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BACKLASH, BIFURCATION, AND MULTISTABILITY

ysteresis arises in diverse applications,
including structural mechanics, aerody-
namics, and electromagnetics [1]-[4]. The
word “hysteresis” connotes lag,
although this nomenclature is mislead-

ing since delay per se is not the mechanism that

gives rise to hysteresis. As discussed in [5], hys- -

teresis is a quasi-static phenomenon in which a -

sequence of periodic inputs produces a nontriv-

ial input-output loop as the period of the input
increases without bound. In this limit, the input
can be viewed as completing its cycle increasing-

ly slowly. This limiting input-output loop is due to
the existence, for a given constant input, of multiple
equilibria that map to distinct output values (whether
or not the output map is one-to-one). Intuitively speak-
ing, as the input slowly increases, the state of the system is
attracted to input-dependent equilibria that are different from
the attracting equilibria when the input slowly decreases. The exis-
tence of multiple attracting equilibria is called multistability [5]-[10]. Multista-

bility corresponds to the intuitive notion that, under asymptotically slowly changing inputs, the state of a
hysteretic system converges to equilibria that belong to an equilibrium set that has a multivalued structure,
that is, multiple state equlibria can exist for a given constant input. To the extent that this phenomenon is his-
tory dependent, it is appropriate to say that a hysteretic system has memory.

For a single-input, single-output system, hysteresis is the persistence of a nondegenerate input-output
closed curve as the frequency of excitation tends toward dec. Such systems are necessarily nonlinear since a lin-
ear system cannot have a nontrivial limiting closed input-output curve at asymptotically low frequencies. A
hysteretic system whose periodic input-output map is the same for all frequencies is called rate independent;
when the periodic input-output map is different for different frequencies, the hysteretic system is rate
dependent. All of the hysteresis examples in this article exhibit rate-dependent hysteresis. The concept of rate-
dependent hysteresis is thus central to the study of hysteresis arising in nonlinear feedback models.
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Various classes of models can give rise to hysteresis. The
classical Preisach model [3] is given in terms of an integral
whose kernel determines the shape of the hysteresis map;
such models are rate independent. Alternatively, the finite-
dimensional Duhem model [11]-[13] is modeled by an ordi-
nary differential equation whose vector field depends on the
derivative of the input. A Duhem model can exhibit either
rate-independent or rate-dependent hysteresis. Yet another
model of hysteresis is the nonlinear feedback model, in
which a nonlinear feedback map gives rise to multiple
attracting equilibria, the number of which varies as a func-
tion of the input [4, p. 17]. Examples show that hysteresis in
nonlinear feedback models can arise from a wide variety of
nonlinear functions, including saturation and deadzone.

In mechanical engineering applications, perhaps the
most familiar example of hysteresis is backlash, which aris-
es from free play in mechanical couplings. In practice,
backlash often represents one of the main impediments to
achievable performance, and efforts to model backlash and
reduce its impact remain an active area of research
[14]-[17]. Kinematic backlash can be modeled as the
asymptotically low-frequency response of the feedback
interconnection of linear dynamics and either a deadzone
function or a stop or play nonlinearity [18], [19]. A related
approach is given in [19].

A common feature of the Duhem and nonlinear feedback
models is multistability, that is, the existence of multiple
attracting equilibria [7]-[10]. The attracting equilibria may
be isolated or they may constitute a continuum. In particu-
lar, the Duhem model has the property that, for every con-
stant input, every state of the system is an equilibrium. In
contrast, the nonlinear feedback model may have either a
continuum of equilibria or isolated equilibria. We refer to
hysteresis arising from a continuum of equilibria as traver-
sal-type hysteresis, and hysteresis arising from isolated equi-
libria as bifurcation-type hysteresis. The latter type are related
to relaxation oscillations; see [20, p. 69]. An equilibrium that
is not isolated cannot be asymptotically stable, although it
can be semistable. The semistable equilibria, which consti-
tute a subset of the Lyapunov-stable equilibria, are those
equilibria for which a trajectory beginning in a neighbor-
hood converges to a Lyapunov stable equilibrium [21], [22].

In either case, that is, isolated or nonisolated equilibria,
what is essential from the point of view of hysteresis is the
fact that the trajectory converges for constant inputs. Step
convergence refers to the convergence of trajectories to
equilibria for all constant inputs. The relevance of step con-
vergence to the existence of hysteresis lies in the fact that,
in the dc limit, the system response depends on the con-
vergence of the state for all constant inputs, that is, steps.

In the present article we investigate multistability and hys-
teresis within the context of linear systems with nonlinear
feedback. For concreteness and simplicity, we focus primarily
on single-input, single-output linear systems with compan-
ion-form realizations. For various choices of the realization

parameters, we characterize the input-output equilibria set.
We analyze this set in detail for the case of a deadzone non-
linearity, and we determine the values of the realization para-
meters that give rise to traversal-type or bifurcation-type
hysteresis. The rich diversity of hysteretic phenomena that
can be generated by interconnecting a linear system with a
feedback nonlinearity is the motivation for this article.

The article is organized as follows. The following section
introduces a nonlinear feedback model and defines the
input-output equilibria set. Next, we define the limiting
periodic input-output map, and we investigate the relation-
ship between step convergence and the hysteresis maps of
the nonlinear feedback model. We then discuss step conver-
gence of the first-order nonlinear feedback model. Next, a
nonlinear feedback model with deadzone is introduced, and
its hysteresis maps are characterized. Finally, we give a mul-
tiloop nonlinear feedback example with two nonlinearities
and discuss its hysteresis map.

NONLINEAR FEEDBACK MODEL
Consider the following single-input, single-output nonlin-
ear feedback model

() = Ax(H + Du(b + By (8),

x(0) =x9, t=0, @
y(t) = Cx(b), 2
up(t) = Eyx() + Eou(t), 3)
Yo (1) = ¢ (ug (1)), 4)

where Ae R™" DeR" BeR", Ce R E e RI>",
EyeR, u:[0,00) — R is continuous and piecewise ct,
¢ :R— R is a memoryless (static) nonlinearity, and
x(#), xp € R". We assume that ¢ is globally Lipschitz, and
thus the solution of (1)—(4) exists and is unique on all finite
intervals. Under these assumptions, x and y are C!. We
also assume that (A, B, C) is minimal.

