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Optimal Projection Equations
for Reduced-Order Modelling, Estimation, and Control
of Linear Systems with Multiplicative White Noise'?
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Abstract. The optimal projection equations for quadratically optimal
reduced-order modelling, estimation, and control are generalized to
include the effects of state, control, and measurement dependent noise.
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1. Introduction

Asis well known, LQR and LQG controllers lack guaranteed robustness
with respect to arbitrary parameter variations (Refs. 1 and 2). A widely
studied approach to correcting this defect involves introducing noise into
the plant via the imperfectly known parameters (Refs. 3-10). Intuitively
speaking, the quadratically optimal feedback controller designed in the
presence of such disturbances is automatically desensitized to actual para-
meter variations. This was demonstrated in Ref. 11 for the example given
in Ref. 1.

The contribution of the present paper is a generalization of classical
steady-state LQG theory to include the effects of state, control, and measure-
ment dependent noise. In contrast to the classical solution involving a pair
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of separated Riccati equations, the necessary conditions for quadratic opti-
mality in the presence of multiplicative white noise consist of a system of
two modified Riccati equations and two modified Lyapunov equations
coupled by stochastic effects. The coupling serves as a graphic portrayal of
the breakdown of the separation principle in the multiplicative noise case.
When the multiplicative noise terms are set to zero, the modified Lyapunov
equations drop out and the modified Riccati equations immediately reduce
to the standard pair of separated LQG Riccati equations. Related results
were obtained for the discrete-time, finite-interval problem in Ref. 10.

To attain further generality, a constraint is imposed on controller order
as in Ref. 12. Hence, the results of the present paper also constitute a direct
generalization of the coupled system of modified Riccati and Lyapunov
equations which arise in characterizing reduced-order controllers.

For the special case of full-order compensation in the presence of
state-dependent noise only, versions of these equations were discovered
independently by Hyland (Refs. 13 and 14) and Mil'stein (Ref. 15). An
interesting difference between Refs. 13-14 and Ref. 15 is that Mil’stein
interpreted the plant model as an Ito stochastic differential equation,
whereas Hyland utilized the Fisk-Stratonovich definition (Refs. 16-18). In
earlier work on modelling flexible mechanical structures (Refs. 19 and 20),
justification for this interpretation as an appropriate model for parameter
uncertainty was based upon the maximum entropy principle of Jaynes (Ref.
21) and the theory of stochastic approximation (Ref. 22). A summary of
this approach and its relationship to Refs. 23 and 24 can be found in Ref.
25. Rigorous guarantees of robustness over a prescribed range of parameter
variations have been obtained using Lyapunov functions (Refs. 26-29).
Although the present paper utilizes an Ito model for simplicity, results
based on Stratonovich models are readily obtained by means of standard
transformations.

An immediate practical benefit of the structured form of the necessary
conditions is the means for constructing numerical algorithms which differ
fundamentally from gradient search techniques. One such iterative
algorithm, proposed in Refs. 30-32, exploits the characterization of the
oblique projection as the sum of rank-1 eigenprojections of the product of
the rank-deficient pseudogramians satisfying the modified Lyapunov
equations. As discussed in Ref. 32, the necessary conditions fail to specify
which eigenprojections comprise the oblique projection; indeed, each choice
may correspond to a local extremal. In practice, judicious choice of the

eigenprojections can eliminate extremals with high cost and hence efficiently
identify the global minimum. These issues are a result of the reduced-order
constraint only; the stochastic effects alone do not appear to introduce
extremal multiplicity.
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The scope of the present paper involves f;ieri\.'ing the optimal ‘.prcg::c.njcéz
equations for reduced-order modelling, estimation, and contrcdo eﬁ:em
in Refs. 32,33,and 12to include state, control, and measurement epdimm5
noise. The main results, Theoremsi.lZ.l—Z.SE1 $resentdttl;;axneec::jzfiaoriscz)mnodiﬁed

imality as systems of two, three, and four mz . odifl
i;;)irc'::)zl:tti and l{yap:nov equations), coupled‘ t_:y bo_th th_e optlmall_tprc;_lzcn:)eri
and stochastic effects. The necessary cond.mons in this ‘gcnera 1ly . 1;”8
sented here for the first time. The Syfr}arr;;c co?gjnff;;;né?:u[; ioilfains
ical results obtained in Refs. an ; nta
::Z grg?ff Theorem 2.3; the proofs of 'ltheo.rems. 2.1 and 2512 ;ge ;1:(1111;1;
and hence are omitted. Although the derivations in Rcfs‘hS 5 ;m an
utilizing Lagrange multipliers could have been adapted to tde prcSWhiCh ;;
we have devised a new proof based upon Kronecker products,

thought to be more direct.

