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Abstract— Feedback control of linear time-varying systems
arises in numerous applications. In this paper we numerically
investigate and compare the performance of two heuristic tech-
niques. The first technique is the frozen-time Riccati equation,
which is analogous to the state-dependent Riccati equation,
where the instantaneous dynamics matrix is used within an
algebraic Riccati equation solved at each time step. The second
technique is the forward-propagating Riccati equation, which
solves the differential algebraic Riccati equation forward in
time rather than backward in time as in optimal control. Both
techniques are heuristic and suboptimal in the sense that neither
stability nor optimal performance is guaranteed. To assess the
performance of these methods, we construct Pareto efficiency
curves that illustrate the state and control cost tradeoffs.
Three examples involving periodically time-varying dynamics
are considered, including a second-order exponentially unstable
Mathieu equation, a fourth-order rotating disk with rigid body
unstable modes, and a 10th-order parametrically forced beam
with exponentially unstable dynamics. The first two examples
assume full-state feedback, while the last example uses a scalar
displacement measurement with state estimation performed by
a dual Riccati technique.

I. INTRODUCTION

Time-varying systems arise when the dynamics of a
system involve parameters or exogenous signals that are
prescribed functions of time rather than functions of evolving
states as in the case of linear or nonlinear time-invariant
systems [1], [2], [3], [4]. These systems arise in diverse
applications and for diverse reasons. For example, rotating
components in a mechanical system that give rise to forces in
the rotating frame are modeled as time-varying dynamics in
the body frame, as in the case of a helicopter [5], [6]. More
generally, a time-varying exogenous input that multiplies the
states of a linear system gives rise to linear time-varying
(LTV) dynamics, whose stability is classically analyzed
by Floquet theory [7], [8], [10]. As another example, the
linearized dynamics of a vehicle following a prescribed
trajectory may depend on the location or attitude of the
vehicle, thus producing dynamics that are time-varying.

Optimal control of LTV systems is handled by the
backward-in-time Riccati equation, where advance knowl-
edge of the dynamics is used to compute the feedback
gains for use over the control horizon [11]. The special
case of systems with periodic dynamics entails solution of a
Riccati equation with periodic dynamics [12], [13]. Receding
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horizon techniques are also used to stabilize LTV systems
[14], [15], [16].

The goal of the present paper is to numerically investigate
and compare the ability of two techniques to stabilize LTV
systems. The first technique, called frozen-time Riccati equa-
tion (FTRE), is inspired by the analogous state-dependent
Riccati equation (SDRE) method. SDRE is used for nonlin-
ear systems whose dynamics ẋ = f(x, u) can be written in
the pseudo-linear’ form ẋ = A(x, u)x+B(x, u)u, for which
the algebraic Riccati equation is solved at each instant of
time t, with the dynamics and input matrices chosen to be
A(x(t), u(t)) and B(x(t), u(t)), respectively. This technique
is ad hoc in nature, but is easy to implement and often
provides surprisingly good performance, at least for some
choices of the functions A(x, u) and B(x, u), which are
generally nonunique [17], [18], [19], [20].

The second method we consider is the forward propagat-
ing Riccati equation (FPRE). This approach is analogous
to the backward-propagating Riccati equation in optimal
control except that, like the Kalman filter, the integration is
performed forward in time [21], [22]. Although this approach
is suboptimal, and is not stabilizing in all cases, forward
integration removes the need to know the dynamics matrix
in the future, and thus may be applicable to cases where the
optimal controller cannot be used.

In the present paper we compare FTRE and FPRE by
considering stabilization of three benchmark LTV systems.
The first is the classical Mathieu equation, which is a second-
order differential equation with a constant-plus-sinusoidal
stiffness term. The second is a two-degree-of-freedom ro-
tating rigid body with force applied to its center of mass
in a direction that is fixed in the body frame. The constant
rotation of the body gives rise to LTV dynamics with rigid-
body instability and with a periodically time-varying input
matrix. The last, which is developed in [23], is an elastic
beam with periodic loading and transverse control force. The
equations of motion given in [23] have the form of a multi-
degree-of-freedom Mathieu equation.

Both FTRE and FPRE are heuristic techniques in the sense
that neither technique guarantees stabilization or closed-loop
performance. The goal of this paper is therefore to investigate
their properties as a further motivation and inspiration for
future developments.

