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This paper uses retrospective cost parameter estimation (RCPE) to estimate parameters in the global ionosphere–

thermosphere model (GITM). Using GITM as an executable simulation code, RCPE estimates two thermal-

conductivity coefficients along with the temperature exponent in the thermal-conductivity model. These parameter

estimates are obtained by using various combinations of simulated measurements of the global minimum, global

maximum, and mean neutral density at a fixed altitude. RCPE is implemented within recursive least squares using

both constant-rate forgetting and variable-rate forgetting. The goal of this comparison is to assess the effect of

variable-rate forgetting on the convergence of the parameter estimates. The contribution of the paper is thus an

investigation of the effectiveness of RCPE for parameter estimation in GITM.

Nomenclature

ei = ith column of the identity matrix
Gf = filter
Ni = filter coefficient
Op = permutation matrix
q = forward-shift operator
S = temperature exponent
u = measured input
y = measured output
ŷ = computed output
z = output error
κi = thermal-conductivity coefficient of the ith species,

J ⋅m−1 ⋅ s−1 ⋅ K−1

λc = thermal conductivity, J ⋅m−1 ⋅ s−1 ⋅ K−1

λk = forgetting factor
μ = unknown parameter
μ̂ = parameter estimate
ν = parameter preestimate
ρ = neutral density, kg ⋅m−3

Subscripts

f = filter
k = iteration step
p = permutation

I. Introduction

EMPIRICALmodeling of a physical system entails 1) choosing a
suitable model structure, and 2) estimating the parameters

within the chosen model structure. Numerous techniques have been
developed for parameter estimation. Within the context of state
estimation, where parameters can be viewed as constant or slowly
varying states, the extended Kalman filter (EKF), unscented Kalman

filter (UKF), and ensemble Kalman filter (ENKF) can be used [1–8].
Alternatively, variational methods are applicable [9–11]. Each
of these techniques requires either a linearized model (EKF), an
adjoint model (variational methods), or an ensemble of models
(ENKF, UKF).
An alternative approach to parameter estimation, developed in

Ref. [12], relies on a single implementation of an executable simu-
lation code, and thus circumvents the need for either a linearized
model, an ensemble of models, or an adjoint model. In particular,
retrospective cost parameter estimation (RCPE) uses adaptive inte-
grators to recursively update parameter estimates based on the output
error. Since RCPE uses no explicit modeling information, it has no
information about how to associate each parameter estimate with
the corresponding true parameter. For example, if the system has
three unknown parameters, then RCPE produces three parameter
estimates; however, only one of the six �3! � 6� possible permuta-
tions of the parameter estimates correctly associates each parameter
estimate with the corresponding true parameter. The correct permu-
tation must therefore be determined based on the output error. With
this proviso, RCPE is convenient for parameter estimation in high-
dimensional complex physics models that exist only in the form
of an executable simulation code whose internal variables are not
accessible by the user.
The goal of the present paper is to investigate the effectiveness

of RCPE for parameter estimation in a model of the ionosphere–
thermosphere. The physics of the ionosphere–thermosphere are
complex due to tightly coupled dynamic models [13–15]. These
models capture diverse phenomena at various time and length scales
based on a combination of first-principles physics and latent varia-
bles. For some of these phenomena, a variety of models have been
proposed. For example, thermodiffusion models and their coeffi-
cients are surveyed in Ref. [16], where more than 20 parameters
are used to model the diffusion rate of the neutral atmospheric gases.
The present paper focuses on the global ionosphere–thermosphere

model (GITM) developed in Ref. [13]. This model solves coupled
continuity, momentum, and energy equations; and it computes
neutral, ion, and electron temperatures, neutral-wind and plasma
velocities, and mass and number densities of neutrals, ions, and
electrons in the upper atmosphere. GITM uses a uniform grid in
latitude with a width of 2π∕nlat rad, where nlat is the number of grid
points, and a stretched grid in longitude and altitude to account for
temperature and density variations. GITM is implemented in parallel,
where the computational domain comprising the atmosphere from
100 to 600 km is divided into blocks. Each block, which is solved
on one processor, contains 113,400 states in 4050 cells: each of
which contains 28 states. With four blocks solved on a 2 × 2 grid,
GITM entails approximately 500,000 states on a four-processor
machine.
The complexity of GITM code precludes the use of linearization,

