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This paper applies retrospective cost adaptive control (RCAC) to spacecraft attitude control with a rotation-matrix
attitude parameterization using constant-speed single-gimbal control moment gyroscopes. Unlike control laws that
use torque-steering laws to synthesize torque requests while avoiding gimbal singularities, the adaptive control law
requests the rate of each gimbal. Because no torque request is provided, there is no need to invert the mapping from
the gimbal rates to the control torque, and thus no attempt is made to avoid gimbal singularities. The RCAC
implementation is based on a target model involving a single Markov parameter corresponding to the initial gimbal
configuration. The parameters and weights for RCAC are based on nominal-model tuning, which uses no explicit
knowledge of the nonlinear equations of motion. This paper investigates the robustness of RCAC to off-nominal
conditions of commands, noise, and unknown bus inertia; and it examines the performance of RCAC in the case where
an approximately singular gimbal configuration occurs during attitude command, following as well as the case of an
initial gimbal-lock singularity. The performance of the adaptive controller in the presence of sensor/actuator
misalignment is also investigated.

Nomenclature k = discrete-time step
A = attitude parameter matrix diag(a;, a,, az) ;‘w f g}mal Waltlnf‘é period
ap, a,as = attitude parameters lZ _ d?“‘e“S?o“ ° ; ¢
Bemg, B, B, = control input matrices l” _ d}mens;on ° fg
c = center of mass of the spacecraft © B 1mens%({)r\1] 0
I = center of mass of the ith wheel n; _ massbo fit he eimbal
e = rotation eigenaxis for the rotated bus inertia n = Dumber ot the gimbals
- ne = controller order
m}flitl’lﬁ J B.rotf 323 identi ) Og/q, = direction cosine matrix obtained by resolving
e; = ith column of the 3 X 3 identity matrix /5 Rg,/p in Fg
e’ = misalignment eigenaxis from Fg to Fp/ Og'/8 = direction cosine matrix obtained by resolving
Fg = bus-fixed frame Ry in Fy
/B B
Fp/ = sensor-fixed frame Og /g, = direction cosine matrix obtained by resolving
Fc = frame representing the attitude command for Fp R/ in Fy:
5 I /B B
Fg, = frame fixed to gimbal G; O, = Ogg
F = inertial frame Oy = B//G
Fy, = frame fixed to wheel W; Py = controller coefficient matrix
G; = ith gimbal Qi = controller coefficient matrix
G:(q) = finite impulse response filter used by q = forward shift operator
retrospective cost adaptive control R = direction cosine matrix obtained by resolving
_ . L ) >
H matrix that models the initial gimbal configu K in P
ration used in Gy R = direction cosine matrix obtained by resolvin
I = 3 x 3 identity matrix c/ = % . y &
S . c/1 e
J = inertia telnS(zlr. J lgc Jc of the spacecraft relative R, = control weighting matrix 7,1,
to ¢ resolved in Fy R - e iohti x .l
; . = . = performance weighting matrix #,/;
Jy = inertia tensor J gy of the bus relative to ¢ Ro = regularization weighting matrix 7¢/,,
resolved in Fy R = attitude-error rotation matrix between R and
JB rot = rotated bus inertig matrix R,
: fotats . ~ </ .
Ji = inertia tensor Jy, ., of W; relative to c; Ryp = rotation tensor that rotates Fy/ into Fg
.resol.ved m F‘L ; i ved i B/ = rotation tensor that rotates F; into Fy
Jic - Fnelgtla tensor J ,/ of W; relative to c resolve Rep = rotation tensor that rotates F; into F
A A n g = . .
J(©) = retrospective cost function _R> Gi/B = rotation tensor that rotates Fg into Fg,
R,/ = rotation tensor that rotates Fg/ into Fg,
T = position of c; relative to ¢ resolved in Fg _
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a; = moment of inertia of W; around the spin axis
lW,,

p = pyramidal face angle R R

Pi = moment of inertia of W; around jw, and ky,

(Ch = controller coefficient vector

(C] = retrospectively optimized controller coefficient
vector

0 = rotation eigenangle for the rotated bus inertia
matrix Jpg ;o

0, = rotation angle of G;

0’ = misalignment eigenangle from Fy to Fy/.

v; = spinrate of the frame Fy, relative to Fg, around
lW,-

éc = commanded eigenaxis resolved in F;

TCMG = torque applied to the spacecraft by the control
moment gyroscopes

Tdist = torque applied to the spacecraft by the
disturbances

G, = torque applied to the spacecraft by G;

o, = regressor matrix

¢c = commanded eigenangle

Peig = rotation angle around the eigenaxis that rotates
Rg1(t) to Re(1)

b = bound on ¢,

wp = angular velocity of Fy relative to Fj resolved in
Fp

wc = angular velocity of F¢ relative to F; resolved in
Fe

g = angular velocity of Fy relative to Fc resolved in

- Fy

g1 = angular velocity of Fy relative to F;

e/ = angular velocity of F¢ relative to F;

I. Introduction

CONTROL moment gyroscope (CMG) consists of a spinning
wheel mounted on one or two gimbals; the wheel may
spin at either a constant or variable rate. The gimbal or gimbals
rotate the wheel’s spin axis relative to the spacecraft bus, thereby
applying a reaction torque to the spacecraft. The high torque levels and
accuracy provided by CMGs make them well suited for attitude control
of large space stations, orbiting telescopes, and agile spacecraft [1-3].
CMGs are typically operated using torque-steering laws [2—0]. In
Fig. 1,¥ the controller requests the torque Treq» and the torque-steering
law synthesizes the requested gimbal-rate control input u, resulting in
the actuation torque zcyg applied to the spacecraft. When the control
input matrix Bcyg becomes rank deficient, the torque 7cyg along
one direction cannot be generated, and thus all possible torque
vectors are coplanar [4], which indicates a singular gimbal
configuration. In Ref. [7], geometric methods are used to determine
the CMG singular surfaces. If a CMG singularity can be reconfigured
by null motion (Bcyg(f)u(r) =0) into a nonsingular gimbal
configuration, it is called hyperbolic or passable; otherwise, it is
called elliptic or impassable [8].

Singularities are inherent in every array of constant-speed CMGs [35].
At the expense of greater hardware complexity, gimbal singularities do
not arise with variable-speed CMGs [9,10]. Alternatively, Refs. [11,12]
considered CMGs under rotor offset to avoid singularities. Singularities
can be mitigated using singularity-avoidance torque-steering laws [13—
23]. In particular, rapid escape from impassable internal singularities
was discussed in Refs. [18,19,24].

Torque-steering laws based on adaptive control algorithms have
been applied to both constant-speed and variable-speed CMGs. In
particular, adaptive control of constant-speed single-gimbal CMGs
was considered in Refs. [25-27]; adaptive control of double-gimbal
CMGs was considered in Ref. [28]; and adaptive control of variable-
speed CMGs was considered in Refs. [29,30].