The contents of the paper are as follows. Section II
presents a concept of the FTRE approach, while Section III
gives description of the FPRE method. In Section IV we
demonstrate a numerical example on application to the FTRE
and FPRE controllers for stabilization of Mathieu equation.
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In Section V a second numerical example demonstrates the
utility of the methods on a system with a periodically time-
varying input matrix. Section VI presents application of the
FTRE and FPRE to a periodic system on an example of an
elastic beam under the action of periodic axial load. Finally,
conclusions are summarized in section VII.

II. FTRE CONTROL

FTRE control is related to the SDRE technique, which
involves factorization of the nonlinear dynamics (1) to the
state-dependent coefficient (SDC) form,

ẋ(t) = f(x(t), u(t)), x(0) = x0, (1)

where x ∈ Rn is the state vector, u ∈ Rm is the input
vector, function f : Rn → Rn, and B : Rn → Rn×m.
Factorization yields the linear structure with SDC matrices
given by

ẋ(t) = A(x(t), u(t))x(t) +B(x(t), u(t))u(t), x(0) = x0.
(2)

In addition, state-dependent weighting matrices provide flex-
ibility in controller design.

The goal is to find a state feedback control law of the form
u(t) = −K(x(t))x(t) that minimizes the infinite-horizon
performance cost function

J(x0, u) =

1

2

∫ ∞
0

[xT(t)R1(x(t))x(t) + uT(t)R2(x(t))u(t)]dt, (3)

where R1(x) ∈ Rn×n is positive semidefinite, R2(x) ∈
Rm×m is positive definite. The state feedback control law
is given by

u(t) = −K(x(t))x(t)

= −R−12 (x(t))BT(x(t), u(t))P (x(t))x(t), (4)

where P (x) is the solution of the state-dependent algebraic
Riccati equation

AT (x)P (x) + P (x)A(x)− P (x)B(x)R−12 (x)BT(x)P (x)

+R2(x) = 0. (5)

SDRE is heuristic since the control law is not necessarily
optimal and may not be stabilizing.

In this work we aim to apply the SDRE methodology to
LTV systems. In the FTRE method, we “freeze” the state
and input matrices at every time instant, and treat them as
matrices with constant entries. A solution P (t) of the frozen-
time algebraic Riccati equation can be found at each time
instant t by solving

AT(t)P (t) + P (t)A(t)− P (t)B(t)R−12 (t)BT (t)P (t)

+R1(t) = 0. (6)

The control law at each time step is computed in the same
manner as for a classical linear quadratic regulator problem

u(ti) = −R−12 (t)BT (t)P (t)x(t). (7)

It is expected that FTRE control inherits the stability prop-
erties of the SDRE controller. In [24] global asymptotic
stability of SDRE controllers is shown for second-order
systems with single input and constant matrix B. For higher
order systems, conditions for global stability are discussed
in [18].

III. FPRE CONTROL

In this section, we discuss the problem of full-state feed-
back stabilizing control design for LTV systems, using the
forward-in-time Riccati-based control law. For this purpose,
we consider a linear system of the form [22]

ẋ(t) = A(t)x(t) +B(t)u(t), (8)

and the quadratic cost function

J(u) =
1

2

∫ tf

0

[xT(t)R1(x(t))x(t) + uT(t)R2(x(t))u(t)]dt.

(9)
To regulate the system to the origin, consider the feedback
control law

u(t) = R−12 (t)BT(t)P (t)x(t), (10)

where P (t) is the solution of the control Riccati equation
(11), obtained by forward-in-time integration for a specified
initial-time boundary condition, that is,

Ṗ (t) = AT(t)P (t)+P (t)A(t)−P (t)B(t)R−12 (t)BT(t)P (t)

+R1(t) = 0, P (0) = P0. (11)

The control law (10) is referred to as the FPRE method.
Ref. [22] applies FPRE to LTV systems and also provides
conditions under which FPRE is stabilizing.

IV. EXAMPLE 1: MATHIEU EQUATION

Consider stabilization of the Mathieu equation (12)

q̈(t) + (α+ β cos(ωt))q(t) = bu(t). (12)

The open-loop system is described by

x(t) =

[
q(t)
q̇(t)

]
, A(t) =

[
0 1

−(α+ β cos(ωt)) 0

]
,

B(t) =

[
0
b

]
. (13)

Let q(0) = q0 and q̇(0) = q̇0 denote the initial conditions.
Fig. 1 shows unstable open-loop responses to three sets of
initial conditions: [3; 0], [4; -1], [-5; 1]. The task is to bring
the states to the equilibrium [0; 0]. In this example we use the
parameter values α = 1, β = 1, b = 1, ω = 1. Let R1 = I ,
R2 take values from 0.001 to 1, and P0 = 0 for FPRE, and
apply the FTRE and FPRE controls. As seen in Fig. 1 FTRE
provides faster stabilization than FPRE, especially for large
values of R2.
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Fig. 1: Mathieu equation. (a) shows open-loop responses to
initial conditions. State trajectories are shown in (b), (d) for
FTRE and (c), (e) for FPRE for three sets of initial conditions
and R2 ranging from 0.001 to 1. For this example, FTRE
provides better stabilizing performance than FPRE control.