2. Problem Statement and Main Results

The following notation and definitions will be used throughout the

paper.
[ = expected value;
R = real numbers;
R**P = a x B real matrices;
Ru’ - Raxl; ’
I, = a X « identity matrix;
Z;, = ith element of vector ?;
Zin= (i, j) element of matrix Z;_
7T =transpose of vector of matrix Z;
Z7T=(Z")  er (27
p(Z) =rank of matrix Z;
tr Z =trace of square matrix Z;
7l = (tr ZZT)"?, Frobenius norm; . : .
lliiai(a( a,) = a % a diagonal matrix with listed diagonal elements;
far s vgma 0 ‘
E. = matrix with unity in the (i, i) position and zeros elsewhere;
H.(Iy) - "I!E,'q}_] s
i e . B yeR"® (Kronecker prod
. : s ron .
X®Y= : XeR¥H Ye
XanY - Xap Y.
' d 36);
= l;;:g’1’%5‘;};@f,s)+ L®Y, X eR"", YeR"*? (Kronecker sum);
Z* = group generalized inverse (Ref. 37);
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row;(Z) = ith row of matrix Z,
col;(Z) = ith column of matrix Z;

col,(Z)
vece(Z) = eR*?. ZeR™E;
colg(Z)
Zayt Ziap-a+n)
vecap(Z)=| : eR*™E Z cR*P;
Zay " Ziap)

stable matrix = matrix with eigenvalues in open left half plane;

nonnegative-definite matrix =symmetric matrix with nonnegative
eigenvalues, Z =0,

positive-definite matrix = symmetric matrix with positive eigenvalues,
Z>0;

semisimple eigenvalue = eigenvalue with equal algebraic and geometric
multiplicity;

simple eigenvalue = eigenvalue with unity algebraic multiplicity;

group-invertible matrix = matrix Z satisfying p(Z) = p(Z?), i.e., matrix
which is either invertible or whose zero eigenvalue is semisimple (Ref. 37);

semisimple matrix = matrix with semisimple eigenvalues, i.e., nondefec-
tive matrix;

real-semisimple matrix = semisimple matrix with real eigenvalues;

nonnegative-semisimple matrix = semisimple matrix with nonnegative
eigenvalues;

positive-semisimple matrix =semisimple matrix with positive eigen-
values;

simple matrix = matrix with distinct (i.e., simple) eigenvalues;

r = generic subscript denoting m, e, or c;

n,m, I, n, n,.,n.,k, p, q=positive integers, n,=n,n.=n,n.=n, =g,
m=gqj

n,=n+n,;

X, X, Xey X. =1, N, N, n-dimensional vectors;

u, y, y. = m, I, k-dimensional vectors;

A, A,,...,A,=nXn matrices;

B, B,,..., B,=nxm matrices,

G C,..., C,=1xn matrices;

A., B,, C,,=n,,xn,, n,xm, |xn, matrices;

A,, B, C,=n,%n,, n,xI, kxn, matrices;

A, B., C.=n,xn,., n.x1I, mxn, matrices;

R, N, R, =1x1, kxk, mxm positive-definite matrices;
R, = nx n nonnegative-definite matrix;

R,;=nxm matrix, R,—R,R;'RL,=0;
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s _[ R Rlz] e
= =0;
K [RE R,

L = k X n matrix;
Vigy =3 Upis Wity e v e

t=0;

T
W;=(W,,...,W,); : e
G. G.,le=m>:q, n x g, [ X g matrices, p(G)=m, p(G) =1,

V,.2G,GI=0, Vu2GGi, V.2 G,G; >0,
VAGG" >0
e G ~ 5 oz AT Vi Vi :
& 266 =[ ]zo,
@ [Gz], Y Vi V2

0
” B = 4 Iﬂ 0 "é[}rn ]’
B“‘g[ ] Be‘[o Bf]’ Pl B

-~ P .- -~
A =ABA+Y AQA,

i=1

For the following definitions, let Q, P, Q, PeR™™:

P A
R,2R,+ Y, B{(P+P)B,

i=1
a L4 A i »
V,2V,+ Y G(R+Q)Ci,
i=1
P A
28 QCT+Vy+ Y A(Q+QCI,
i=1

P -
@2 BTP+RL+ Y B/ (P+P)A,
i=1

i=

391

wq,=standard, independent Wiener processes,
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Ao2A-2V;'C, A,2A-BR;'®,

Using the above notation, we can state the reduced- order modelling, estima-
tion, and control problems.