$Note that e, = attitude error and r,, = attitude command in Figs. 1 and 2
only.

In contrast to CMG-driven attitude control laws based on torque-
steering laws, the present paper focuses on direct gimbal-rate-requested
adaptive control of single-gimbal constant-speed CMGs without a
torque-steering law. In Fig. 2, the controller directly requests the gimbal
rates u without a torque-steering law, and thus without specifying a
requested torque. The gimbal motors implement the requested gimbal
rates u that, as a result of the CMG dynamics, produce the actuation
torque 7oy applied to the spacecraft. Because no torque request is
specified, there is no need to invert the mapping from the gimbal rates to
the control torque, and thus no attempt is made to avoid gimbal
singularities. The direct gimbal-rate approach was used in Refs. [31-
33]. In particular, the approach of Ref. [31] was confined to open-loop
control, Ref. [32] linearized the nonlinear system and applies an
optimal control law, and Ref. [33] applied sliding mode control.

Nevertheless, approximate gimbal singularities can occur using
the direct gimbal-rate approach. In these cases, the impact of
singularities encountered during a maneuver is limited due to the fact
that the control input matrix By is time dependent, and thus rank-
deficient conditions tend to hold at only isolated points. This property
thus facilitates a simplified approach to the use of constant-speed
CMGs for spacecraft attitude control.

The adaptive control law adopted in the present paper is
retrospective cost adaptive control (RCAC). RCAC was developed
for linear systems in Refs. [34-36]. As shown in the present paper,
RCAC requires extremely limited modeling information for a
spacecraft with CMG actuation, namely, geometric information
concerning the initial gimbal configuration. The ability of RCAC to
control the spacecraft with limited modeling information is
demonstrated by tuning RCAC in numerical simulations based on a
nominal model and by subsequently evaluating its performance using
a perturbed model. In this approach, the spacecraft equations of
motion are used only for numerical simulation; no explicit
knowledge of these equations is used by RCAC. Closed-loop
stability for linear systems using RCAC was addressed in Ref. [35].
Proof of closed-loop stability for nonlinear systems in general and
CMG control of spacecraft is an open problem.

A pyramidal CMG arrangement consisting of four CMGs is
considered in this paper. The RCAC law is based on a rotation-matrix
attitude parameterization, which avoids singularities arising with
Euler angles and Rodrigues parameters as well as the double covering
arising from quaternions. These issues and their ramifications were
discussed in Refs. [37,38].

The specific contributions of this paper are as follows:

1) In contrast with torque-steering laws, a gimbal-rate controller is
shown to achieve approximate singularity passthrough and escape
from a singularity.

2) The adaptive controller uses no explicit knowledge of the
spacecraft equations of motion, including the bus inertia and
nonlinearities.

3) A robustness study demonstrates the performance of the
adaptive controller over a wide range of unknown inertia matrices,
and in the presence of sensor/actuator misalignment. These results
extend preliminary results given in Refs. [39,40] and complement the
application of RCAC to spacecraft with reaction wheels, magnetic
torquers, and an appendage in Refs. [41-43].

The contents of the paper are as follows. Section II enumerates
assumptions for a spacecraft actuated by a collection of constant-
speed single-axis CMGs, and it summarizes the equations of motion.
Section III defines the performance variable for the attitude control
problem. Section IV briefly reviews RCAC. Section V describes the
pyramidal arrangement of four CMGs and constructs the target model
needed by RCAC for an initial gimbal configuration. Section VI
investigates the performance of RCAC for a spacecraft controlled by
CMG:s in the pyramidal arrangement with sensor noise, off-nominal
commands, an unknown bus inertia matrix, an approximate
singularity passthrough, escape from an initially singular gimbal
configuration, and sensor/actuator misalignment. Finally, the
Appendix provides a derivation of the equations of motion for the
spacecraft controlled by CMGs. This derivation shows explicitly how
each assumption is used to arrive at the equations of motion used for
nominal-model tuning and perturbed-model testing.



Downloaded by UNIV OF MICHIGAN on August 20, 2019 | http://arc.aiaa.org | DOI: 10.2514/1.G003926

Article in Advance / ZHAO, CRUZ, AND BERNSTEIN 3

Tdist,

Tatt Catt Treq
L

Controller ——| Torque-Steering Law

TCMG
i,(%_, Spacecraft

CMGs

Fig. 1 The controller requests the torque 7,4, and the torque-steering law requests the gimbal rates u.

Tdist

Tatt Catt U TcMG
At

Controller [—

CMGs Spacecraft

Fig. 2 The controller directly requests the gimbal rates u without a
torque-steering law.

II. Spacecraft Attitude Dynamics with Direct Gimbal-
Rate Request

The dynamics of a spacecraft SC consisting of abus B and n single-
gimbal constant-speed CMGs in an arbitrary arrangement are
considered. For i =1, ...,n, CMG; is composed of wheel W;
mounted on gimbal G; as shown in Fig. 3; Vectors denoted by r and
second-order tensors denoted by R are component free.d
Differentiation of component-free vectors and tensors is performed
with respect to a frame; differentiation of resolved vectors and tensors

does not require a frame.

A. Kinematics and Frames

Let F; be an inertial frame, and let Fg be a bus frame defined by the
pyramidal CMG arrangement as discussed in Sec. V. The rotational
attitude kinematics of the bus are described by Poisson’s equation

B
RB/I = RB/LCUB/l (D

where Be denotes the frame derivative with respect to Fg, E)B /1is the
rotation tensor that rotates Fy into Fg (see footnote ), wg/; is the
angular velocity of Fy relative to Fy, and the superscript “X” denotes
the skew-symmetric cross-product matrix. Forall i =1, ..., n, the
frame Fg, is fixed to G;, and the frame Fyy, is fixed to W;.
Resolving the second-order tensor R g,y yields the rotation matrix

(@)

—
= RB/I
B

A=
RB/[ = RB/I

I

whichis a3 x 3 direction cosine matrix. The second equality is due to
the fact that the rotation tensor represents a rotation about an
eigenaxis that is fixed in both frames. The orientation matrix O ; is
defined by

Opj1 = Ry = Rus 3

which is also a 3 X 3 direction cosine matrix. If x is a coordinate-free
vector, then

Xlp = OB/I;|I “4)
and, if J is a second-order tensor, then
— —
Jlg = O J 1Oys ©)
The following assumptions are made.

TKovecses, J., “Dynamics of Mechanical Systems Part 1: Concepts,
Geometry and Kinematic Considerations,” 2017, https://hal.archives-
ouvertes.fr/hal-01534010 [retrieved 01 June 2019].

]Gi

Fig.3 Notation and conventions for CMG;.

Assumption 1: The bus and wheels are rigid bodies.

Assumption 2: The gimbals are massless.

Assumption 3: Forall i =1, ..., n, the center of mass c; of W; is
fixed in the bus. R

Assumption 4: For all i = 1,. sl the direction of the axis iw, is
fixed in Fg,. In particular, iy, = ig,.