Gi4(9) Gi2(9)

Gy1(9) Goa(9)

o()

A feedback interconnection corresponding to the single-
input, single-output system (1)—(4). The interconnection involves a
two-input/two-output linear system and a feedback nonlinearity.
Note that the model can be interpreted as the linear fractional trans-
formation between the nonlinearity ¢ (-) and Gy1, Gi2, Go1, and Goo.
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Let Gn(s)2C(sly —A)~'D, Gua(s) =C(sl, — A)~'B,
G21(s) 2 E1(sly — A) 1D + Eg, and Gaa(s) = Eq (s, — A)~'B.
Then (1)—(4) can be interpreted as the linear fractional
transformation between the nonlinearity ¢(-) and the
transfer functions Gi1, G2, Go1, and Gpy, which corre-
sponds to the feedback interconnection of Figure 1.

The nonlinear feedback model (1)—(4) can be rewritten as

x(t) = Ax(t) + D1u(t) + B¢ (E1x(t) + Equ(t)), )

y(t) = Cx(1), x(0) =x9, t>0. (6)
u N as) y
+
Yo
o()

Feedback interconnection of the nonlinear hysteresis
model (7), (8), where G(s)éC(sl — A~ 'B. This model is a
simplification of the nonlinear feedback model in Figure 1
obtained by setting D= B, E;, =0, E; =C, that is, with
Gi1 = G2 = Got = Goz = G(9).

Yo y

Feedback interconnection of the nonlinear feedback
model (10), (11). This model is a simplification of the nonlinear
feedback hysteresis model obtained by setting D=0, E =1,
and E; = —C, that is, with Gy1 =0, Gi2 = G(s), G»1 =1, and
ng = —G(S).

The input-output equilibria map £ of (19) in Example 1.
For all constant inputs u(t) = T, the input-output equilibria map £ is
givenby £ = (T, X) e R2: —X° + X+ T = 0}.
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Furthermore, let D = B, Eg =0, and E; = C. Then (5), (6)
can be simplified as

x(f) = Ax(f) + B(u(t) + ¢ (y(1)), @)

y(t) = Cx(1), x(0) =x9, t>0. (8)

Figure 2 shows the feedback interconnection of (7), (8).
Note that Figure 2 is a special case of Figure 1 with

[Gn (s) GlZ(S):| _ [G(S) G(S)} . ©)

G21(8) Gn(9) G(s) G(s)

Alternatively, consider (5), (6) with D=0, Eg =1, and

E; = —C. Then an alternative specialization of (5), (6) is
given by
x(t) = Ax(t) + Bo (u(t) — y(1), (10)
y(t) = Cx(1), x(0) =x9, t=>0. (11)

Figure 3 shows the feedback interconnection of (10), (11).
Note that Figure 3 is a special case of Figure 1 with
[ G (s) (12)

Glz(s)] _ [0 G(s) ]
G21(s) '

Gx(9) 1 —-G(s)

The equilibria of the simplified nonlinear feedback
models (7), (8) and (10), (11) can be determined as follows.
Since (A, B, C) is minimal, let A, B, and C be given in the
controllable canonical form

0 1 - 0 0
A= . . . : . B= . i
0 o .- 1 0
—ap —m —p—1 1
C=lc a cn1]- (13)

Suppose u(t) = it is constant. Then the equilibrium X of
(7) is given by

x=[% 0 01", (14)
where X satisfies
apx1 = ¢(coXq) + ul. (15)
Likewise, the equilibrium X of (10) is given by
x=[% 0 01", (16)
where X satisfies
apX1 = ¢ (il — coX1). 17)

Note that the equilibria of (7) and (10) are determined only
by ag and cp. The following definition is useful.

Authorized licensed use limited to: University of Michigan Library. Downloaded on May 13,2010 at 01:22:38 UTC from IEEE Xplore. Restrictions apply.



Definition
The input-output equilibria map £ of (5), (6) is the set of
points (i1, C¥) € R? such that & and ¥ satisfy
AX + D1t + B (E1X + Egit) = 0. (18)
The input-output equilibria map £ is a possibly multi-
valued map between iz € R and the corresponding equilib-
ria of (5) as determined by (6). Since (18) is equivalent to
(14) and (15) when (7), (8) hold, or to (16), (17) when (10),
(11) hold, it follows that the input-output equilibria map £
of either (7), (8) or (10), (11) can be characterized by analyz-
ing (15) or (17). Note that £ for the simplified nonlinear
feedback models (7), (8) and (10), (11) is determined by the
parameters ag and cp.

Example 1
Consider the cubic model [23, p. 30]
i =-W+xh+u®),  x0)=x, t=0, (19
which is equivalent to (7), (8) with A=B=C=1 and
¢ (v) = —v°. The equilibria of (19) with constant u(f) = u is
given by (14), (15) with ag = —1 and cp = 1. Thus the input-
output equilibria map £ of (19) is given by &=
{(i1, %) € R2: =% + ¥ + i = 0}, which is shown in Figure 4.

Example 2
Consider the mass/dashpot/spring with gap model
shown in figures 5 and 6 and modeled by

mX(t) + cx(t) + kdpy (x(f) — u(t)) =0,

x(0) =xp, =0, (20)
which is equivalent to (10) and (11) with
0 1 0
A:[ } B:[k], c=[1 o|l @
0 s 5 [1 0]
where
v—w, v>w,
dy(0) = {0, ol < w, (22)
v+w, v<-—w.

The equilibria of (20) with constant u(t) = it is given by
(16), (17) with ag =0 and cg = 1. Thus the input-output
equilibria map & of (20) is given by & = {(u,y) e R? :
u—w<y<u+w, uelR}, whichis shown in Figure 7.
Now, setting A =0, B=k/m, and C =1 yields the sin-
gle integrator with deadzone model [24]
m(t) + ko (x() = u(h) = 0. 23)
The equilibria of (23) with constant u(f) = u is also given by
(16), (17) with @y = 0 and ¢y = 1, and thus € = {(u, y) € R?:

u—w<y<u+w, uc R} Figure7 shows the input-output
equilibria map £ of (23). Note that £ of (20) and £ of (23) are
identical, since ag and ¢( are the same for both models.

HYSTERETIC MAPS OF

NONLINEAR FEEDBACK MODELS

In this section we consider the step-convergent nonlinear
feedback model (5), (6). The following definitions from [25]
are needed.