Reduced-Order Modelling Problem. Given the nth-order model

r
dx, = Ax, di+ Y Ax, dv, + G, dw,, (1)
fe=]
Y= Cx,, (2)
where t € [0, ), determine an n,th-order model
AXppe = ApX dt + B, G dw,, (3)
Y = menrh (4)
which minimizes the model-reduction criterion
Jnl(Ams Bms Cm) éﬁm Sup E{(yl _ymr)TR(y! _"yrm)]- (5)
[ 1 +]
Reduced-Order State Estimation Problem. Given the nth-order
observed system
dx, = Ax, dt + Z Ax, dv, + BG dw,, (6)
fe=]
P
dy,=Cx,dt+ ¥ Cpx, dv, + G, dw,, (7)
i=1
where €0, c0), design an n.th-order state estimator
dxef oo Aexer dt+ B, dy,, (8)
Yer =:Coxar, 9)
which minimizes the state estimation criterion
‘Ie(Ar, B€9 Ce) £ lim sup E[(Lx.' _J"e.-)TN([x: _ye:)]' (10)
=0

Reduced-Order Dynamic Compensation Problem. Given the nth-order
observed and controlled system

dx, = Ax, dt + Z Ax, dv, + Bu, dt + Z Bu, dv, + G, dw,,

£ i=1

(11)

P
dy, = Cx, dt+ E Cl.x'_ dvir+ Gz dw,, (]2]
i=1
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where t€[0, c0), design an n.th-order dynamic compensator
] L l3]
dx., = A.x., dt+ B.dy,, (
) (14)
ul - er.'l'!
which minimizes the dynamic compensation criterion
J.(A,, B., C.)21lim sup E[x] R,x, +2x] Ry,u, +u/ Rou,). (15)

1=

Clearly, J,,, J., and J. are nonnegative, extended, real-valued func-

tionals defined on appropriate Euclidean spaces. Explicit express:onsqf(;é
these functionals are now given. Henceforth, we assume that E[| %]’
and that X,o and v,,, ..., U,, W, are uncorrelated, r=0.

Proposition 2.1. The nonnegative-definite covariance

~ =T

Qu(1) £E[%%7],
is given by

Qr(l}“‘d‘ Qr(l}+or

t=0,

1=0,

||'M-=

(16)
or explicitly by

Q,(1) =vec;;1”,;r,(exp(ﬁ,r)vec 3,(0) +L exp(&,0) do vec V,). :

(17)
The cost criteria J,,, J., J. are given by
9,(1)R 8
J.(A,, B, C.)=limsuptr Q,(1)R,, (18)
or equivalently by _
J.(A,, B,, C,) =lim sup(vec R',)T(exp(&f,r) vec Q,(0)
+J exp(,0) do vec 17,). (19)
1]

roof, see Appendix A.

’EEL ttllllfltincf::ss and snrzgothncss of s Je, and J. clearly dependd up;og
the interrelationships among Q (0), &4,, R,, and V.. To avoid a ctla;ilt Zf
analysis and to guarantee that J,,, J,, and J, are finite and indepen o
initial data, we restrict our consideration to second-morflent stable or s_eC(l:rrlt
moment stabilizing design triples. Furthermore, to avoid degeneracy in later
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developments (and without loss of generality), only minimal (i.e., control-
lable and observable realizations are admitted. Hence, for the modelling
estimation, and control problems, define the open sets

¥, ={(A,, B, C,): d, is stable and (A,, B,, C,) is minimal}.
In the following result, we abuse notation slightly and let
Q, =1im Q,(1).
Proposition2.2. Suppose that &, is nonempty. If (A,, B,, C,) € &,, then
Q. 21im §,(1)
=0
exists and is given by the unique, nonnegative-definite solution to
e ot P oo oo g %
0=A4,Q+QA/+Y AQAT+V, (20)
i=]

or explicitly by

0, =vecg! . (-7 " vec V,). (21)
Hence,

J.(A,B,C)=tr §,R, (22)
or equivalently

J(A, B, C)=—(vec R,) sl vec V.. (23)

For the proof, see Appendix A.
As a side note, we examine the evolution of the mean value of %,.