Assumption 5: For all i =1, ...,n, the wheel W; is inertially
symmetric around iy, R
Assumption6: Foralli = 1, ..., n,the frame Fy, spins around iy,

at the constant rate v; > 0 relative to Fg_.

Assumption 7: For all i =1, ..., n, gimbal G; is actuated by
requesting its rate u; around jg, relative to Fg.

Figure 3 and Assumptions 4 and 5 imply that the inertia matrix of
W, relative to c; resolved in both Fg, and Fy, is given by

a; 0 0
AT _7 _
Ji= Twyele, = Iwyelw, =1 0 i 0 ©)
0o 0 g

where «; is the moment of inertia of W; around the spin axis
iw, = ig,,and f; is the moment of inertia around the remaining axes
of Fy, and Fg, . Therefore,

— —
Jw, e ls = 0i Jw e l6,0F = 0,07 @)
and the 3 X 3 orientation matrix O; is defined by
— —
0i 2 Ogj6, = R, slg, = Raslg 3
where R, /g is the rotation tensor that rotates Fy into Fg, . For a

coordinate-free vector x, x|g = O;x|g,.
Next, define

— N
Jie & Jw elg = 0,07 = mir?, T AR )

where m; is the mass of W;. Note that r; is the position of c; relative to
c resolved in Fg. Define the bus inertia matrix

—
Jp & J B/clB

Then, the inertia tensor of the spacecraft relative to its center of mass
resolved in Fg is given by
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— — LI 1
T2 Tscrely = Topelg + Y Twyelg =J5 + Y _Jic  (10)
i=1 i=1

B. Dynamics

In equation (4.81) of Ref. [4], setting the inertial derivative of the
spacecraft angular momentum

NaH
dr

to be 7o and setting the wheel angular accelerations to be zero yield
n
Jig + wp X (JCOB + Zai’/ioiel) =1cmg + Taise (1D
i=1

where

A=
wp = CUB/1|B

Note that 7y is the torque disturbance applied to the spacecraft, and
the torque 7y applied to the spacecraft by the CMGs is given by

Temo 2 Bemgt + Byt (12)

Bewg 2 @3B, — B, € R¥" (13)
where the ith column of B, € R3*" is given by
B, = —p;0;e, € R? (14)
and the ith column of B, € R is given by
By = Oi(eXJ; — J;€5)OTwg — q;v;0;e5 € R3 (15)

where e; denotes the ith column of the 3 X 3 identity matrix /5. As in
Ref. [4] (p. 80), the term B is not considered in the subsequent
development.

In Ref. [44], the equations of motion for a spacecraft controlled by
constant-speed single-gimbal CMGs are derived where, in the
notation of Ref. [44], B it in Eq. (12) is expressed as B and BeygU is
expressed as (D; + D, + D;)6. Various torque-steering laws
involving Bg, D,, and D; were considered in Ref. [44]. In
equation (4.81) in Ref. [4], the term

n .
> T,
i=1

is equivalent to Byu in Eq. (12). Related developments appeared in
Refs. [29,45].

III. Performance Variable for the Attitude Control
Problem
A. Commanded Attitude and Attitude Error

Let F¢ be a frame that represents the commanded attitude for Fg.
The control objective is to have the spacecraft attitude

—
Rp £ Ryl

follow the commanded attitude maneuver given by

Ce
. d — — — N
Repr = a(RC/ﬂC) = Rele = RC/I|CwC/I|é = Repog (16)

where R ¢y is the rotation tensor that rotates F into Fc, wc/y is the
angular velocity of F¢ relative to Fy, Ce indicates the frame derivative
with respect to Fc, and

A= — A
Ren = Reple = Replys ¢ = o1l a7

The error between Ry, and Ry is given in terms of the attitude-
error rotation matrix

- = — — - T T
R 2 Ryscly = Replg Riycly = RepRunlg Reply Rujilg

= R¢qRa
(18)
which satisfies
. oB
R = Rycly = Rpjclyop/cly = R (19)

= . . . - .
where R g/ is the rotation tensor that rotates F into Fy, wg ¢ is the
angular velocity of Fy relative to Fc, and the angular-velocity error
wg is defined as

g £ Z)B/C|B = (Z)B/I - Z)C/I)|B = wy — R wc (20)

B. Performance Variable

The objective of the attitude control problem is to align Fg with the
attitude-command frame Fc. To follow attitude commands, a
performance variable z is defined and used for adaptive control. A
vector representation of the attitude error R in Eq. (18) is given by

. 3 - a37:€32 - 6127:323
S=Zai(R e)Xe;=| ayR; —as;Ry | ER’ @n
=1 arRoi — a1 Ry

where ay, a,, and a; are real numbers, Note that § depends on the off-
diagonal entries of the error matrix R in Eq. (19).

Lemma 1: Assume that a;, a,, and a3 are distinct, positive
numbers. Then, S = 0 if, and only if,

Re {I5,diag(1, -1, 1), diag(—1, 1, 1), diag(1, 1, —1)}

Proof: See lemma 3 of Ref. [38]. O

Lemma 1 shows that using S as the sole metric of attitude error
gives rise to three spurious attitude equilibria. These equilibria can be
removed by considering the additional attitude-error metric

S é trace(A —A,ié) = (11(1 - 7’%“) —+ a2(1 - 7’%22) —+ a3(1 - 7%,33)
(22)

where the attitude parameter matrix A £ diag(ay, a,, as) is positive
definite; and R, Ry, and R33 are the diagonal entries of R. In
contrast to S, which depends on the off-diagonal entries of R, the
error metric s depends on the diagonal entries of R. The following
result is needed.

Lemma 2: For all i, j € {1,2,3}, the (i, j) entry R;; of a rotation
matrix R satisfies [R;;| < 1.

Proof: See fact 4.13.14 of Ref. [46]. O

The following result shows that S and s can be used together to
ensure R = I5.

Proposition 1: Assume that a;, a,, and a; are distinct, positive
numbers. Then, S = 0 and s = 0 if, and only if, R = I5.

Proof: Sufficiency is immediate. To prove necessity, note that
s = 0 implies that

al(l —7%11) + az(l - 7%22) + 03(1 —7%33) = trace(A —Ak) =0

Lemma 2_implies that, for i =1,2,3, a;,(1-R;) >0, and
thus a; (1 —Ry)) = ax(1 = Ryp) = az(l — Ra3) = 0.
_Because a;, a,, and a3 are positive, it follows that
Ri1 = Ry = Rj3 = 1. Because, by Lemma 1, R is diagonal, it
follows that R = I5. O

To apply RCAC to attitude control, Lemma 1 and Proposition 1 are
used to define the performance variable z by
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@y
zé[s]eR7 (23)
S

where @g is the angular-velocity error defined by Eq. (20).