!
!

_E_ m

c

Mass-dashpot-spring system with deadzone. The input u
is the position of the end of the spring, while the output x is the
position of the mass.

Equivalent representation of the mass-dashpot-spring
system with deadzone shown in Figure 5. The symbolic represen-
tation of the deadzone corresponds to the play operator discussed
in [19].

0.8
0.6
0.4
0.2

-0.2
-0.4
-0.6
-0.8

The input-output equilibria map £ of (20) and (23) in
Example 2 with w = 0.5. Note that £ corresponding to (20) and &
corresponding to (23) are identical.
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Definition
Consider (5) with constant u(f) = i. The system (5) is step con-
vergent if lim;_, o x(#) exists for all xy € R" and forall iz € R.

Definition

The nonempty set H C R? is a closed curve if there exists a
continuous, piecewise C!, and periodic map
y 1[0, 0c0) — R2 such that y ([0, 00)) = H

Definition

Let u : [0, 00) = [Umin, Umax] be continuous, piecewise ct,
periodic with period @ and have exactly one local maxi-
mum Umayx in [0, ) and exactly one local minimum i
in [0, ). For all T > 0, define ur(f) £ u(at/T), assume
that there exists x7 : [0, 00) — R” that is periodic with
period T and satisfies (5) with u=ur, and let
yr : [0, 00) — R be given by (6) with x = x7 and u = ur.
For all T > 0, the periodic input-output map H(ur, x(0)) is
the closed curve H(ut, x7(0)) = {(ur(h, yr(H) : te [0, 00)},
and the limiting periodic input-output map Hoo(u, Xo),
where xp £ lim7oox7(0), is the closed curve
Hoo (i, X9) = lim 7o H(ur, x7(0)) if the limit exists. If
there exist (u, y1), (1, Y2) € Hoo(1t, x9) such that 1 # 1o,
then Hoo (1, X) is a hysteretic limiting periodic input-output
map or a hysteresis map, and the system is hysteretic.

Note that the existence of lim1_, o H(ut, x7(0)) refers
to the convergence of the sets H(ur, x7(0)) in the Haus-
dorff norm [12].

Suppose (5) is step convergent. Then it follows from
the above definitions that lim_, o x(#) exists for every con-
stant u(f) = u and is an equilibrium of (5). Now, let
u(t) € [Umin, Umax] be periodic with period «. Let
ur(t) = u(at/T), and suppose the periodic input-output map
H(ur, xo) exists for all T > 0. Furthermore, assume the
limiting periodic input-output map Heo(u, Xo) exists. The
above definitions suggest that there exists a close relation-
ship between Ho (1, xp) and the input-output equilibria
map & of (5), (6). The set Hoo(u, xp) represents the
response of the system in the limit of dc operation, that is,
as T — oo and thus as w = 27 /T) — 0, that is, dc. There-
fore, each element of Hoo (1, Xg) is the limit of a sequence
of points in H(ur, x7(0)) for an increasing, unbounded
sequence of values of T, that is, for a sequence of increas-
ingly slower inputs. Consequently, the limiting point
(i1, ) € Hoo(lt, x9) arises from an equilibrium under the
constant input u(t) = i. This observation indicates that the
step convergence of (5), (6) is a necessary condition for the
existence of Heo (U, Xp).

However, not every point in Heo (1, xp) is in &. If (5),
(6) has a bifurcation, that is, a change in the qualitative
structure of the equilibria as u changes, then the limit-
ing solution of (5), (6), which is not Cl, can alternate
between the components of £. In this particular case,
the limiting periodic input-output map Heo(u, Xp) con-
tains vertical components that connect subsets as illus-
trated in Example 4. With the exception of the vertical
segments that connect components of &, it turns out
that Hoo (1, x9) C £.

The relationship between Huo (11, X9) and £ elucidates
the mechanism of hysteresis in the nonlinear feedback
model. Since the definition of hysteresis requires that the
hysteretic limiting periodic input-output map have at least
two distinct points (u, y1) and (u, 1), a necessary condi-
tion for (5), (6) to be hysteretic is that £ be a multivalued

map. However, not every non-
linear feedback model that has a

multivalued map £ exhibits

3 ‘7-: 50 o 3 hysteresis since Hoo (11, X9) € €
ol ‘ \’\\.’}"4“ can still be a single-valued map
all N '\ l " " 4 ] as illustrated in Example 3. The

’ ’ ""‘ ‘ N' W ‘ nonlinear feedback models that

~ 0 \ 4 AA\ h f‘ - o . :

1"‘ " \m '.’.’.’ “ 0 exhibit hysteresis have either a
=17 v '& ‘/ Q,V'&V Vo -1 multivalued map £ with a con-
2! \ J V 2 tinuum of equilibria or a bifur-
3 »U/ v e cation for some u € [Umin, Umax]

. - - as demonstrated by the follow-
=1l =05 0 0.5 1 =i 0.5 0 0.5 1 . .
U U ing numerical examples.

Input-output equilibria maps of Example 3 with ur(t) = sin(2z/ T)t. Note that the model

is not step convergent, and thus H., (U, Xo) does not exist.
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Example 3
Consider (10), (11) with
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A:[g ;] B:[(l’], c=[2 3],

and ¢ (v) = doy(v), where w = 0.5. The step response with
u(t) =05 and xp =[1 Z]T is bounded but does not con-
verge. Hence, this system is not step convergent. Figure 8
shows the input-output map with ur(t) = sin(2x/T)t. Since
the model is not step convergent, Ho (11, Xg) does not exist.

Example 4

Reconsider the cubic model (19) in Exam-
ple 1 with ug(t) =sin(@r/T)t. Figure 9
shows that H(ur, x7(0)) converges to a hys-
teretic limiting periodic input-output map
as T — oo, and thus (19) is hysteretic.

Now, let u(t) =u be a constant. Since
(d/dx)(=x + x + it) = —3x% + 1, linearization
shows that, for each it € (—(2/3v/3), (2/3v3)),
the corresponding equilibrium ¥ € (—(1/+/3),
(1/+/3)) is unstable, whereas ¥ € (—o00, —(1/+/3))
is asymptotically stable for all |u| > (2/33).
Therefore, as shown in Figure 10, £ consists of
points that arise either from asymptotically stable
equilibria or from unstable equilibria.