ensembles, and adjoints. Ensemble-based data assimilation for
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GITM was considered in Ref. [17]; however, the programming
complexity and computation cost were extremely high. More gen-
erally, ensemble-based methods require data exchange among pro-
cessors at every step in order to update the parameter estimates, which
increase the computational cost in terms of time and memory, and
require considerable programming effort. In contrast, RCPE uses the
output error computed based on the previous parameter estimate in
order to update the parameter estimate, and thus obviates the need for
data exchange among processors.
Using GITM as an executable simulation code, the present paper

estimates two thermal-conductivity coefficients along with the tem-
perature exponent in the thermal-conductivity model. These esti-
mates are obtained by using various combinations of simulated
measurements of the global minimum, global maximum, and mean
neutral density at a fixed altitude. The range of cases considered
demonstrates the effect of the lack of identifiability that may occur
due to insufficient measurements.
RCPE is implemented within recursive least squares (RLS) using

both constant-rate forgetting and variable-rate forgetting. The goal
of this comparison is to assess the effect of variable-rate forgetting on
the convergence of the parameter estimates. The contribution of this
paper is thus an investigation of the effectiveness of RCPE based
on RLS with variable-rate forgetting for parameter estimation
in GITM.
The contents of the paper are as follows. In Sec. II, the role of

thermal conductivity in GITM is described. Section III describes the
RCPE algorithm. Numerical examples demonstrating the application
of RCPE to estimate unknown parameters in GITM are presented in
Sec. IV. Finally, conclusions and directions for future work are
discussed in Secs. V and VI.

II. Global Ionosphere–Thermosphere Model

GITM solves the Navier–Stokes equations for various neutral
constituents and simplified magnetohydrodynamics equations for
charged constituents in the upper atmosphere. The species interact
with each other through collisions that transfer energy, momentum,
and mass in space and among species. These processes (such as
chemistry, viscosity, mixing, diffusion, and thermal conduction)
are approximated with equations and parameterizations.
The change in temperature at a given level of the atmosphere

depends on the vertical temperature gradient described by

δT

δt
∝

δ

δz
λc

δT

δz
(1)

where T is absolute temperature, t is time, and z is altitude. The
thermal conductivity λc is modeled as

λc �
X

i∈fO;O2 ;N2g

�
Ni

Ntotal

�
κiT

S (2)

where κi is the thermal-conductivity coefficient of the ith species,Ni

is the number density of the ith species, and S is the temperature
exponent. The thermal conductivity parameterizes the hydrodynamic
transport process that describes the movement of heat through the
atmosphere. In GITM, heat is transferred by collisions of the particles
in the thermosphere (100 to 600 km). The three main constituents in
the thermosphere are molecular nitrogen (N2) and oxygen (O2) and
atomic oxygen (O), with the molecular species dominating below
about 200 km altitude. Therefore, each of these constituents are
included in Eq. (2). Furthermore, since themolecular species conduct
heat in similar ways, the thermal-conductivity coefficient κN2

is
assumed to be equal to the thermal-conductivity coefficient κO2

in Eq. (2).
It follows from Eq. (2) that increasing either the thermal-conduc-

tivity coefficients or the temperature exponent increases the overall
thermal conductivity. This increase in thermal conductivity leads to
an increase in the amount of energy distributed to the lower layers
of the atmosphere, thus reducing the temperature of the upper

thermosphere. This phenomenon was observed in Ref. [18], which
also showed large variations in the neutral density corresponding to a
change of 10−4 J ⋅m−1 ⋅ s−1 ⋅ K−1 in the thermal-conductivity coef-
ficients. In fact, the same variation in the neutral density corresponds
to a change of 10−1 in the temperature exponent. To avoidmodel bias,
it is thus necessary to correctly parameterize the thermal conductivity.
The default parameters describing the thermal conductivity in

GITM are derived from Ref. [19]. A recent study in Ref. [20],
however, proposed an approximation of the thermal conductivity that
is more accurate than the model given in Ref. [19]. These conflicting
recommendations for parameterizing thermal conductivity empha-
size the need for data-driven parameter estimation.