Proposition 2.3. The mean

m(t)&E5,,  t=0, (24)
satisfies

m(t)=Am(t), 1=0. (25)
Furthermore, if (A,, B,, C,)e¥,, then A, is stable and thus

!Lrg m(t)=0. (26)

For the proof, see Appendix A.

Of course, it is useful to know when the sets &,,, %,, and &. are
nonempty. Although for the closed-loop control problem th’e questi;n is
complex because of stabilizability concerns, the modelling and estimation
problems permit considerable simplification,
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Proposition 2.4. &, (alternatively, &,) is nonempty if and only if &/
is stable. In this case, &,, and &, are given by

Fm ={(A,, Bm, C,): A, is stable and (A,,, B,,, C,,) is minimal},
. ={(A., B,, C,): A, is stable and (A,, B,, C,) is minimal}.
For the proof, see Appendix B.
The following observation concerns the smoothness of the cost func-
tionals.

Proposition 2.5. The functionals J, are infinitely Fréchet differentiable
on &,.

Proof. From Lemma 3.7.2, p. 203 of ref. 38, it follows that the map
W - W defined on the set of invertible matrices is C™. The result follows

from the chain rule and (23). O

It is now possible to proceed with the principal aim of the paper, which
is to characterize solutions of the reduced-order modelling, estimation, and
control problems by means of a first-order variational analysis. To this end,
one additional assumption is required. In order to obtain closed-form
expressions for extremal values of the closed-loop control gains, the dynamic
compensation problem requires the technical assumption

[Bi#0=>C=0], i=1,...,p, (27)
or equivalently,
[C#0=>B,=0], i=1,...,p (28)

i.e,, foreachie{l,...,p}, B; and C; are not both nonzero. Essentially, (27)
expresses the condition that the control dependent and measurement depen-
dent noises are independent. There are no constraints, however, on correla-

tions with the state dependent noise. :
In order to state the main results, we require some additional notation

and a lemma concerning a pair of nonnegative-definite matrices. For a real,
semisimple matrix X € R"™", define the set of diagonalizing matrices

D(X)2{VeR"": ¥ ' XV is diagonal},
and, for a pair of nonnegative-definite matrices X, Y e R"*", define the set
of contragradiently diagonalizing matrices

E(X,Y)2{VeR™™: ¥'X¥ " and V'YV are diagonal}
and the subset of balancing transformations

B(X,Y)2{VedX YV): ' XU T=¢Tyy}




396 JOTA: VOL. 58, NO. 3, SEPTEMBER 1988

The following result unifies and extends similar results found in Refs. 32
33, and 12. '

Lemma 2.1. Suppose that Q, PeR™" are nonnegative definite and
p(QP) = n,. Then, the following statements hold:
(i) 2% P)ca(QP);
(i) QP is nonnegative semisimple;
(iii) the nxn matrix

r& QP(QP)” (29)
is idempotent, i.e., 7 is an oblique projection;

(iv) there exists Ve 6(Q, P), with (\P"'éﬁ‘l")[,-,-,;éo, i=1,...,n
such that 7 is given by . n

=Y IL(¥);
E] (V) (30)

EVJ if p(Q)=p(P)=n,, then B(Q, P)#;

vi) if p(Q)=p(P)=n,, then there exists e B(Q, P), with
(‘P"'Ql}?KP)E,-_,-,;-EQ, i=1,...,n, such that 7 is given by (30); e

(vii) if p(Q)=p(P)=n,, then

Q=7Q=0r"=10r", 31)
P=1"P=Pr=1"Pr, (32)

0 (viii)  there exist G, 'e R"*" and positive-semisimple M € R"*" such
at

QP =G™MT, (33)
IG'=1,; (34)

(ix) if G, TeR™" and M e R™"" satisfy
QP =G™MT, (35)
I'G™=1,, (36)

then there exists invertible S e R"*" such that
G=5"7"G, T=sIr, M=SMS

(x) if G, TeR™™" and M eR"*" satisfy (33 d M i
. b g & 2 4
invertible, (QP)*=G"M'T, and b nd snas e

7=G'T. (37)
For the proof, see Appendix C.
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For convenience, we shall call G,TeR"", and M e R"™"™ satisfying
(33) and (34) a projective factorization of QP. Furthermore, define the
complementary oblique projection