Note that (19) has bifurcations at
ii=—2/3v/3) and u=(2/3v3). When
lit| < (2/3+/3), (19) has two asymptotically stable
equilibria and one unstable equilibrium, thus £
is a multivalued map. On the other hand, when
litl > (2/3+/3), (19) has only one asymptotically
stable equilibrium, and thus £ is a single-valued
map. Suppose ur is pointwise approaching the
dc limit of operation and |ur| < (2/3+/3) such
that the solution of (19) converges to one of the

2
15
1
0.5 %
S~ o} \\\
-0.5 "
—7 /
Heo
-1.5 — & (Asymp. Stable) |
5 - - £ (Unstable)
-1 -0.5 0 0.5 1
u

The input-output equilibria set £ and the limiting periodic
input-output map H (U, Xp) of the cubic model in Example 4. £ con-
sists of points arising from asymptotically stable (solid) equilibria and
from unstable (dashed) equilibria. Note that H..(u, Xo) € £ except
for the vertical limiting transition trajectories between subsets of £.

asymptotically stable equilibria. Now, suppose ur changes
and a bifurcation occurs. Then (19) loses one of its asymptoti-
cally stable equilibria and the solution is attracted to another
asymptotically stable equilibrium, generating a transition
trajectory from the multivalued map to the single-valued
map in H(ur, x7(0)). The transition trajectories are repre-
sented by the vertical lines in Figure 10. Consequently, the
limiting points in Hoo (1, X9) comprise a subset of £ as well
as vertical components at the bifurcation points, as shown in
Figure 10. Note, however, that the vertical components in

T=50
-05 0 05 1
u
T=5000
-1
-15
05 1 4 05 0 05 1

Periodic input-output map H(ur, x7(0)) for the cubic model in Example
4 with ur(t) = sin(2r/ T)t for several values of T. For each value of T, the tran-
sient approach to the periodic input-output map is shown. The system is step
convergent, and H(ur, xr(0)) converges to a hysteretic limiting periodic input-
output map Ho. (U, Xo) @as T — oo, and thus the system is hysteretic.

— & (Asymp. Stable)
-2 -- & (Unstable) 1
25 . . . .
-1 -0.5 0 0.5 1
u

The input-output equilibria map £ of (24) in Example 5. £
consists of points arising from asymptotically stable (solid) equilibria
and from unstable (dashed) equilibria.
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Hoo(u, xg) are limits of subsets of trajectories (ur, yr) as  which can be written as (10), (11) withA=0,B=1,C=1,
T — oo. and ¢ (v) = v° — v. The set of equilibria X of (24) with con-
stant u(f) =u are given by {u, u—1, u+1}. Since
Example 5 (d/dw[(it — %)% — (it — x)] = =3(ii — x)%2 4+ 1, linearization
Consider the nonlinear system shows that X =  is an unstable equilibrium, and x = — 1
and X = 11 + 1 are asymptotically stable equilibria. There-
i) = (u(t) = x(0)° — (u(h) = x(b), fore, &€ ={(ut,u—1) :ue R {(u,u): u e R} U{(u, u+1)

x(0) =x9, t>0, (24)  :u € R} as shown in Figure 11.

The periodic input-output maps of (24) in Example 5 with u(t) = sin0.01¢ where (a) xo
=0 and (b) xo = 0.5. Note that (24) is not hysteretic although £ of (24) is a multivalued map as
shown in Figure 11.

Periodic input-output map for the mass-dashpot-spring system with a deadzone shown
in Figure 5, where w=0.5, m=0.1, k=10, c= 1, and ur(t) = sin(2z/ T)t for several values of
T. For each value of T, the transient approach to the periodic input-output map is shown. This sys-
tem exhibits rate-dependent hysteresis because the periodic input-output maps for varying values
of T are not identical. The hysteresis map in the lower right is the classical backlash.
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Figure 12(a) and (b) show
the periodic input-output maps
of (24) with different initial
conditions. Note that, although
£ is a multivalued map, the
input-output map collapses to
a single-valued map in both
cases, indicating that (24) is not
hysteretic.

Example 6

Reconsider the mass/dashpot/
spring with gap model (20)
with ur(t) = sin(2w/T)t. Figure
13 shows that H(ur, x7(0)) con-
verges to a hysteretic limiting
input-output map, and thus
(20) is hysteretic. Note that £
consists of points arising from
a continuum of input-depen-
dent equilibria. Suppose ur is
sufficiently slow and the solu-
tion of (20) converges to an
equilibrium in the equilibria
continuum, and thus (ur, yr) is
in the interior of £. When ur
changes, the solution remains
in the continuum of equilibria
and thus yr is constant. There-
fore, (ur, yr) transverses hori-
zontally in the interior of &
until it reaches the boundary.
Now, when (ur, yr) leaves the
boundary of &£, the solution
converges back to the bound-
ary of the set of continua, and
(ut, yr) follows the boundary
of £ as ur changes. Conse-
quently, the limiting input-out-
put map Heo(u,x9) of (20)
consists of two horizontal com-
ponents and parts of the
boundary of £ as shown in Fig-
ure 14.

Example 7
Consider the nonlinear system
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(h = —x(b) + % sinnx(f) + u(h), (25)

where n > 0, for f > 0 with x(0) = 0, which can be rewrit-
ten as (7), (8) with A=-1, B=C=1, and
¢ (v) = (w/2) sinnv. Figure 15 shows &£ of (25) for several
values of 1. Note that £ of (25) converges to £ of (20) in
Figure 14 as n — oo. Figure 16 shows H (1, xp) with vary-
ing values of n. Note that Ha (11, xg) for this example con-
verges to Hoo (1, Xg) of (20) as n — oo.

GRAPHICAL ANALYSIS OF

NONLINEAR FEEDBACK MODELS

In this section we consider the step convergence for a first-
order nonlinear feedback model by analyzing the phase
portrait of the model. Specifically, consider (5) with con-
stant u(t) = i1, and let A, D, B, E1, Ep € R. Since (5) is a
first-order ordinary differential equation, the sign of the
right-hand side of (5) determines the direction of the solu-
tion x. If Axg+ Dit+ B¢ (E1xg + Epit) <0, x is decreasing
and converges either to an equilibrium or to —oo as t — oo.
Similarly, if Axg + Du + B¢(E1xg + Epi) > 0, x is increas-
ing and converges either to an equilibrium or to co as
t — oo. Therefore, we can construct the phase portrait of (5)
from the graph of the right-hand side of (5) for all i € R
and determine the step convergence of the model.