V. EXAMPLE 2: ROTATING DISC

We consider a disk that translates on a horizontal plane
while rotating at a constant rate. Control is performed by a
thruster, located at the center of mass. The direction of the
thrust is fixed with respect to the disk body frame. The goal
is to bring the center of mass of the disk to a specified point.
The dynamics are given by

x(t) =


q1
q̇1
q2
q̇2

 , A(t) =


0 1 0 0
0 0 0 0
0 0 0 1
0 0 0 0

 ,
B(t) =

[
0 cos(ωt) 0 sin(ωt)

]T
. (14)

The structure of the state matrix A(t) indicates unstable
open-loop dynamics.

Consider the two sets of the initial conditions: [0.5; 0;
-0.5; 0] and [0.3; 0.1; 0.5; -0.1]. Let P0 = 0, and apply
FTRE and FPRE controls for ω given by 1 rad/sec and 10
rad/sec, letting R1 = 1 and R2 change in the range from
10 to 100. Fig. 4 shows that for ω = 1 rad/sec FPRE
provides better stabilizing performance than FTRE with less
control effort (Fig. 6) for all values of R2 within the defined
range. If we increase ω to 10 rad/sec, Fig. 5 shows that the
response of FPRE is improved due to higher frequency of

Fig. 2: Mathieu equation. (a) and (b) show the control inputs,
while (c) and (d) show Pareto performance tradeoff curves
for FTRE and FPRE for R2 ranging from 0.001 to 1 and for
three choices of initial conditions. For this example, FTRE
produces a more efficient tradeoff curve than FPRE.

Fig. 3: Mathieu equation. This figure shows how the feed-
back gains change while increasing R2 from 0.001 to 1.

the control action signal as seen in Fig. 7. The phenomenon
of stabilization via fast time variation for FPRE control is
discussed in [22]. However, for FTRE, increasing ω does
not lead to improvement in the response. Pareto performance
curves and feedback gains for this example are illustrated in
Fig. 8.

VI. EXAMPLE 3: ELASTIC BEAM

We consider the axially loaded simply supported beam,
shown in Fig. 9. The equation of motion is given by [25]

EI
∂4v

∂x4
+ (P0 + P1 cosωt)

∂2v

∂x2
+m

∂2v

∂t2
= 0. (15)

For i = 1, 2, 3, ... the mode shapes φi(x) and the natural
frequencies ωi are given by

φi(x) = sin( iπxL ), ωi = i2π2

L2

√
EI
m . (16)
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Fig. 4: Rotating disk for ω = 1 rad/sec. State responses for
two choices of initial conditions are shown in (a), (c) for
FTRE and (b), (d) for FPRE. R2 changes from 10 to 100.
FPRE provides fast stabilization for the full range of R2.
FTRE controller is much less effective, especially for large
values of R2.

Fig. 5: Rotating disk for ω = 10 rad/sec. This figure
shows that, for increasing values of ω, FPRE provides less
oscillatory response than FTRE with shorter settling time.

Considering a solution of the form

v(x, t) =

r∑
i=1

fi(t)φi(x), (17)

the differential equation for fi(t) has the form

∂2fi
∂t2

+ ω2
i

(
1− P0 + P1 cosωt

P ∗i

)
fi = 0, (18)

where i = 1, 2, ... and

P ∗i , i2EIπ2/L2, (19)

Fig. 6: Rotating disk for ω = 1 rad/sec. (a), (c) illustrate
controls for R2 ranging from 10 to 100 for FTRE, while
(b), (d) show the control inputs for FPRE. Top and bottom
subfigures correspond to different initial conditions.