III. Retrospective Cost Parameter Estimation

Consider the discrete-time system

xk�1 � f�xk; uk; μ� (3)

yk � h�xk; uk; μ� (4)

where xk ∈ Rlx is the state, uk ∈ Rlu is the measured input, yk ∈ Rly

is the measured output, and μ��μ1 ··· μlμ �T∈M⊆Rlμ is the true
parameter, which is unknown. The set M is assumed to be known
and satisfiesM ⊆ �0;∞�lμ , that is,M is contained in the nonnegative
orthant. IfM does not satisfy this condition, thenM is replaced by
M 0 ≜ �μ�M and μ by μ − �μ in Eqs. (3) and (4), where �μ ∈ Rlμ

shiftsM such thatM 0 is contained in the nonnegative orthant. With
this transformation,which can always be done ifM is bounded, it can
be assumed that μ is an element of the nonnegative orthant. The
system [Eqs. (3) and (4)] is viewed as the truth model of a physical
system.
Based on Eqs. (3) and (4), the estimation model is constructed as

x̂k�1 � f�x̂k; uk; μ̂k� (5)

ŷk � h�x̂k; uk; μ̂k� (6)

where x̂k is the computed state, ŷk is the computed output of Eqs. (5)
and (6), and μ̂k is the parameter estimate. It is assumed that f andh are
known, and thus they can be used to construct Eqs. (5) and (6). Since
the state x is not measured, the initial state x0 is unknown. Since μ is
unknown, it is replaced in Eqs. (5) and (6) by its estimate μ̂k, which
depends on the output error zk ∈ Rly defined by

zk ≜ ŷk − yk (7)

The ability to estimate μ is based on the assumption that Eqs. (3)
and (4) are structurally identifiable [21–23] and the data are suffi-
ciently persistent [24,25].
The parameter estimator consists of an adaptive integrator and

an output nonlinearity. In particular, the parameter preestimate ν is
given by

νk � Rkϕk (8)

where the integrator state ϕk ∈ Rly is updated by

ϕk � ϕk−1 � zk−1 (9)

The adaptive integrator gain Rk ∈ Rlμ×ly is updated by RCPE as
will be described in the following. Since νk is not necessarily an
element of the nonnegative orthant, an output nonlinearity is used to
transform νk. In particular, the parameter estimate μ̂k is given by

μ̂k � μ̂0 �Opjνkj (10)

where μ̂0 is the initial guess of μ, Op is a permutation matrix that
contains exactly one “1” in each of its rows and columns (and the
remaining entries are all zero), and the absolute value is applied
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componentwise. The parameter estimator, which consists of
Eqs. (8–10), is represented in Fig. 1.
To facilitate the subsequent development, note that the parameter

preestimate [Eq. (8)] can be rewritten as

νk � Φkθk (11)

where the regressor matrix Φk is defined by

Φk ≜ Ilμ ⊗ ϕT
k ∈ Rlμ×lθ (12)

and the parameter estimator coefficient vector θk is defined by

θk ≜ vecRk ∈ Rlθ (13)

where lθ ≜ lμly, “⊗” is the Kronecker product, and “vec” is the
column-stacking operator. Note that θk is an alternative representa-
tion of the adaptive integrator gain Rk. Finally, θk is chosen as the
minimizer of the retrospective cost presented in detail in Ref. [12],
and it is given by

λk �
1

1� ηkzkkα
(14)

Pk�1 � λ−1k �Pk −Pk
�ΦT
kN

T�λkIly �N �ΦkPk
�ΦT
kN

T�−1N �ΦkPk� (15)

θk�1 � θk − Pk�1
�ΦT
kN

T �N �Φkθk � zk − N �Vk� (16)

where η, α ≥ 0, P0 � p0Ilθ , θ0 � 0, and

N ≜ �N1 · · · Nnf � ∈ Rly×Nnf
lμ (17)

�Φk ≜

2
6664

Φk−1

..

.

Φk−Nnf

3
7775 ∈ RlμNn1

×lθ ; �Vk ≜

2
6664

vk−1

..

.

vk−Nnf

3
7775 ∈ RlμNnf (18)

It is shown in Ref. [12] that the parameter preestimate ν̂k is
constrained to a subspace defined by the coefficients N1; : : : ; Nnf .
In particular,

ν̂k ∈ R��NT
1 · · · NT

nf �� (19)

where R denotes range. Thus, the coefficients N1; : : : ; Nnf must be
chosen such that

Op�μ − �μ� ∈ R��NT
1 · · · NT

nf �� (20)

The integer Nnf is set to be the smallest integer greater than lμ∕lz,
and each row of Ni is chosen to be a row of Ilμ in order to satisfy
Eq. (20). As shown numerically in Ref. [12], μ̂k converges to μ for at
least one choice of the permutation matrix Op of the lμ! choices.