0.8
0.6 -
0.4 — :
0.2 (

02 o o
0.4 e

o - |— € (Asymp. Stable)
-0.8 ___—— |- &(Unstable)

0.5 1

—& (Asymp. Stable)
--& (Unstable)

=i -0.5 0

0.5 1

To illustrate this graphical analysis, consider the cubic
model (19) with constant u(f) = ui. Suppose i = 0. Then the
solution of (19) converges to one of its equilibria as shown
in the phase portrait in Figure 17(a).

0.8
0.6
0.4
0.2

-0.2
-0.4
-0.6
-0.8

~HEl

0.5

The input-output equilibria map £ and the limiting period-
ic input-output map H..(u, xo) of the mass/dashpot/spring with
deadzone model in Example 6. H (U, Xo) consists of two horizontal
components and parts of the boundary of £.

——— === |- £ (Asymp. Stable)
—= & (Unstable)

B o T TT s e

0.5 1

The input-output equilibria map £ corresponding to (25) in Example 7 with (a) n = 10, (b) n = 50, (c) n = 100, and (d) » = 1000.
Note that £ corresponding to (25) converges to £ corresponding to (20) in Figure 14 as n — oo.
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For a single-input, single-output system, hysteresis is the persistence
of a nondegenerate input-output closed curve as the frequency
of excitation tends toward dc.

When —(1/+/3) < i1 < (1/4/3), the qualitative structure
of the phase portrait does not change. For it = —(1/+/3)
or it = (1/+/3), (19) loses one of its asymptotically stable
equilibria, and a bifurcation occurs. However, as shown
in the phase portraits in Figure 17(b) and (c), the solu-
tion still converges to one of the equilibria. For
lii| > (1/4/3), (19) has only one asymptotically stable
equilibrium, and thus the solution converges to the
equilibrium globally. This phase portrait analysis shows
that the solution of (19) converges to an equilibrium
point for all xp € R and for all & € R, and therefore (19)
is step convergent.

Example 8

Consider the nonlinear system

08} n=10
0.6
0.4
0.2

-0.2
-0.4
-0.6
-0.8

0.8
06f "N=100
0.4
0.2

-0.2
-0.4
-0.6
-0.8

-
|
o
(6,1
o
o
o
-

(B = —x(B) + u(h + tan~ ! 2x(p),

x(0) =x9, t>0, (26)

which can be written as (7), (8) withA=—-1,B=1,C=2,
and ¢ (v) = tan~! v. Figure 18 shows the phase portraits of
(26) with several constants u() =u. For
—(r —2/4) <u < (wr —2/4), (26) has two asymptotically
stable equilibria and the solution converges to one of the
equilibria as shown in Figure 18(a).

For u=—(7 —2/4) or u= (wr —2/4), a bifurcation
occurs, and (26) loses one of its asymptotically stable equi-
libria, yet its solution still converges to one of the equilib-
ria as shown in Figure 18(b) and (c). For |u| > (7w —2/4),
(26) is globally asymptotically stable as shown in Figure

08| mn=50
0.6
0.4
0.2

-0.2
-0.4
-0.6
-0.8
1

0.8
0.6 n = 1000
0.4
0.2

-0.2
-0.4
-0.6
-0.8

FIGURE 16 The limiting periodic input-output map H.(u, Xo) corresponding to (25) in Example 7 with (a) n = 10, (b) n = 50, (c) n = 100,
and (d) n = 1000. Note that H.. (U, Xo) corresponding (25) converges to H., (U, Xp) corresponding to (20) in Figure 14 as n — oo.
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18(d). Therefore, (26) is step convergent. Figure 19 shows
that H(ur, x7(0)) converges to a hysteretic map as T — oo.

Example 9
Consider the nonlinear system

X(t) = —x(t) + saty(u(t) + 2x(1)),

x(0) =x9, t>0, (27)
where
w, V> w,
saty (v) £ 1y, [v] <w,
—w, V< —w,

which can be written as (10), (11) with A=-1, B=1,
C = -2, and ¢(v) = saty(v). Figure 20 shows the phase
portraits of (27) with various constants u(f) = ui. For
—(1/2) <1 < (1/2), (27) has two asymptotically stable
equilibria, and the solution converges to one of the equilib-
ria as shown in Figure 20(a).

For u = —(1/2) or u = (1/2), a bifurcation occurs, and
(27) loses one of its asymptotically stable equilibria, yet its
solution still converges to one of the equilibria as shown
in Figure 20(b) and (c). For |u| > (1/2), (27) is globally
asymptotically stable as shown in Figure 20(d). Therefore,

X+ x+u

-0.4

1.5

-0.2
-0.4
-0.6

[ 1=-03849
-5 -1 05 0

(C)

X3+ x+U

v

FIGURE 17 Plots of
The phase portrait analysis shows that (19) is step convergent.

—x® + x + T and the phase portraits of (19), where (a)

The concept of rate-dependent
hysteresis is central to the study of
hysteresis arising in nonlinear
feedback models.

(27) is step convergent. Figure 21 shows that H(ur, x7(0))
converges to a hysteresis map as T — oc.

Example 10
Consider the nonlinear system
X(f) = x(f) + u(t) — doy (2x(1)),

x(0) =x9, t=>0,

(28)

which can be written as (7), (8) withA=1,B=1,C=-2,
and ¢ (v) = day,(v). Figure 22 shows the phase portraits of
(28) with several constants u(tf) =u. For
—(1/4) < i1 < (1/4), (28) has two asymptotically stable
equilibria, and the solution converges to one of the equilib-
ria as shown in Figure 22(a).

;
0.8
0.6
0.4
0.2

0

-0.2

-0.4

-0.6

-0.8

-1
-15

X3+ x+u

u=0.57735

-1 -05 0.5 1 1.5

0
X
(b)

0.8
0.6
0.4
0.2

-0.2
-0.4
—0.6
-0.8

X3+ x+u
=)

u=0.3849

=l =1 =8 0.5 1 1.5

Sxo

U=0, (b) i =—(2/3v3), (c) = (2/3v3),and (d) T = (1/¥3).
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We refer to hysteresis arising from a continuum of equilibria
as traversal-type hysteresis, and hysteresis arising from isolated
equilibria as hifurcation-type hysteresis.