Proposition 2: Assume that a,, a,, and a3 are distinct, positive
numbers. Then, z = 0 if, and only if, wg = wc and Rg;; = R¢j1-

Proof: For necessity, assume that z = 0. Then, S = 0, s = 0, and
Proposition 1 imply that R = I5. Therefore, Eq. (18) yields RTB n=
RepR = Rep- I, in addition, @ =0, then wg = R oc+
CbB = Wc. Thus, RB/I = RC/I and W = Wc.

To prove sufficiency, assume that R¢;; = Ry Then, Eq. (18)
implies R = I5. Thus, Lemma 1 implies that S = 0, and Proposition
1 implies that s =0. Next, let wg = wc. Then, @y = wg—
RTCUC = wg —W¢c = 0. ThU.S7 RB/I = RC/I and wg = Wc 1mply
that s = 0 and § = @z = 0. Hence, z = 0.

IV. RCAC Algorithm

This section summarizes the RCAC algorithm as used in the
present paper. Because RCAC is a discrete-time control algorithm, it
is used to update the coefficients of a discrete-time controller that
operates on sampled data. The sampled values of the performance
variable z(7) are given by 7, 2 z(kT ). Likewise, the continuous-time
control input u(t), which is the vector of gimbal rates, is given by a
zero-order-hold device. In particular, for all ¢ € [kT, (k + 1)Ty), it
follows that u(r) = u;, where uy, is given by the feedback controller.

A. Controller Structure

Define the strictly proper discrete-time dynamic compensator of
order n. given by

ne ne
u = Z Py + Z Qi kZk—i (24)

im1 i=1
where, foralli =1, ...,n.and all k > 1, P;; € R« and Q; , €

R are controller coefficient matrices. The control law [Eq. 24)]
can be rewritten in regressor form as

0, k <k,,
“ = {CI)kG)k, k> k, 25

where the regressor matrix ®;, which contains past performance and
control data, is defined by

r qT
U1

o
1>

Yene | @1, e Rhoxlo (26)
-1 “

L Zk-n, |

where lg 2 1,n.(l, + L.), and k,, is an initial waiting period during
which @, is populated with data. The controller coefficient vector ®,
is defined as

O 2vecPyy -+ P iQuri -+ Quul” €Re 27

B. Retrospective Performance Variable
The retrospective performance variable is defined by

2(0) 2 2 + Ge(@)[®0 — uy] (28)

where © € Rle is the retrospectively optimized controller coefficient
vector obtained from the optimization in the following. The updated
controlleris given by ®,, | = ©. As explained in Ref. [36], G; € R*¥k
is a finite-impulse response filter that contains the essential plant
modeling information, and q is the forward shift operator. For linear
single-input single-output systems, Gy contains modeling information

about the leading sign of the numerator, the relative degree, and
nonminimum-phase zeros [36]. For linear multi-input multioutput
systems, information about the transmission zeros is captured by using
Markov parameters of the plant. For nonlinear systems, Gy can be
constructed by using Markov parameters from of the linearized
dynamics [47]. In the present paper, G; is constructed by analyzing the
effect of the control input on the performance variable z for the
initial gimbal configuration. Additional parameters and weights needed
by RCAC are determined from the closed-loop response of a fully
nonlinear nominal simulation model; RCAC uses no explicit knowledge
of the spacecraft equations of motion. No linearized model of the
spacecraft dynamics is needed, created, or used for any purpose in
this paper.

C. Retrospective Cost

To update the controller parameter ©,, the retrospective cost
function is defined by

k
Ju(©) 2" 2(0)R.2/(6) + (2,0)'R,®,0
i=1

+ (0 - 0)"Re(® - 0)) 29)

where, foralli > 1, R, = n.1;,R, = n,1;,,and Rg = nel;,;andn_,
1., and ne are positive numbers. As in Ref. [36], the updated
controller coefficient matrix ®, | that minimizes Eq. (29) is given by
recursive least squares. Let Py = Rg' and, forall k > 1, let ©,, be
the unique global minimizer of the retrospective cost function
[Eq. (29)]. Then, ©, . is given by

Opi1 = O — PO T [@,0; + (R, + R,) 'R (21 — us )]
(30)

Py = P — PO T @ Py 31

where @ £ Gr(q)@y, usy = Gr(q)ug, and Ty £ (R, +R,)™'+
q>f-kqu>FfF,k'

V. Construction of G¢
A. Pyramidal Arrangement of Four CMGs

Consider a spacecraft actuated by n = 4 CMGs mounted in the
pyramidal arrangement shown in Fig. 4. Because the CMGs apply a
pure torque to the bus, the location of the pyramidal arrangement on
the bus is immaterial. The pyramid has a square base, for which the
sides define the axes ig and jg of the bus. Consequently, the sides of
the pyramidal base are aligned with ig and jg, and f is the angle
between a vector orthogonal to each face and the apex direction kg.
The CMGs are arranged such that, for i = 1,2, 3,4, each axis jg, of
rotation of gimbal G; relative to the bus is perpendicular to the
corresponding face; each axis ig, of rotation of wheel W; relative to
the gimbal is parallel with the corresponding edge of the base.
Therefore, the angular momentum of W;, which aligns with ig_, lies
in the plane spanned by the corresponding face. A counterclockwise
gimbal angular velocity u; around jg, is defined to be positive, and
thus u; = 6;. The initial orientation matrices corresponding to this
CMG arrangement are given by

T

0,(0,(0)) = R(ﬂ - g el) R(6,(0), e5),
T T T T

0:0:0) = R(p-5.e2) R(-3.61) R0, 2.

T
000 = R (3~ frer ) RO-m, e RO, €2,

T T (& T

04(04(0) = R(z ) ez) R(E, 63) R04(0). e2) 32)

where R (¢, £) is given by Rodrigues’s formula
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Fig. 4 Pyramidal arrangement of four CMGs.

R(¢.€) = (cosp)I3 + (1 — cos p)&ET + (sin )& (33)

£ € R3 is a unit vector, and ¢ € (-, x].

B. Construction of G

For the pyramidal arrangement of four CMGs and with the initial
gimbal configuration 6,(0) = 6,(0) = 65(0) = 6,(0) = 0, note
that this initial gimbal configuration is nonsingular in the sense that
there is no constraint on the achievable torque vectors. Also, u;
changes the direction of the angular momentum of W;, which
produces the gimbal torque z¢,. For gimbal G;, 7, for the initial
gimbal configuration lies in a face of the pyramid, orthogonal to i,
as shown in Fig. 5. The vector sum of 7 , 7g,, 7g,, and 7g, is Tcmg
in Eq. (12).