TJ..é-"In_T: {38)
and let Ji(A,, B,, C,) denote the Fréchet derivative of J, evaluated at
(Ar’ Bn Cr)'

It is now possible to state the main results, which provide a parametriz-
ation of triples (A,, B,, C,)€ &, for which the first Fréchet derivative of J,

vanishes.
Theorem 2.1. Assume that & is stable. Then, for (A,,, B., Cn) € L
Ji (A, By C0) =0 (39)

if and only if there exist nXn nonnegative-definite matrices O and P such
that, for some projective factorization G, M, I of QP, Ay, By, and C,, are

given by

A,=TAG’, (40)
B, =TB, (41)
C. =G, (42)

and are such that, with
r2 Q0P(0P)*=G'T and 7,%1I,-7,

the following conditions are satisfied:

0=A0+QAT+BVB" —7,BVB'], (43)
0=ATP+PA+C"RC-+IC'RCr,, (44)
p(Q)=p(P)=p(QP)=n,. (45)

Furthermore, if (A, Bm, Cn) € %o satisfies (39), then the extremal cost is
given by
Jn(Anms By Co) =til (W, = Q) C"RC] = tr[(Wo—~ P)BVB"]

A A P
=2t[(OP - W,W,)A]-2 ¥ tr W.A] W,A,, (46)
i=1
where W,, WyeR"™" are the unique, nonnegative-definite solutions to

P T
0=AW.+ W.AT+ Y AW.A]+BVB', (47)
i=1

i

P
0=ATW,+ WoA+ ¥ AT WoA,+C'RC. (48)
i=1
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Theorem 2.2. Assume that & is stable. Then, for (A,, B,, C.)e &,
Je(A., B, C)=0 (49)

if and only if there exist n X n nonnegative-definite matrlces Q, Q, and P
such that, for some projective factorization G, M, I of QP A, B.;and C;
are given by

A, =T(A-2V;'C)GT, (50)
B.=Tav;", (51)
C.=LG, (52)

and are such that, with
2 QP(QP)*=G™T and r,21,-7,

the following conditions are satisfied:

0=AQ+QAT+V,+ i A(Q+Q)AT
i=1

+2V;'2T+7,9V;'977, (53)
0=A0+0AT+2V;'9T —7,9V;'2 777, (54)
0=ASP+PA,+L"NL-+TL"NLr,, (55)
p(Q)=p(P)=p(QP)=n,. (56)

Furthermore, if (A,, B,, C,) € &, satisfies (49), then the extremal cost is
given by

Je(A., B, C.)=tr QL'NL. (57)
Theoi‘ém 2.3. Assume that (27) holds and ¥. is nonempty. Then, for

(AC‘! B"S CC) e y("
J(A,, B., C)=0 (58)

lf and only if there exist n X n nonnegative-definite matnces Q, P, Q, and
P such that, for some projective factorization G, M, I' of QP A, B., and
C. are given by

A.=T(A-BR;'®?-9V;'C)G”, (59)
B.=TavV;', (60)
C.=-R;'?G7, (61)

and are such that, with

T4 0P(0P)*=G'T and r,21,-1
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the following conditions are satisfied:
0=AQ+QAT+V,
p A A A_
+ Z [AiQAiT"'(A:_BiRz_lgo)Q(Ai"BiRzl@)T]

—9V;'9T+7,9V5'27r], (62)
0=ATP+PA+R,

+ 3 [ATPA+(A—-2V;5'C)TB(A,-27;'C)]

i=1

—PTR;'P+1IPTR;'Pr,, (63)
0=A,0+0AT+2V;'27—7,2V;'277], (64)
0=ALP+PA+PTR;'P—[PTR;'Pr., (65)
p(Q)=p(P)=p(QP)=n.. (66)

Furthermore, if (A,, B., C,.) € ¥ satisfies (58), then the extremal cost is given
by

J.(A,, B, C.)