IV. Thermal-Conductivity Estimation Using Density
Measurements

In this section, RCPE is used to estimate the thermal-conductivity
coefficients κO2

and κO along with the temperature exponent S
in Eq. (2). These estimates are based on simulated measurements
of the globalminimum, globalmaximum, andmean neutral density at
a fixed altitude.
To obtain neutral-density data, the thermosphere is simulated

using GITM from 21 November 2002 to 5 December 2002 with
the constant thermal-conductivity coefficients κO2

�3.6×10−4 m2∕s
and κO � 5.6 × 10−4 m2∕s, as well as the temperature exponent
S � 6.9 × 10−1. The time step in GITM is 1 s. The neutral density
is sampled at intervals of 1 min; thus, the simulated time, which is
measured in days, is given by k∕1440, where k ≥ 0 is the number of
simulatedminutes. At each sample time, the global minimumdensity
ρmin, the global maximum density ρmax, and themean density ρmean at
the altitude of 300 km are computed. These data, which are shown in
Fig. 2, are used by RCPE in the following examples. Only the data
after 2 h (0.083 days) is used in order to avoid the initial transient.
These examples are summarized in Table 1, which specifies the
objective of each example. Note that, in all examples presented in
this work, noise in themeasurements is not considered to focus on the
effectiveness of variable-rate forgetting.
To focus on the effectiveness of variable-rate forgetting, noise in

the measurements is not considered. However, the effect of noise in
RCPE was investigated in Ref. [12].

A. Example IV.1: Estimation of κO2
Using Measurements of ρmax

with Constant-Rate Forgetting

In this example, measurements of ρmax are used to construct an
estimate μ̂k � κ̂O2;k of κO2

. Therefore,

κ̂O2 ;k � κ̂O2;0 � jνkj (21)

where κ̂O2;0 is the initial estimate of κO2
, and νk is given by Eq. (11).

The output of the estimation model is ŷk� 1010ρ̂max;k, where the
scaling ensures that the error zk and the parameter estimate μ̂k have
similar magnitude. Let N1 � 1, p0� 108, and the constant-rate
forgetting factor λk ≡ 0.999. Figure 3 shows the output error, the
estimate κ̂O2 ;k of κO2

, and θk.
Next, the effect of p0 on the estimates is investigated. Let N1 � 1

and λk ≡ 0.999. Figure 4 shows the estimate μ̂k � κ̂O2;k of κO2
as well

Fig. 1 Retrospective cost parameter estimation.
Fig. 2 Simulated neutral-densitymeasurements synthesized using com-
puted neutral density at altitude of 300 km.
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as θk for two values of p0. Note that the larger value of p0 reduces
overshoot but increases the settling time.

B. Example IV.2: Estimation of κO Using the Measurements of ρmean

with Variable-Rate Forgetting

In this example, themeasurements of ρmean are used to construct an
estimate μ̂k � κ̂O;k of κO. Therefore,

κ̂O;k � κ̂O;0 � jνkj (22)

where κ̂O;0 is the initial estimate of κO, and νk is givenbyEq. (11). The
output of the estimation model is ŷk� 1010ρ̂mean;k, where the scaling
ensures that the error zk and the parameter estimate μ̂k have similar
magnitude. Let N1 � 1, p0� 108, and the variable forgetting factor
parameters α � 0.8 and η � 1.5. Figure 5 shows the output error, the
estimate μ̂k � κ̂O;k of κO, and θk.
Next, the effect of α and η on the estimates is investigated. Let

N1 � 1 andp0� 108. Figure 6 shows the estimate μ̂k � κ̂O;k of κO as
well as θk for various values of α and η. Note that larger values of η
and smaller values of α reduce overshoot but may increase the
settling time.