Fig. 7: Rotating disk for ω = 10 rad/sec. This figure shows
the control inputs for FTRE - (a), (c), and FPRE - (b), (d)
for R2 ranging from 10 to 100. Top and bottom plots are for
different initial conditions.

is the ith Euler buckling load. Defining

Ωi , ωi
√

1− P0

P∗
i

µi ,
P1

2(P∗
i −P0)

, (20)

after some manipulations (18) can be written in the form

∂2fi
∂t2

+ Ω2
i (1− 2µi cosωt)fi = 0. (21)

To obtain a finite-dimensional state space model involving r
modes of the form

ẋ(t) = A(t)x(t) +Bu(t) +D1w, (22)

y(t) = Cx(t), (23)
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Fig. 8: Rotating disk. In (a) and (b) for ω = 1 rad/sec Pareto
performance tradeoff curves for FTRE and FPRE for R2

ranging from 10 to 100 are shown for two choices of initial
conditions. Corresponding curves for ω = 10 are illustrated
in (c), (d). In this example a more efficient tradeoff curve
is produced by FPRE than FTRE. In (e) feedback gains are
shown for ω = 1 for FTRE and FPRE for R2 increasing from
10 to 100. In (c) changes in feedback gains are illustrated
for the case where ω = 1 rad/sec and given range for R2.

Fig. 9: Simply supported beam.

we define the state vector

x(t) =
[
f1(t) · · · fr(t) ḟ1(t) · · · ḟr(t)

]T
.
(24)

Consider that a transverse force u(t) is concentrated at a
single interior point xa, a measurement is available at a single
interior point xs, and disturbance acts at xd yields

A(t) =

[
0 I

M(t) 0

]
,

B =
[

0 · · · 0 φ1(xa) · · · φr(xa)
]T
,

C =
[
φ1(xs) · · · φr(xs) 0 · · · 0

]
,

D1 =
[

0 · · · 0 φ1(xd) · · · φr(xd)
]T
,

where

M(t) ,

 Ω2
1(1− 2µ1 cosωt) ... 0

...
. . .

...
0 · · · Ω2

r(1− 2µr cosωt)

 .
(25)

Assuming full-state measurement is not available, we
implement an observer-based compensator, [22]. We consider
two scenarios. The first addresses stabilization of (22). In the
second, we include a white noise disturbance with standard
deviation 2 N, which acts at the interior point xd, which
differs from xa and xs

We consider an aluminum beam, with a length of 1
m, square cross-section of width 5 mm. Let xa = L/4,
xs = L/3, xd = 3L/4, P0 = 30 N, P1 = 10 N, ω = 10
rad/sec, R1 = 1, and R2 ranging between 0.001 and 1. In
this example we apply FTRE and FPRE. The controller is
enabled at time 0.5 sec. However, simulation results show
that FTRE fails to stabilize the system for the defined range
of R2 and specified excitation parameters. Output response
and the control action time histories of the FPRE for two
simulation scenarios are shown in Fig.10. Fig. 11 shows the
Pareto performance tradeoff curve for a range of R2.

VII. CONCLUSIONS

We applied two heuristic techniques to LTV systems,
namely, FTRE (frozen-time Riccati equation) and FPRE
(forward-propagating Riccati equation). FTRE is inspired by
SDRE, a heuristic technique for nonlinear systems, whereas
FPRE is a heuristic technique for LTV systems. The goal was
to compare these techniques on representative benchmark
problems, all of which are periodically time-varying linear
systems requiring stabilization. The chosen systems included
second-order, 4th-order, and 10th-order dynamics, and were
exponentially unstable, polynomially unstable, and exponen-
tially unstable, respectively. The 10th-order system, in addi-
tion, was formulated as an output feedback problem requiring
state estimation. These examples provide a representative
benchmark collection for future studies of LTV system stabi-
lization. For all three methods, both FTRE and FPRE worked
reliably, although FPRE performed poorly on the second-
order system with low frequency time-variation, as predicted
by earlier studies on that approach. For the 4th-order system,
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Fig. 10: Axially loaded simply supported beam. (a) shows
open-loop responses of the beam with and without the
disturbance. (b), (c) show the deflection of the beam and
the control input, respectively, at the interior point xa. (d),
(e) illustrate the same responses with a disturbance signal
present.
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Fig. 11: Axially loaded simply supported beam. This figure
shows the Pareto performance tradeoff curves for the FPRE
simulations with and without a disturbance for R2 ranging
from 0.001 to 1.

FPRE outperformed FTRE. Both techniques are attractive
due to their ease of implementation. However, much remains
to be done to ascertain their reliability and suboptimality, not
to mention their robustness to disturbances, sensor noise and
model uncertainty. The present paper is a starting point in
that regard.
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