—tr [(Q+Q)R, ~2R,.R5'PQ+ PR ' RR;'PQ). (67)

3. Appendix A: Proof of Propositions 2.1, 2.2, and 2.3

To prove Proposition 2.1, note that (1)-(4), (6)-(9), and (11)-(14) can
be written as

dx.;= A JX,dt+ Z A%, dv, + G, dw,. (68)

i=

_From Theorem 8.5.5, p. 142 of Ref. 17 (or from the Ito differential rule),

it follows that the nonnegative-definite covariance 0,(1) is given by (16).
Furthermore, (5), (10), and (15) are equivalent to (18). Rewriting Q,(r) in
the form (see Refs. 35 and 36)

vec é,(r) = .9?, vec é,(r)+vec ‘f’, (69)
leads to (19). O

To prove Proposition 2.2, note that the stability of &, implies, by (69),
that

Q,21im Q,(1)

[—+o
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exists and is given by (21), which satisfies (20). Clearly, Q,ZO, since
Q,(1)=0, t =0. Now, (22) and (23) follow from (18) and (19). O

To prove Proposition 2.3, note that the differential equation for m(t)
is an immediate consequence of (68). To show that A, is stable, we proceed
as in Lemma 2.2 of Ref. 4. Repeating the steps leading to (22), with v,
replaced by I;, it follows (see Ref. 4) that (A, I;) is stabilizable. Hence,

j exp(A,0) exp(Al o) do
0

is bounded as t- 00, which implies that A', is stable. O

4. Appendix B: Proof of Proposition 2.4

We require some elementary properties of the Kronecker product (Refs.
35 and 36) applied to partitioned matrices. For X e R**' and Y eR™
partitioned by

I 5 qi q2
D% _ 5 [X. XIZ] P [Y1 le]
== ) P )

s; 1Xo X P2 LY> Y,

it follows that

S [ &Y X12®Y]
[ X ®Y X,®Y
= _Unxp 0 :| [Y®X1 Y®X12] I:qu’l 0 ]
0 Us;xp Y®XZI Y®X2 0 qu.'z
it ]
0 Us,xp
[ V,®X, Yn®X, Y,®X, Y,n®X:
X Y2I®Xi Y2®Xl Y2|®X12 Y2®X|2
Vi®Xy Yu®X; Yi0X, Yu®X,
V210X, Y.80X, Y,®0X, Y,®X,
G (U, 0 ]
| 0 Ugsipd”

where U,; is the permutation matrix defined in Refs. 35 and 36. Since
U= U,-_x’j (i.e., Uy, is involutory), the stability of (square) X®Y is
equivalent to the stability of the above block 4 x 4 matrix. Hence, note that

., =block-diagonal(sf, A A,,, A, ®A, A, DA,).
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If (Ay, B, Con) is such that o, is stable, then clearly o is also stable and,
by the elementary properties oftlle Kroneckersum, A, is stablf,. (?onver§ely,
if o and A,, are stable, then &/, is stable. The result for &, is obtained
analogously noting only that o, is lower block triangular. O

5. Appendix C: Proof of Lemma 2.1

(i) From Theorem 6.2.5, p. 123 of Ref. 39, it follows that there ‘exists
an n X n invertible matrix ¥ such that the nonnegative-definite matrices

De2w'QUT and Dp2 WPV
are both diagonal. Hence, €(0, P)# @. Since DgDp=¥"'QPY is also
diagonal, 6(Q, P) AC@(QP). . ‘ .
(ii) Since QP =¥AY™', where A& DgDjp is nonnegative diagonal,
éf’ is nonnegative §emisimple‘ _ .
(iii) Since QP is semisimple, it is group invertible. By properties of

the group inverse (Ref. 37, p. 124), = :
(iv) Note that, by means of a basis rearrangement, it can be assumed

that ¥ in (i) is such that

K= A s oyl Bnoss ),
where

A2 (DeDs)ipn#0, i=1,...,n.
Hence, since

R T 17, g U i | R 1)

we have

7= OP(OP) =WAN* Y ' = ¥ YEV ™.

(v) Since
p(Q)=p(P)=p(QP),

it follows that



402 JOTA: VOL. 58, NO. 3, SEPTEMBER 1988

(Dé)li.i};éos (Dﬁ)(r‘,n?éo, 1= Ly

Hence, let Ag and Ap denote the upper left positive-diagonal blocks of Dg
and Dj, respectively, and define

5 (A6AE)* 0 ]
T Ay .

[ 0 R
It now follows that

(70)

1/2
@"'Q@*T:@Tﬁﬁrﬂ:[“é“) 0],

0 0
as desired.

