minimum
phase zeros while after t = 265 sec the lateral dynamics have
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Fig. 9.
Modulus of the zeros of the identified system. A window of
width of 7 seconds and moving 7 seconds at a time is used to perform the
identification process. Note that before t = 250 sec the lateral dynamics
have three minimum phase zeros while after approximately t = 265 sec
the lateral dynamics have two NMP zeros. Note the abrupt change in the
modulus of the identified zeros between t = 250 sec and t = 265 sec as
the transition data enter the identification process.

two NMP zeros.
VII. C ONCLUSIONS
We used adaptive control together with system identification to control aircraft lateral motion with an unknown
transition to NMP dynamics. We used retrospective cost
adaptive control, which requires limited plant knowledge.
We considered both the full-state-feedback case with outputsubspace zeros and the output feedback case with NMP
zeros. Even in the case where NMP zeros exist and are
unmodeled, RCAC did not cause instability. A µ-Markov
model along with standard least squares was used to identify
the Markov parameters of the system given input-output data
obtained using a moving window of a specific size. Then,
the ERA was used to obtain a realization of the system from
its Markov parameters, and the NMP zero information was
be used by RCAC. Future work will consist of improving
the response and identification during the transition from
minimum phase to nonminimum phase behavior.
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