For the initial gimbal configuration 8,(0) = 6,(0) = 05(0) =
0,(0) = 0, Fig. 5 shows that 7g;, can be decomposed in the directions
Js and —kg; 7, can be decomposed in the directions —ig and —kg;
7, can be decomposed in the directions —jg and —kg; and 7, can be
decomposed in the directions iz and —kg. Based on these
observations, Gy is chosen to be

1
Gi(q) = q H (34)

where H captures the effect of the gimbal control input on the
performance variable z for the given initial gimbal configuration. H is
thus given by

ro -1 0 17
1 0 -1 0
-1 -1 -1 -1
H=-[0 -1 0 1 35)
1 0 -1 0
S .
L0 0 0 o0 |

Fig. 5 Gimbal torque directions for the initial gimbal configuration.

where the leading minus sign is due to the error junction in Fig. 2. For
all numerical examples, Gy is fixed and given by Eq. (34), with H
given by Eq. (35).

VI. Numerical Examples
A. Numerical Integration of the Sampled-Data Dynamics

RCAC updates the coefficients of the discrete-time controller
[Eq. (24)] for which the output u, is applied to the continuous-time
spacecraft dynamics using a zero-order-hold device. The closed-loop
system thus has sampled-data dynamics. To capture the intersample
dynamics, the MATLAB function ODEA45 is used with a variable step
size in order to ensure integration accuracy. In addition, ODE45 is
applied in each sampling interval ¢ € [kT, (k + 1)T) with a fixed
integration interval of length T’ in order to ensure that the integration
is synchronous with updates of the zero-order-hold control signal.

B. Simulation Performance Metric

_ The accuracy of RCAC is assessed by using the eigenangle ¢, of
‘R as the error metric, where

Deig 2 cos™! %(trk -1 (36)

The eigenangle ¢, is the rotation angle around the eigenaxis that
rotates Ry 1(?) to the attitude command R /(7). Using Rodrigues’s
formula [Eq. (33)], R/ can be represented by the commanded
eigenangle ¢ and the commanded eigenaxis & resolved in F;. The
transient performance is given by the settling time 7', to be the time
needed to bring and maintain ¢, within a specified bound ¢, for all
t>T,,

(/)cig (t) < (/]oo (37)

where ¢mé3 deg. The final error metric is the value of ¢, (?)
averaged over the last 1 s of simulation.

For all examples, the controller coefficients are initialized at
©(0) = 0. This choice reflects the absence of prior modeling
information. If additional modeling information is available, this
information may be advantageous for initializing ©(0).

C. Nominal-Model Tuning

Nominal-simulation tuning refers to the tuning of RCAC based on
simulation of a nominal model. Instead of attempting to identify the
system, the simulation is run a small number of times to tune the
parameters of RCAC to the nominal simulation. No attempt is made
to optimize the response.

To demonstrate this approach, consider a rest-to-rest maneuver,
where the spacecraft is assumed to be initially at rest with
Rgp1(0) = I3, wg(0) =0, and u(0) = 0; and the attitude and
angular-velocity commands are given by R, = R, and wc = 0.
For nominal-model tuning, the commanded eigenangle is ¢- =
—150 deg around the commanded eigenaxis & =[1 1 1]

The nominal simulation model assumes the following parameter
values. The bus inertia matrix is Jg = diag(10,25/3,5) kg - m?,
which implies that Fg is a principal-axis frame for the bus inertia of
the nominal simulation model. For i = 1, 2, 3, 4, the wheel inertia is
J; = diag(0.02,0.012,0.012) kg - m?, the wheel mass is m; =
0.001 kg, and the wheel spin speed is v; = 600 rad/s.
The gimbal positions are 7, =[0 0.1 0]'m, r,=
[-0.1 0 0]" m, r3=[0 —-01 0]"m, and ry=
[0.1 0 O] m. The pyramidal face angle is # = 54 deg, and the
initial gimbal angles are 8, (0) = 6,(0) = 65(0) = 6,(0) = 0 deg.
The attitude parameter matrix is chosen to be A = diag(1, 2, 3).

Nominal-model tuning with the sample time of 0.1 s yields the
parameter choices n. =2, n, =1, =1, ng =0.01, and k, =5
steps. These values reflect the fact that the nominal-model tuning is
limited to a small number of runs with no attempt to optimize the
response. With these tuning parameters, the settling time is 7, =
12.3 s with the final error of 1.1 x 10~7 deg.
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D. Perturbed-Model Testing

In perturbed-model testing, the parameters and weights obtained
under nominal-model tuning are fixed, and the robustness and
performance of RCAC are evaluated through simulations based on
perturbations of the nominal model. These perturbations are chosen
to reflect off-nominal conditions of the model, commands, sensor
noise, actuator misalignment, and the singularities that can
potentially occur in real-world operations.

1. Rest-to-Rest Rotation Maneuvers with Sensor Noise

The commanded eigenangle ¢ varies from —180 to 180 deg
around the commanded eigenaxes [1 1 1]T, [T 0 O],
[0 1 O] and [0 O 1]'. Zero-mean Gaussian white noise
with a covariance of 0.01/5 is assumed to corrupt the sensors that
measure the angular velocity wg of the bus. Figure 6 shows the
settling time and error at 50 s.

2. Rest-to-Rest Rotation Maneuver

The commanded attitude maneuver is a rest-to-rest rotation around
the eigenaxis £ = [0 1 0]T, beginning at 0.5 s, ending at 15 s,
and with the constant rate of 0.18 rad/s. Figure 7a compares the
actual attitude to the attitude command; and Fig. 7b shows the
corresponding eigenangle error.

3. Robustness to Diagonal Perturbations of the Bus Inertia Matrix

The robustness of RCAC to uncertainty in the principal moments
of inertia is assessed by considering a collection of diagonal bus
inertia matrices Jg = diag(4;,4,, 43). Figure 1 in Ref. [48] provided
a convenient classification of all possible principal moments of
inertia in relation to the underlying geometry. In particular, the
triangular shaded region shows all feasible values of 4, and 45 in
terms of the largest principal moment of inertia 4;. The vertices of the
region correspond to a sphere, a thin disk, and a thin pencil. For
additional details, see Ref. [48].

The attitude command is to

rotate —150 deg around

is assumed to be diagonal and is given by the 422 points of the
triangular regions in Fig. 8, which correspond to the shaded triangular
region in figure 1 in Ref. [48]. Figure § shows the settling time for
each bus inertia matrix. For all simulations, the measurements of wg
are corrupted by zero-mean Gaussian white sensor noise with
covariance of 0.01/3.

4. Robustness to Off-Diagonal Perturbations of the Bus Inertia Matrix
As shown in Fig. 9, the rotated bus inertia matrix Jp ,, is defined as

.o = R(0.) JgR(0. €) (38)
where R(6, e) is given by Rodrigues’s formula [Eq. (33)] with
e=[1 1 1]7. Consequently, Fg is no longer a principal-axis
frame of the bus. For the simulation, zero-mean Gaussian white noise
with covariance of 0.01/5 is assumed to corrupt the measurements of
wg. The end time for all simulations in Fig. 9 is 300 s. The
nonmonotonic trend suggests a complex relationship between the
initial gimbal configuration and the rotated inertia matrix.