C. Example IV.3: Estimation of κO2
and κO Using the Measurement

of ρmax

In this example, RCPE uses measurement of ρmax to construct the
estimates μ̂1;k � κ̂O2;k and μ̂2;k � κ̂O;k of κO2

and κO. Therefore,

�
κ̂O2;k

κ̂O;k

�
�

�
κ̂O2;0

k̂0;0

�
�Opjvkj (23)

Table 1 Summary of the examples in the paper

Example Estimated Parameters Measurements Objectives Figure

IV.1 κO2
ρmax Constant-rate forgetting, effect of p0 Figs. 3 and 4

IV.2 κO ρmean Variable-rate forgetting, effect of α, η Figs. 5 and 6
IV.3 κO2

, κO ρmax Lack of identifiability due to fewer measurements Fig. 7
IV.4 κO2

, κO ρmin, ρmax Variable-rate forgetting, effect of initialization,
effect of filter coefficients

Figs. 8–11

IV.5 κO2
, κO, S ρmin, ρmax, ρmean Variable-rate forgetting, effect of permutation Figs. 12 and 13

Fig. 3 Example IV.1. Estimation of κO2
using ρmax: a) output error,

b) true parameter and parameter estimate, and c) parameter estimator
coefficients.

Fig. 4 Example IV.1. Effect of p0 on the parameter estimates: a) true

parameter and parameter estimate, and b) parameter estimator coeffi-
cients for two values of p0.

Fig. 5 Example IV.2. Estimation of κO using ρmean: a) output error,
b) true parameter and parameter estimate, c) variable-rate forgetting
factor, and d) parameter estimator coefficients.
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where κ̂O2;0 is the initial estimate of κO2
, κ̂O;0 is the initial estimate of

κO,Op � I2, and νk is given byEq. (11). The output of the estimation
model is ŷk� 1010ρ̂max;k, where the scaling ensures that the error zk
and the parameter estimate μ̂k have similar magnitude. As shown in
Sec. III, estimation of two parameters with a single measurement
requires nf � 2 and linearly independent N1 and N2. Consequently,
RCPE is implemented with N1 � eT1 , N2 � eT2 , p0� 108, and
λk ≡ 0.999. Figure 7 shows the output error, the estimates μ̂1;k �
κ̂O2;k and μ̂2;k � κ̂O;k of κO2

and κO, and θk. Note that themagnitude of
the output error zk reduces by three orders ofmagnitude; however, the
estimate μ̂k does not converge to the true values of κO2

and κO, thus
suggesting that one measurement is not sufficient to uniquely esti-
mate κO2

and κO.

D. Example IV.4: Estimation of κO2
and κO Using the Measurements

of ρmin and ρmax

In this example, measurements of ρmin and ρmax are used to
construct the estimate μ̂1;k � κ̂O2 ;k and μ̂2;k � κ̂O;k of κO2

and κO.

Fig. 6 Example IV.2. Effect of α and η on parameter estimates: a) true
parameter and parameter estimate, b) variable-rate forgetting factor,
and c) parameter estimator coefficients for several choices of α and η.

Fig. 7 Example IV.3. Estimation of κO2
and κO using measurements of

ρmax: a) output error, b) true parameter and parameter estimate, c) var-
iable-rate forgetting factor, and d) parameter estimator coefficients.

Fig. 8 Example IV.4. Estimation of κO2
and κO using measurements of

ρmin and ρmax: a) output error, b) true parameter and parameter esti-
mate, c) variable-rate forgetting factor, and d) parameter estimator
coefficients.

Fig. 9 Example IV.4. Effect of initial estimate of unknownparameter on
parameter estimates.
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Therefore,

�
κ̂O2;k

κ̂O;k

�
�

�
κ̂O2;0

κ̂O;0

�
�Opjνkj (24)

where κ̂O2 ;0 is the initial estimate of κO2
, κ̂O;0 is the initial estimate of

κO,Op � I2, and νk is given byEq. (11). The output of the estimation
model is ŷk� 1010� ρ̂min;k ρ̂max;k �T , where the scaling ensures that
the error zk and the parameter estimate μ̂k have similarmagnitude. Let
N1 � � e1 e2 �, p0� 108, and the variable forgetting factor param-
eters α � 0.8 and η � 1.5. Figure 8 shows the output error, the
estimates μ̂1;k � κ̂O2;k and μ̂2;k � κ̂O;k of κO2

and κO, and θk.
Next, the effect of the initial estimate of the unknown parameter on

the estimates is investigated. LetN1 � � e1 e2 �,p0� 108, α � 0.8,
and η � 1.5. Figure 9 shows the estimates of κO2

and κO for various
values of the initial estimates κ̂O2 ;0 and κ̂O;0. Figure 10 shows that the
overshoot increases as the initial estimate is further away from the
true value of the unknown parameters.
Next, the effect of choice of N1 on the estimates is investigated.