(vi)  This is an immediate consequence of (70).
(vii) This is an immediate consequence of (70) and (30).
(viii) With ¥ as in (iv) and

Ao 2 diag(r,,..., 7o)

nxn
b

it follows that, for arbitrary invertible SeR
AD S -1 -1 -1
QP =V¥ 0 (ST AS)S o,

thus, (33) and (34) hold with
G=[ST 0], M=S""A,S, T=[S! o]
(ix) The result follows from
S=MT'TG™M™, withS'=MI'G™™M™".
(x) The result is a consequence of (viii) and (ix). O

6. Appendix D: Proof of Theorem 2.3

First note that, by arguments similar to those used in Appendix A, the
dual of (22), given by

i D Ty v P saroccsl saty e
0=ATB+PA,+Y ATPA,+R,, (71)
i=1
has a unique, nonnegative-definite solution given explicitly by
P = vec('ﬁ'rj'}(—ﬁ:’" vec R,). (72)
Define the partitionings

n n, n n,

= n|Q Qp = n|P P,
' L] P(= ]
% n, [QT: Qz] nr[PB Pz]
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where, for notational convenience, we suppress the subscript r. Also, define
the notation

3= [z. le]
ZEI ZZ '

Z,2 P,Q,+P,Q0, Z,2 PQit PinQs,
Z, A PL,Q+ PO, Z,4 Pl,q1,+ P,Q:,
and let

where

(4., 85, 8c,) ER™ ™ X R™™ X R™*",
We now specialize to the control problem.
Lemma 6.1. Under the assumptions of Theorem 2.3,
Ji(Ac, B, Cc)(8a,, 85, 8¢,)
=21r[Z]84]

" P
+2 tr[( V,BIP,+CZj,+ [ Vit Y C,-QIA.-T] P;;) 53‘,]
i=1

A p -
+2tr[(QzCIR2+Zl’;B+QTz[Ru+ 3 AEPIB,-])SQ.]. (73)
i=1

Proof. From Lemma 3.7.2, p. 203 of Ref. 38, it follows that the Fréchet
derivative of the map W- W™ is given by
Sw>—Wls, Wl
Also, recall from Refs. 35 and 36 the identities
(vec X) vec Y=tr XY,
(X®Y)vec Z=vec YZX . _
Hence, using (23) and noting that '@"c and R, are independent of A., we
compute ,
[0J.(Ac, Be, C)/3A )84,

= (vec ﬁc)rﬁc_‘((g—fc) 6,”) A vec V.
i i 0 0 0 0 ~_ ~
=T T A vec V.,
e ) ([0 aA,]@[o aA,D( )

B 0 ,.
= (vec Pf)T([g 30 ]@1,;‘_”,;‘_@[3 " ]) vec Q.

~ |0 0
=2trQrPc|:0 8,,(]

— 2 tr Z;SA!_.
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Furthermore, noting that
vec V.=vec B.VBI = (B.® B.) vec V,
we obtain

[ajc(Acv B(‘! C()/ch]ab“.
= (vec ﬁc)r((%) 65-‘_) vec Q.

B,
—(vec ﬁ,)r((%) 63‘_) vec V

& 0 0 0 0
= P)T
et )([ag‘c 0]®[ag,c 0]

i3 i ‘j"ri'®|i 0 0] + [ 0 0:| ®1‘{(,) vec (jc

i=1 85C; 0 65C 0
. (= [0 O 0 0] - .
~cec (B0 1 |+[g o |os)
( ) @l 6.1 L0 8, ®B. ‘_’ecy
wif B B i g O B
=2tr CPC[ ]+2t I [ ]
Qe[ 5 ¢ o] T2t 2 QA B -1

o ?ﬁ{ﬁc[o 0 ]
0 8

P
=2tr CZ58p,+2tr ¥, (CIQAT P+ CQ,CT)

+2tr(V,Pyo+ VoBI P,) 85

A P
=2 u( V,BP,CZ;, + [ Vit X C,-QIA,.T] p,z) A

im]
A similar computation for (8J.(A., B., C.)/3C.)éc, yields (73). O

We can now proceed with the proof of Theorem 2.3. Obviously, (58)
is equivalent to

0=2,, (74)

A " p
OZP;’.BL-V2+22:CT+P:2(V12+ Z A:‘Qlcfr), (?5)
i=1

- P
0=R2CcOz+BTZ.z+(RE+Z B.-TPIA.) Q2. (76)
i=1

i
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Expanding the nxn, n Xn,, and n, x n, blocks of (20) and (71) yields
0=AQ,+ QlAT +V,+ BCcQth + Ou(BCc)T
P