5. Approximate Singularity Passthrough

Rerunning the 422 maneuvers tested in Fig. 8 in the absence of
sensor noise, there are 32 times at which the minimum singular value
of By 1s less than 0.1. Of these 32 cases, the smallest minimum
singular value of Bcyg occurs for the inertia matrix
diag(30, 22, 15) kg - m? shown in Fig. 10. In particular, Fig. 10b
shows that, at the time resolution of 0.1 s of the numerical integration,
an approximate singularity passthrough occurs at a time of 31.2 s,
when the minimum singular value of B¢y reaches its smallest value,
namely, 0.0313. A closer approach to a singularity occurs in Fig. 11
where, atatime of 27.5 s, the minimum singular value reaches 0.0038
without any adverse effect. Because the control input matrix Bcyg is
time dependent, rank-deficient conditions tend to hold at only
isolated points, and thus the use of requested gimbal rates is able to
overcome singularities encountered instantaneously during attitude
command following.

08 [— ¢ =100
— ¢e=[010]T
@ 06| So=[001]"
= Ee=[11"
5
5 04 ’
ot M g T
ERND A !‘N‘»L- ';/J\ il
Y Yy
0 I I
-200 -100 0 100 200

b) Commanded Eigenangle ¢¢ (deg)

Fig. 6 Plots of a) settling time T'; and b) error at 50 s.
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Fig. 7 Plots of a) commanded and actual eigenangles, and b) eigenangle error.
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Fig. 9 Plots of a) settling time Ty, and b) error at 300 s.

6. Escape from an Initial Gimbal-Lock Singularity

To consider the case of an exact, impassable gimbal singularity, the
initial gimbal configuration is chosen to be different from the initial
gimbal configuration considered in the previous subsections;
however, no change is made to H defined by Eq. (35) for
6(0)=[0 0 0O O] deg. The attitude command is to rotate the
spacecraft —150 deg around the eigenaxis [0 0 1]T. Letting
0(0) =[-90 90 —90 90] deg, no torque can be generated in
the direction of kg. Therefore, the initial torque required for the
commanded attitude maneuver is not in the range of B¢y, and thus it
is a singular direction of the initial gimbal configuration.
Consequently, it is impossible for the spacecraft to initially rotate
in the commanded direction; this case represents an impassable
singularity corresponding to gimbal lock.

The minimum singular value of Bcyg during the first five steps is
1.4 x 10™1 (due to numerical roundoff) because RCAC must wait
five steps due to Eq. (25), where ky = 5. The minimum singular
value of Bcyg at ¢ = 0.6 s is 0.24. As shown in Fig. 11b, RCAC
initially takes an indirect route in following the attitude command in
order to escape from the gimbal lock. For the same initially singular
gimbal configuration, a nonsingular torque request is used in
Ref. [24] to escape the singularity.

To assess the performance degradation due to the initial gimbal
singularity, RCAC is applied to the spacecraft with thruster actuation
only: that is, without CMGs. Based on the response of the nominal
model, H is redefined to be H =[—I; —I; 03 ]7; all of the
remaining parameters and weights of RCAC are the same as in the
case of CMGs. Using RCAC, the spacecraft with thrusters is

simulated with the same bus inertia, initial conditions, and attitude
command as the spacecraft with CMGs. Figure 11b shows that, under
thruster control, the attitude of the spacecraft generally decreases,
where the oscillations indicate that the attitude overshoots the
setpoint but eventually damps out. In contrast, due to the initial
gimbal-lock singularity, RCAC drives the attitude in the opposite
direction, as evidenced by the increasing eigenangle. At a time of
330 s, however, the eigenangle decreases monotonically and rapidly
to the attitude command, which it reaches at a time of 357.8 s with a
final error of 3.88 X 1075 deg.

7. Robustness to Sensor/Actuator Misalignment

In all previous simulations, the attitude sensors are assumed to be
perfectly aligned with the pyramidal CMGs. In particular, the sensing
axes are assumed to be exactly aligned with the axes of the bus frame
Fg, which also defines the directions of the CMGs. However, sensor/
actuator misalignment can occur in practice; in which case, the
sensing axes may be different from the axes that define the gimbal
directions [49,50]. This misalignment is assumed to be unknown to
RCAC, and it is of interest to determine the effect of the sensor/
actuator misalignment on the attitude error.

To determine the performance degradation due to sensor/actuator
misalignment, it is assumed, as in previous sections, that the base of
the CMG pyramid is aligned with the axes of the bus frame Fg.
However, the sensors, which are misaligned with the gMGs, are
aligned with a rotated frame Fg. The rotation tensor Rp/ /g thus
determines the alignment of the CMGs relative to the attitude
sensors; this rotation tensor is assumed to be unknown to RCAC. In
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—
the absence of misalignment, Ry g is the identity second-order =
tensor. £ B Y Oy = Ogj, = Rap'ly = Ops0s/c, = RO, e/)TOB/G,v
Because the attitude error is determined by the sensor (39)
measurements, the goal is to determine the performance degradation
due to the misalignment between Fy and Fj. Note that, due to the where 0’ and e’ are the misalignment eigenangle and misalignment
misalignment, Eq. (8) is replaced by from Fy to Fg.. The commanded attitude maneuver is to rotate
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—150 degaround & =[1 1 1]T. The misalignment eigenangle
@’ varies from —40 to 25 deg around four choices of the eigenaxis e’,
namely, [1 1 1], [1 0 O]5, [0 1 O]F, and[0 O 1] .
Figure 12 shows the settling time and error at 50 s.

VIIL.

Adaptive control of a rigid spacecraft controlled by a pyramidal
arrangement of four single-gimbal constant-speed CMGs was
considered. Retrospective cost adaptive control was used with
gimbal-rate-requested CMGs; no torque-steering law was used. The
RCAC implementation was based on a target model involving a
single Markov parameter corresponding to the initial gimbal
configuration. The parameters and weights for RCAC were based on
a nominal simulation; no explicit knowledge of the nonlinear
equations of motion was used by the adaptive controller.

Numerical simulations with a perturbed model showed that the
adaptive controller is robust to large variations in the spacecraft inertia
in the presence of gyroscope noise. The performance across these
variations shows the robustness of RCAC to the choice of the target
model. The controller was able to escape from an initial gimbal-lock
singularity and not suffer from close approach to a gimbal singularity.

An open problem is to consider the effect of the gimbal angular
acceleration # on the closed-loop performance. Although this term is
typically neglected in the analysis of torque-steering laws ([4] p. 80),
its effect on the performance of CMG-controlled spacecraft remains
to be investigated.