For u = —(1/4) or it = (1/4), a bifurcation occurs, and
(28) loses one of its asymptotically stable equilibria, yet its
solution still converges to one of the equilibria as shown
in Figure 22(b) and (c). For |u| > (1/4), (28) is globally
asymptotically stable as shown in Figure 22(d). Therefore,
(28) is step convergent. Figure 23 shows that H(ur, x7(0))
converges to a hysteresis map as T — 0.

NONLINEAR FEEDBACK MODELS WITH DEADZONE
As a specialization of (10) and (11), we consider the nonlin-
ear feedback model with deadzone

—x+tan'2x+ U

0.8
0.6
0.4
0.2

0
-0.2
0.4
-0.6
-0.8
—

—2 1.5 -1 -0.5 Ox 05 1

(©

—x+tan2x+ U

u=-0.2854

16 2

x(f) = Ax(#) + Bdp(u(t) — y(t)),
y(t) = Cx(1), t>0,

(29)

x(0) = xo, (30)

where A € R™" BeR", Ce R™, 4:[0,00) - R is con-
tinuous and piecewise Cl, and dyy : R — R is a deadzone
function with width 2w given by

v—w,
drp(0) 2 4 0,
v+ w,

V> W,
[v] < w,
< —w.

(€29

08¢
0.6
0.4+
0.2t

u

-02¢}
-041}
-0.6}|
-0.8}

—x+tan 12x+
o

1.
0.8+
0.6+
0.4+t
0.2+

0

-0.2¢}

-04¢+

-0.6}|

-0.8¢+¢

-1
-2 -15-1 -05 0 05 1
X

(d)

—x+tan'2x+ U

U= (n-2)2

15 2

FIGURE 18 Plots of —x + &+ tan~" 2x and the phase portraits of (26) in Example 8, where (a) =0, (b) i = (x —2)/4, (c) U = —(7 — 2)/4,
and (d) u = (& — 2)/2. The phase portrait analysis shows that (26) is step convergent.
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The equilibrium X of (29) is given

from (16) and (17) by
== T
x=[x O o1, (32
where X satisfies
agx1 + dop(coxy —u) = 0.  (33)

By determining the solutions of (32),
(33), we can characterize the limiting
equilibria map £ of (29), (30) by the
following cases. Note that £ is non-
empty since, for all ue[-w, w],
X1 =0 satisfies (33), and thus
{(@,0) : 1 € [—~w, w]} C E.

Case 1

Let ag # 0 and ag+ cg = 0. Then, as
shown in Figure 24, (33) has four
types of solutions depending on the
value of u, namely, a continuum of
solutions X = {x € R : (signcp)x > 0}
for #=-w, a unique solution

1.
0.8
0.6 |

04 Ff
02}
0

6 75 6 T-50
4 4
2 2
>~ 0 SN 0
-4 -4
-6 —
-1 05 0 05 1 -4 05 0 05 {1
u u
6f T-500 6/  T=5000
4 4
2 2
~ 0 >~ 0
_2 —2
-4 -4
-6 —6
-4 05 0 05 1 -1 05 0 05 1
u u

Hysteresis arising from the arctangent nonlinearity. This periodic input-output
map H(ur, x7(0)) corresponds to (26) in Example 8 with ur(f) = sin(2x/T)t. Note that

H(ur, x7(0)) converges to a hysteretic map H (U, Xo)-

-02}
—0.4 |
-0.6 |
-0.8 |

-1

—Xx + sat,, (U + 2x)

u=20

<

-1-0.8-0.6-0.4-02 0 0.2 0.4 0.6 0.8 1

X

(a)
1

0.8
0.6 -
0.4

N

0.2
02t
04}
06
-0.8 |

1 "

—Xx + sat,, (u + 2x)

u=-0.5

-1-0.8-0.6-04-02 0 0.2 0.4 06 0.8 1

X

(©)

Plots of —x + sat, (U + 2x) and the scalar phase portraits of (27) in Example 9, where (a) =0, (b) u=1/2, (c) u=—1/2, and

—x + sat,, (U+ 2X)

—x + sat,, (U + 2X)

(d) o= 1. The phase portrait analysis shows that (27) is step convergent..
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2 2
=80
1 =8 1
~ 0 S~ 0
—1 -
_2 —2
-1 -05 0 0.5 1 =1 =05 0 0.5 1
u u
2 2
T=500 T=15000
1 1
~ 0 ~ 0
-1 1
) -2
= =05 0 0.5 1 -1 -05 0 0.5 1
u u

Hysteresis arising from the saturation nonlinearity. This periodic input-output map H(ur, x7(0)) corresponds to (27) in Example 9
with ur(t) = sin(2x/ T)t. Note that H(ur, x7(0)) converges to a hysteretic map H. (U, Xo).

0.8 0.8
06 06
J 04 J 04
% 02 5 02
s 0 ER
8 02 f 02
; 0.4 x 0.4
0.6 -0.6
08 u=0 08 u=0.25
1—1 5 4 05 0 05 1 15 11.5 -1 05 0 05 1 15
X
(a) (b)
1 1
0.8 0.8
06 06
S 04 ] 04
S 02 3 02
= 0 = 0
? 0.2 ? -0.2 \
>|< -0.4 >|< -0.4
-0.6 -0.6
0.8 u=-0.25 0.8 u=05
1—15 -1 05 0 05 1 15 115 -1 05 0 05 1 15
() (d)

Plots of x + U — day(2x) and the scalar phase portraits of (28) in Example 10, where (@) t= 0, (b) u=1/4, (c) u = —-1/4, and
(d) u = 1/2. The phase portrait analysis shows that (28) is step convergent.
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|
o
o
o
o
(6]
-

T=500

=l =05 0 0.5 1
u
T=5000
= -0.5 0 0.5 1
u

The periodic input-output map H(ur, x7(0)) of (28) in Example 10 with ur(t) = sin(27/T)t. Note that H(ur, xr(0)) converges to
a hysteretic map H (U, Xo).