+ Z [AinAIT-'-BiCrQT2A3—+AiQIZ(Bi'C£)T+BJCCQZ(BJ‘CC)T]!
1

i=

(17)
0= AQ|:+ QIIA3—+ BCcQ: g QI(BCC)T
+ T AQ(B.C)T+V,,BT, (78)
i=]
0=A.Q:+ QAT+ B.CQ,»+ QL(B.C)" + B.V,B!, (79)

0=ATP,+ P,A+R,+(B.C)"P,+ P;B.C

+ % [ATP,A+(B.C)TPLA+ AT P,B.C,+(B.C)"P,BC,, (80)

i==s]
0=ATP,+ P,A.+(B.C)"P,+ P,BC,
P

+ Y ATP,BC.+R,,C,, (81)
=1

0=ATP,+ P,A.+(BC.)"P,,+ PL,BC.+ CIR,C.. (82)

Obviously, V,>0 and R,>0 imply V,> 0 and ﬁ2>0. Next, note that,
since (A., B.) is controllable and V,>0, it follows that (A.+
B.CQ,,Q%, B.VY?) is controllable. Using Q,> = Q1,Q% Q (Refs. 39 and 40),
(79) can be rewritten as

0=(A. +B.CQ1Q%)Q:+ Qu(A. + B.CQ,,QF) "+ BV,Bl.  (83)

Now, using Lemma 12.2 of Ref. 41, it follows from (83) that Q; is positive

definite. Similarly, P; is positive definite.
Since R,, V,, Q,, and P, are invertible, (74)-(76) can be written as

-P;'PL,Q,,Q:'=1,, ' (84)
P A
BC=-"P;'[Z;HCT+P[‘;(V12+Z A,—QIC,-T)] Vi, (85)
i=1
A P ’
Crz-R;’[BTZ,2+(RE+ 5 B,—’P,A.) le] =Y, (86)
i=1
Now, define new variables
QéOF‘leQz—IQIb pépl_plzpz—‘p?;, (87}
04 Q,,0;'Q%, pap,p;'Pl, (88)

which are n x n nonnegative-definite matrices. Note that, because of (84),
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(33) and (34) hold with

G4Q;'Ql, M4AQP, T2-P;'P, (89)

where M is positive semisimple, since

Q:P,= QY (Qy*P,QY*)Q; "2
It is helpful to note the identities

0=Q.G=G"Q,=G"Q,G,

P=-P,L=-T"PL=T"P, (90)
GT=G’, Fr=1, (91)
é = Té, }3 = }31', (92)
QP =-Qu.P. (93)

Using (34) and Sylvester’s inequality, it follows that

p(G)=p()=p(Q2) =p(Pi)) =n,,
which in turn imply (66).
The components of Qr and P can be written in terms of Q, P, Q P
G,and I as

=Q+Q, P=P+P (94)
Q=0r",  P,=-FG", (95)
Q,=I'dr’, P,=GPG". (96)

The gain expressions (60) and (61) can now be seen to be equivalent to
(85) and (86). Substituting (94)-(96) into (77)-(82) yields

0=AQ+QA"+V,

+3 [AQAT+(A - BR;'®)O(A - BR;'P)T]
i=1

+ApQ+0A], (97)
0=[A,0+0T"AG+CTV;'2T)+aV;'2"1I7, (98)
0=T[(G"AT+2V;'C)0+Q(G"AT+aV;'C)T

+av;'a™r7, (99)

P
0=A"P+PA+R,+ Y [ATPA,+(A,-2V;'C)"
i=1

x P(A,-2V3;'C)1+ALP+ PA,, (100)
0=[ALP+P(G"AT+BR;'?)+2?"R;'?1G", (101)
0= G[(G"A.T+BR;'®?)"P+P(G"AT+BR;'?)+P"R;'P]G".

(102)
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The remaining calculations proceed as follows. Computing either (99)-
I'(98) or (102)-G(101) yields (59). Inserting this expression for A into
(98) (99), (101) and (102) and computmg the equivalent equations
G7(98)", GT (99)6 (101)T, and T'7(102)T, it follows that G'(99)G =
GT(98)7r" and I'T(102)I = 7(101)I". Hence, (99) and (102) are superfluous.
Furthermore, G7(98)" and (101)I are equivalent respectively to

0=r[A0+0AF+2V;'27], (103)
0=[ALP+PA,+2P"R;'P]x. (104)

Finally, to obtain (62)-(65) note that
(64) = (103)+(103) " = (103)7",
(62) = (97) - (64),
(65) = (104) + (104)T — 77 (104),
(63) = (100) — (65). 0
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