Conclusions

Appendix: Derivation of the Equations of Motion
Assumptions 1, 2, and 3 imply that the center of mass c of the

spacecraft is fixed in B. Therefore, the angular momentum Hy/; of
B relative to ¢ with respect to Fy is given by

- NN
HB/c/l = JB/ch/l (A1)

—>
where J g/ is the inertia tensor of the bus relative to c. The angular

momentum Hyy, ;.1 of W; relative to ¢ with respect to F; is given by
Te

HW,/c/I = HW,/c,/I + T fe XMiTe /e (A2)

where Hy, /c, /1 is the angular momentum of W; relative to its center of

mass c; with respect to Fy, 701 /c is the position of ¢; relative to ¢, m; is
the mass of W;, and le denotes the derivative with respect to F.

Ie
Applying the transport theorem to _':c, /c in Eq. (A2) yields
Be
HW,/C/I = HW,-/c,v/I + Tei/e X mi( Teife + Wy /1 X rc,/c) (A3)

where Be denotes the derivative with respect to Fg. Because ¢ and c;
Be

are fixed in the bus, it follows that 7Ci /e = 0. Therefore,

Hyy,jep = Hy,je,1 +mi e je X (0gy1 X Fe,/c)

_ - [ESVOIREN
= Hw,jc,)1 — M Tc,)cWB)1

(A4
Because, by Assumption 3, c; is fixed in W;, Hyy, /., /1 is given by

-

— -
Hw,jen = J wi /e, @w, 1 (AS)

- . . . . - .
where J v, /c, is the inertia tensor of W relative to ¢;, and wy, /; is the

angular velocity of Fy, relative to F;. Expanding (_;)W( s1in Eq. (AS)
yields

- N N N

Hy.jo,n = J w, e, (0w, /5 + o5/1) (A6)
— N N N

= Jw,/e(@w, G, + u; + wg1) (A7)

where, by Assumption 7, the control vector ;i for CMG; is the
angular velocity of Fg, relative to Fg; that is,

u; £ 0, p (A8)
Substituting Eq. (A7) into Eq. (A4) yields
- — N N — N
Hy,jenn = Jw,je.(@w, 6, + 1) + J w01 (A9)
where, by the parallel axis theorem,
-2 — —x2
‘,W,-/C = JW,/c,- —Mmire/c (Alo)

By Assumption 2, the angular momentum Hg, /. of G; relative to ¢
with respect to Fy is zero. Therefore, the angular momentum Hgc /1
of the spacecraft relative to ¢ with respect to Fj is given by

—_ —_ n —_
Hgscjepp = Hpjept + ZHW,/C/I (A1D)
i=1
Using Eqgs. (Al) and (A9), Eq. (Al1l) can be rewritten as
- N " N N
Hgcjen = J scjewpn + Z I wse(@w, /6, + ;) (A12)

i=1
where the inertia tensor of the spacecraft relative to its center of mass

is given by

n
— — —
Jsce = JB/c+Z I w./e

i=1

(A13)
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A. Dynamics
A.1. Euler’s Equation for the Angular Momentum of the Spacecraft
Applying the angular momentum theorem to the spacecraft yields

Te

Hgscjep = Msc (Al4)

where M is the sum of all external torques acting on the spacecraft.
Applying the transport theorem to the left side of Eq. (A14) yields

10} Be

Hgcsepp = Hscyepr + oy X Hseyept (A15)

Hence, Egs. (A14) and (A15) imply

Be
Hscet + g1 X Hscjep = Msc (A16)

which is Euler’s equation for the angular momentum of the
spacecraft.

Be

- x> - ax N ~ — s N - X
Hy, e = (Ui Jwije, = I wie i gy + owyg, + ui) + Jw,e, (4 ow,g, + u) + J weop

CRUZ, AND BERNSTEIN 11

G;e

ow,G =0

Thus, using Eq. (A8), the angular acceleration of Fy,. relative to
Fg, with respect to Fy is given by

Be G;e
Dw,/G, = @ w;/c; T @G, /B X Ow, /6, = @G, /B X OW,/G;

JENVES

= U; Ww,/q, (A1)
Because
Be

rcl/c=0

the derivative of the cross term in Eq. (A19) with respect to Fy is given by

Be Be Be
2 X X X X X . B X
S N N N N N N N N
Feife = Teje Teyfe + Teje Tejfe = rc,-/c( rc,-/c)x + (rc,/c)>< Te/c
=0 (A22)

Substituting Egs. (A20-A22) into Eq. (A19) yields the derivative of
Eq. (A9) with respect to Fy; that is,

Be Be

(A23)
Be Be

x— = ax— Sx— N N — L > X
= (u; Jw,je, = Jw,jeui)opy+ ui Jw e, (@wyc + ui) + Jwye, i + J w0

A.2. Derivatives of the Wheel Angular Momenta with Respect to Fy
Differentiating Eq. (A11) with respect to Fy yields

Be Be Be
—_ —_ n —_
Hscepr = Hpjept + ZHW,/C/I (A7)

i=1

Because, by Assumption 1, the inertia 73 /c is constant with
respect to Fg, differentiating Eq. (A1) with respect to Fy yields

Be .
N _, B
HB/c/l = ]B/CCUB/I (A18)

Furthermore, differentiating Eq. (A9) with respect to Fg and using
Eq. (A10) yields

Be . . .
= B Lo B B
Hyw, eyt = Jw,e,(@w,6, + ui) + Jwe, (0w, /6, + ;)
Be
B -~ . o B
+ (Jw, e, =M Ty )+ J w,/c@p)1 (A19)

Next, using Eq. (A8), the derivative of 7W,- /c; With respect to Fy is
given by

. Gje
B - x> — —x
J Wifer = J wi/e; T @G,/B J Wifei J Wi/c: G, /B
x> — —x
=0 T = Twye i (A20)
where

G;e
%
J Wife; = 0

due to Assumptions 1, 5, and 6. Furthermore, Assumptions 4 and 6
imply that

B. Resolving the Equations of Motion in Fy
Resolving Poisson’s equation [Eq. (1)] in Fy yields
. d — B—; — S %
RB/[ = 5(RB/1|B) = RB/I|B = RB/I|BwB/I|B = RB/NUE (BD)

where
— — N
Ren 2 Ryplyg = Ryl wp £ wg/ly (B2)
Resolving Eq. (A1) in Fy yields
Hy/enly = Jpop (B3)
where
A7
Jg = Tl (B4)
Furthermore, resolving Eq. (A18) in Fy yields
Be d
Hgeply = E(HB/C/HB) = Jpwg (BS)
where
Be
wp = wyily (B6)

Using Fig. 3 and Assumptions 4, 5, and 6 to resolve the angular
velocity of Fy, relative to Fg, in Fg, yields

N

Ow,/G,lg, = Vi€ (B7)

where v; > 0 is the angular rate of W; around fw, relative to Fg,.