0.5

-0.5

oy (CoX1 — U)

—dpXq

—dpXq

0.5

-0.5

=5

The four cases of solutions of (33) with ag # 0, and ag + co =0, and ¢ > 0. In (@) U = —w and the solutions of (33) form a set
X={xeR:Xx>0};in(b)|dg <wand X ={0};andin(c)u=wand X = {x € R: X < 0}. Finally, in (d) |&| > wand X" is empty.
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X ={0}for |t <w, a continuum of solutions Case?2
X ={x e R: (signcy)x < 0} for t = w, and no solutions for  Let ag = 0. Then, as shown in Figure 25, for all values of u
liz| > w. Hence £ is given by (33) has a continuum of solutions X ={xeR:
(t—w)/cop <X < (1 +w)/co} for cp >0 and
E=1{,peR:u=wy=0U{@y eR: il X={xeR:(i+w)/cq<¥< (il —w)/co)} for cg < 0, for all
<w, y=0)U{(, ) eR*:ii=—w,y<0}. (34) iicR. Hence, inboth cases € is given by

2
1.5 | 3r
1
—dapXq
0.5 l
0
-0.5
- “—— dyy (CoXq — U)
-1.5
-2
-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1
Xy Xy
(a) (a)
1
0.5 ~aX 3
| 2 _
0 oy (CoXq — U)
-0.5 1
1 ot
-1.5 -1
) <—— dby, (CoX — U) 2|
—apX4
-2.5 -3
-3 X X X X X 4 X X X X X
-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1
X4 Xq
(b) (b)
3 F
251 ] 3f
ol 5 <« —ayXy
151 oy (CoXy = U) 1
1 0f
05} | _1
oy, (CoXq — U
0 T s ow (CoX1 — U)
_0-5 I —30X1 | _3 I
1L )
-1 -0.5 0 0.5 1 —1 -0.5 0 0.5 1
Xq X4
(c) (c)
The solutions of (33) with ap =0 and ¢co > 0. In The solutions of (33) with ag #0 and agco >0, or

(a) |0l <w and the solutions of (33) form a set ay#0andco(ag+co) <0.In(a)|dl < wand the solutions of (33)
X={xeR:(Uu—w)/co<X=<(u+w)/co};in(b) U>w and X are unique X = {1/(ap+ Co)oy(0)}; in (b) > w and X remains
remains the same; and in (c) U < —w and X remains the same. the same; and in (c) U < —w and X’ remains the same.
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E={PeR* ek i—w<y<i+w). (35)
Case 3

Letag # 0 and agcg > 0, or ag # 0 and cg(ag + cg) < 0. Then,
as shown in Figure 26, (33) has a unique solution
X = {1/(ap + co)day(1)} for all u € R. Hence € is given by

5:{(a,y)eR2:aeR,y= 0 dZw(ﬂ)}. (36)

ap + co
Case 4
Let ap # 0 and cp(ag + cp) > 0. Then, as shown in Figure
27, (33) has nonunique solutions
X = {(it —w)/(ag + o), 0, (it + w)/(ap + cp)} for |u| <w,

two solutions X = {0, (i + w)/(ag + ¢p)} for u=w, two
solutions X = {(# — w)/(ag + cg), 0} for u=—w, and a
unique solution X = {(# + w)/(ap + cp)} for it > w and
X = {(it — w)/(ap + cp)} for it < —w. Hence & is given by

_ o _ _ cou—w)
=1y eR?: i< —-w, =—}
{( 2 Y ap + ¢o
U {(a, B eR? i <w, j= 2= CO(”“”)}
ap + co ap + co
u{(ay)eR2~a>wy=C°(ﬁ—+w)} (37)
’ ' ' am+c )
2
1.5
1 —dapXq
0.5
0
-0.5
1 _
15 A—— doy (CoXq — U)
-2
-2.5
-15 -1 -0.5 0 0.5 1 15
X1
(a)
3
2.5
2
1.5 Aoy (Coxq — U)
]
0.5
0
~05 _agx,
1
15
-2
-15 -1 -05 0 0.5 1 1.5

()

Note that, if g + co = 0, then, for each constant input u
such that || > w, (29), (30) does not have an equilibrium,
and thus system is not step convergent. Now, assume that
(29), (30) is step convergent. Then £ is given by either (35),
(36), or (37). Suppose ayp = 0 (case 2) and thus £ is given by
(35). Then & is a multivalued map as shown in Figure 28(b).
Therefore, Hoo (1, Xp) is hysteretic as shown in Figure 29(a).
Now, suppose ap#0 and apcp >0, or ap#0 and
co(ap + cp) < 0 (case 3) and thus £ is given by (36). Then £
is a single-valued map as shown in Figure 28(c). Therefore,
Hoo (1, xg) is not hysteretic as shown in Figure 29(b). Final-
ly, suppose a9 # 0 and co(ag + ¢p) > 0 (case 4), and thus € is
given by (37). Then £ is a single-valued map for |i| < w
and is a multivalued map for |it| > w as shown in Figure
28(d). Therefore, Hoo(u,x9) 1is hysteretic when
maXq #(t) > w and mingg u(t) < —w as shown in Figure
29(c). Table 1 summarizes the characteristics of Heo (1, Xg)
in all of the cases.

Example 11
Consider (29), (30) with

1 —adpXq

1.5

0.5 =€

-0.5
4
-1.5 —
-2 e oy (CoX1 — U)
-2.5
=&

-35
S5

The four cases of solutions of (33) with ag# 0 and cqo(ag+ Co) > 0. In (a) |U < w and (33) has three solutions
X ={(U—w)/(ap+ Cop),0,(U+w)/(ap+ Co)}; in (b) &= w and (33) has two solutions X = {0, (U+ w)/(ap + Co)}; and in (c) U= —w
and (33) has two solutions X = {(u— w)/(ao + Co), 0}. Finally, in (d) |&] > w, and (33) has a unique solution X = {(u — w)/(ao + Co)} if

U<—-worX ={(U+w)/(ap+co)}ifu> w.
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TABLE 1 The characteristic of 7/ (u, x;) of the deadzone-based backlash hysteresis model in various cases.
The limiting periodic input-output map 7, (u, xo) exists in four distinct cases, which depend on the values of 4, and ¢,.

Case 1 ap#0andag+co=0 Not hysteretic

Case 2 ap=0 Hysteretic (traversal type)

Case 3 ap#0andagcy >0,0rapg#0andco(ap+co) <0 Not hysteretic

Case 4 ap#0andco(ap+co) >0 Hysteretic (bifurcation type) if max;-o u(t) > w and

and w = 0.5. Since ap = 1 # 0 and agcyp = 1 > 0, the model
satisfies case 3, and Hoo(u, Xg) is not hysteretic from
Table 1. Figure 30 shows that H(ur, x7(0)) converges to a
single-valued map.