WithN1 � � e2 e1 �, Fig. 11 shows the output error, the estimates of

κO2
and κO, λk, and θk. Note that, in this case, both choices of the filter

coefficient N1 were found to be successful.

E. Example IV.5: Estimation of κO2
, κO, and S Using Measurements

of ρmin, ρmean, and ρmax

In this example, measurements of ρmin, ρmean, and ρmax are used to
construct the estimates μ̂1;k � κ̂O2;k, μ̂2;k � κ̂O;k, and μ̂3;k � Ŝk, of
κO2

, κO, and the temperature exponent S. Therefore,

2
4
κ̂O2;k

κ̂O;k

Ŝk

3
5 �

2
4
κ̂O2;0

κ̂O;0

Ŝ0

3
5�OpjMνkj (25)

where κ̂O2;0 is the initial estimate of κO2
, κ̂O;0 is the initial estimate of

κO, Ŝ0 is the initial estimate of S,Op � I3,M � diag�1;1;1000�, and
νk is given by Eq. (11). Note that the scalingmatrixM ensures that all
elements of νk have similar magnitude. The output of the estimation
model is ŷk� 1010� ρ̂min;k ρ̂mean;k ρ̂max;k �T , where the scaling
ensures that the error zk and the parameter estimate μ̂k have similar
magnitude. Let N1 � � e1 e2 e3 �, p0� 108, and the variable

2 4 6 8 10

10-4

2

4

6

8

10

12

14

10-4

a) b)

Fig. 10 Example IV.4. Effect of initial estimate of unknown parameter on parameter estimates.

Fig. 11 Example IV.4.Effect ofN1 on theparameterestimates:a) output

error, b) true parameter and parameter estimate, c) variable-rate for-
getting factor, and d) parameter estimator coefficients using filter coef-
ficient N1 � � e2 e1 �.

Fig. 12 Example IV.5. Estimation of κO2
and κO usingmeasurements of

ρmin and ρmax: a) output error, b) true parameter and parameter esti-
mate, c) variable-rate forgetting factor, and d) parameter estimator
coefficients.
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forgetting factor parameters α � 0.8 and η � 1.5. Figure 12 shows
the output error; the estimates of κO2

, κO, and S; λk; and θk Note that
the variable forgetting factor λk is lower bounded at 0.999 in this
example to prevent excessive forgetting.
Next, the effect of the choice of the permutation matrix Op is

investigated. For lμ � 3, there are 3! � 6 possible choices of Op.
Figure 13 shows the output error for all six choices ofp. Note that the
output error diverges for all but one choice of p.

V. Future Research

Future research will address four extensions. First, the effect of
sensor noise on the accuracy of the parameter estimates within the
context of RLS with variable-rate forgetting remains to be investi-
gated. In earlier work, this effect was considered within the context
of constant-rate forgetting. Second, the measurements used in the
present study were simulated measurements of the maximum, mini-
mum, and mean neutral densities at a fixed altitude. More realistic
measurements would be neutral-density data along satellite tracks.
Third, in order to facilitate the use of RCPE for estimating a larger
number of unknownparameters, it is desirable to reduce the computa-
tional cost of RCPE by developing a technique for efficiently deter-
mining the correct permutationmatrix. Finally, automated techniques
for selecting the initial covariance and variable-forgetting-factor
parameters α and η would make RCPE more convenient for larger
classes of applications.

VI. Conclusions

Based on simulated density measurements, retrospective cost
parameter estimation was used to estimate the thermal-conductivity
coefficients and the temperature exponent modeling thermal conduc-
tivity in the global ionosphere–thermosphere model. A comparison
of constant-rate and variable-rate forgettings using a single measure-
ment showed that variable-rate forgetting improves the convergence
of the estimator. For the case of two unknown parameters, the output
error converged to zero; however, the parameter estimates converged
to values that differ from the truth values. For this choice of meas-
urement signal, it thus follows that the underlying physics preclude
identifiability of the unknown parameters. Next, for the case where
two density measurements were used to estimate two unknown
parameters, RCPE was found to be robust to the choice of hyper-
parameters and parameter initialization. Finally, for the case where
three density measurements were used to estimate three unknown
parameters, of the six possible choices of permutation matrices, only
one was found to be successful.
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