Similarly, the gimbal angular velocity Ei defined by Eq. (A8) and the
G;e

gimbal angular acceleration ;,« of Fg, relative to Fg resolved in Fg,

are given by
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G;-
u;

;i|G,- = u;e, ile, = —(u lg,) = i;e; (BB)

where u; is the gimbal-rate request for CMG;, and u; is its derivative.
Because u; is the spin rate of g;, the corresponding gimbal angle 6, is
defined such that

0, = u; (B9)

It thus follows from Eqgs. (A8) and (B8) that
oG, /plc, = Oies (B10)

6,7 yields 6 = u,

where ué[ul -+ u,]" € R" is the control input. Furthermore, Fig. 3
and Assumptions 4 and 5 imply that the inertia matrix of W; relative
to ¢; resolved in both Fg, and Fy, is given by

Defining the gimbal angle vector eé[el

N N a 0 O
12 Twels = Jw,./c,|w,=[0 B 0} (B11)
0 0 g

where @; is the moment of inertia of W; around the spin axis ;W,- = fG,
and f; is the moment of inertia around the remaining axes of Fy,
and Fg,.

Next, note that

B- Go Go
u,—u —l—wg/Bxu,—u, (B12)

Resolving Eqgs. (B7), (B8), and (6) in Fg and using Eq. (B12) yield

CUW,-/G,-|B =1;0;ey, uilg = CUG,-/B|B = u,;0;e,,
Be G;e (B13)
uilg = u;lg = #;0;e,

where
Ty e ls = O; JW,Q|G Of = 0,J,0F (B14)
and the orientation matrix O, is defined by
0; & ?G,/B|G’ = _R)G,/B|B (B15)

where i G,/ 18 the rotation tensor that transforms Fj into Fg,.
Resolvmg Eq. (A9) in F and using the fact that OTO; = I, ylelds

Hw,/c/1|B = 0,07 (1;0;e) + 1;0,€;) + (0,07 — m;ri*)wy

= Oi(av;e; + piuje;) +J; g
(B16)

Furthermore, define
Ji‘c é7)W,»/(:|B :(91'Ji(9 —m,rlX2, rié?ci/c|3 (B17)

Using Eq. (B16) to resolve the sum in Eq. (A11) in Fy yields

Z HW /C/I|B

Z[O (awiey + Biujes) + J; o)
=1
= Z((xiuioie‘] +Ji,ch) —Blu (BIS)
i=1
where the ith column of B; € R3*" is given by

B], = —ﬁ,«@iez (S R3 (B19)

Using Egs. (1) and (A8), it follows that

G;e
. = - -
Oi = RG,/BlG,» = RG,/B”T'(;’. = (Qiuie;< (BZO)
Therefore,
B, = —p;0;e, = —B:Ou;exe, =0 (B21)

which implies that B in Eq. (B18) is constant.
Resolving Eq. (A23) in Fy yields the derivative of Eq. (B16),
which is given by

Be
%(;Iw,»/c/ﬂg) = ;Iw,/c/1|B = u;0,(e3J; — J;e3) O wy
+ O0;(u;€)*OF OiJ (uiey + viey) + ;0 3 + J; g
= u;0;(e5J; — Jie)OTwg + u;0;(eXPiuser + eXavier)
+u;0ipier + J; op
= [0i(e3J; = J;e5)Of wp — a;Oeslu; + i Oie; + J; g
(B22)

Using Eqs. (B19) and (B22) to resolve the sum in Eq. (A17) in Fg
yields

ZHW Jenils = Z(JszB Byt + Bau;)

= (Z J,-,chB) — Byit + Byu (B23)
i=1

where it = [it; --- 1,7, and the ith column of B, € R3*" is given by
2 = 0i(e3J; = J;¢5)Of wg — av;0;e; € R (B24)

Using Egs. (B3) and (B18) to resolve Eq. (All) in Fy yields

Hgc £ Hycjepily = Jop + Zai”ioiel —Bu (B25)

i=1

where, using Eq. (A13),

— n
T2 Tscrly=Jp+ Y Jie (B26)

i=1
Using Egs. (B5) and (B23) to resolve Eq. (A17) in Fy yields
Be

. d = - . .
Hse = 1 (Hscyeplg) = Hscyeply = Jag = Byt + Bou - (B27)

Resolving Eq. (A16) in Fy using Eqs. (B25) and (B27) yields

n

](bB —Bll;{ =+ Bzu = —wpg X (J(UB + Zail/ioiel —Blu) + Tdist
i=1

(B28)

where the torque applied to the spacecraft by the disturbances is given
by

i £ Miqlp (B29)

Rearranging Eq. (B28) yields the dynamics for a spacecraft
actuated by n angular-velocity-requested single-gimbal constant-
angular-rate CMGs subject to external torque disturbances; that is,
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n
JCbB + wg X (JCOB + Zaizxioiel) = TemG t Tdist (B30)
i=1

where the torque 7cy;g applied to the spacecraft by the CMGs is given
by

teme = Bemgt + Bt (B31)
where
Bewg £ @3B, — B, € R¥" (B32)

If the wheel angular rate v; is much larger than the maximum
component of the bus angular velocity (that is,
lv;| > | max{w;, w,, w3}]), then it follows from Egs. (B19), (B24),
and (B32) that

Beyg.i = av;O;e3 (B33)

which is not necessarily constant due to O;. The simplified matrix
[Eq. (B33)] is the Jacobian used in Refs. [5,13] to formulate torque-
steering laws and analyze gimbal singularities.

C. Time Dependence of J and By

The rotation rate of the gimbals due to the requested gimbal rates u
changes the gimbal configuration, and thus the inertia of the
spacecraft. Therefore, / may be time varying. Using Eqgs. (B17) and
(B26), the spacecraft inertia is expressed as

J =Ty + Y (OJ;0F =mir?) (&)

i=1

where Assumption 1 implies that Jg and J; are constant. Therefore,
. n . . n

J = ZO,J,O’II‘ + O[J[O:r = Zuioi(e;/[ _]le>2<)0’1r (C2)
i=1 i=1

The control input matrix Bcyg defined by Eq. (B32) has a similar
dependence on u. Using Egs. (B21) and (B30) to rewrite the
derivative of Eq. (B32) yields

Bew = @3B, — B, (C3)

Solving Eq. (B30) for wg yields

n
wg = J7! |:—w§ (Ja)B + Za,-b,—@,—el) + Bemgu + B+ Tdm]
i=1

(4

Note that the term @j B, in Eq. (C3) depends on u and 74 due to
Eq. (C4). The derivative of the ith column B,; of B,, defined by
Eq. (B24), is given by

Bzi = Mioi[ei(eéji - ]l'€>2<) - (e%< i~ Ji€5<)€5<]0;-ra]3

+ Oi(efJ; = J:e5)Of g — ai;O;uze, (C5)

Therefore, the term B, in Eq. (C3) depends on u directly as well as
indirectly through its dependence on @gy given by Eq. (C4).
Furthermore, Eq. (C5) also depends on 74;; due to Eq. (C4). Hence,
both terms in Eq. (C3) depend on the control input « and the external
torque 7g;. Consequently, Bcyig may be time varying.
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