/

Co Co
ap+ Cy ap+ Co

(© (d)

The input-output equilibria map £ of (a) case 1 given by
(34), (b) case 2 given by (35), (c) case 3 given by (36), and (d) case
4 given by (37). The shape of the input-output equilibria map &
determines whether the system is hysteretic or not.

Mingo U(f) < —w.

Example 12
Reconsider (29), (30) with

A:[(l) _12] B:[(l)], C:[Z 0], (38)

and w=0.5. Since ag=—-1%#0 and cp(ag+cg) =2 >0,
the model is case 4, and Huo (1, Xg) is hysteretic from
Table 1. Figure 31 shows that H(ur, x7(0)) converges to a
hysteretic map.

A MULTILOOP NONLINEAR FEEDBACK EXAMPLE

The monotone system

o1

x1(h) = TT P x1(h), (39)

B(h) = —2— —x(b), (40)
1T+ x2%(h

y(H) = x2(1), (41)

where o1, a2, f1, and B, are positive constants, is common-

ly encountered in biology and, in the given form, repre-

sents a model of gene expression [10]. As illustrated by

Figure 32, (39)-(41) is a single-input, single-output system

with the feedback nonlinearities
i

P =g i=12

42)

Notice that when ¢, = 0, (39)—(41) is identical to (5) and (6)
(see Figure 1) with ¢ = ¢1, and

() (b)

()

The limiting periodic input-output map H., (U, Xo) (solid) and the input-output equilibria set £ (dashed) of (a) case 2, (b) case 3,
and (c) case 4 of Figure 28. The input-output maps in (a) and (c) are hysteretic, whereas the map in (b) is not. Furthermore, the hysteretic
map in (a) is traversal type, whereas the hysteretic map in (b) is bifurcation type.
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0.5 0.5

T=05 T=5
> 0 C > = 0
—H, — H.,
—¢ —&
—0.5 -0.5
-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1
u u
0.5 0.5
T=10 T=100
> 0 > 0
—H — Tl
— ¢ —c
-0.5 -0.5
-1 -05 0 0.5 1 -1 -05 0 0.5 1

Periodic input-output map H(ur, xr(0)) and input-output equilibria map £ of Example 11 with u(t) = sin(27/T)t. Note that this
model is case 3 and is not hysteretic.

T=5 T=50
2 2
1 1
S 0 S— =Y/ ———— ~ 0
-1 -1
) — -2 —H
-3 —¢& -3 — &
1 05 0 05 1 -1 05 0 05 1
u u
3 T-100 3t T=1000
1 1
~ 0 ~ 0
- 1
-2 — -2 — H.,
-3 — ¢ -3 =&
1 05 0 05 1 1 05 0 05 1
u u

H(ur, x7(0)) and £ of Example 12 with u(t) = sin(27/T)t. Note that this model is case 4 and H(ur, xr(0)) converges to a
hysteretic map H.. (U, Xp).
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Gy1(s) Gia(s)
G1(S) Gao(9)

02(")

Block diagram of the single-input, single output system
of (39)—(41). Notice that the system is identical to that in Figure 1
when the nonlinearity ¢ = 0.

G12(S)]=[ 0 G(S)]
G22(s) G 0 |

The input-output equilibria map £ of (39)-(41) is shown
in Figure 33 with @y = 1.3, 00 = 1.3, 81 =3, and 2 = 6. As
can be seen by comparing Figure 33 with Figure 4, the
shape of £ for (39)-(41) is similar to the shape of £ for the
cubic hysteresis model in Example 4.

For each constant input u(t) = i1, (39)-(41) have one,
two, or three equilibria, depending on the value of u. The
limiting values of it for which the system transitions from

[ G11(s) 43)

G21(s)

1.6

1.4
1.2
]

=
0.8
0.6

0.4

0.2
02 04 06 08 1
u

12 1.4 16 1.8

The input-output equilibria map £ of (39)—(41) with
a1 =13, ap =1.3, By =3, and B> = 6. Notice that the shape of £
given by (39)—(41) is similar to the shape of £ given by the cubic
hysteresis model in Example 4.

three to two equilibria are u; ~ 0.8 and iy ~ 1.35. As
shown in Figure 34(a), for iy < it < iy the system has
three equilibria, of which two are stable and one is unsta-
ble. For & = iy or it = ilp the system has two stable equi-
libria, as shown in Figure 34(b) and (c), respectively. For
il < or il > iip the system has only one equilibrium as
shown in Figure 34(d).

The periodic input-output map
H(ur, x7(0)) of (39)-(41) with

1.4 1.4
12 12 ur(t) = 2|sin2r/T)t| is shown
in Figure 35. As T — oo,
L 1 ‘H(ur, x7(0)) converges to a hys-
0.8 0.8 Xo teretic map Hoo (1, Xp). Notice that
0.6 0.6 the Hoo(u, x9) of (39)—(41) resem-
0.4 Xo — 91 (x1) 0.4 01 () bles Hoo (i, x9) of the cubic hys-
02 0.2 teresis model in Example 4, as
expected based on the shape of
O0 02 04 O.6X 08 1 12 14 OO 02 0.4 O.GX 08 1 12 14 the input-output equilibria map £.

2 2
@ (b) CONCLUSION

1.4 1.4 In this article we considered non-
12 10 linear feedback models for hys-
teresis. The relationship between
! 01 (1) 1 step convergence and the hys-
0.8 e teresis map of the model was
0.6 e 0.6 X2 investigated. The class of models
0.4 0.4 o1 (1) that exhibit hysteresis was deter-
02 0.2 mined, and the shape of the hys-
teresis maps was related to the
00 02 04 06 08 1 12 14 90 02 04 06 08 1 1.2 1.4 limiting equilibria set. Numerical

X2

()

The number of equilibrium points of (39)—(41) as a function of &. For &y ~ 0.8 and
b, ~1.35, if iy < U < Uy, then (39)—(41) have three equilibria, two stable and one unstable as
shown in (a). For U= 0y and U= 0. the system has two equilibria as shown in (b) and (c),
respectively. For U < Uy or U > Up the system has only one equilibrium state as shown in (d).
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(Xdz) examples illustrate the analysis.
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