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Recursive Least Squares with Matrix Forgetting
Adam L. Bruce1 , Ankit Goel2 , and Dennis S. Bernstein3

Abstract— This paper considers an extension of recursive
least squares (RLS), where the cost function is modified to
include a matrix forgetting factor. Minimization of the modified
cost function provides a framework for combined variable-rate
and variable-direction (RLS-VRDF) forgetting. This extension
of RLS simultaneously addresses two key issues in standard
RLS, namely, the need for variable-rate forgetting due to
changing plant parameters as well as the need for variabledirection covariance updating due to the loss of persistency.
The performance of RSL-VRDF is illustrated by an example
with abrupt parameter changes and loss of persistency.

I. I NTRODUCTION
Recursive least squares (RLS) is an algorithm that is
widely used in signal processing, identification, and adaptive
control [1–4]. Standard RLS employs a forgetting factor λ
that enhances the importance of recent data over older data,
but unfortunately, the performance of RLS is often extremely
sensitive to the choice of λ. To overcome this problem,
various extensions of RLS have been developed to include
variable-rate forgetting [5–9] or covariance resetting [10].
An additional weakness of RLS is that the use of a fixedor variable-rate forgetting factor may cause the covariance
to diverge when the input signal is not persistently exciting
[11–15]. A variety of techniques have been developed for
overcoming the divergence due to lack of persistency [11,
16, 17]. One approach to this problem is to restrict forgetting
to the subspace in which the data provide new information
about the parameters, [18–24]. Consequently, the direction
of the forgetting is varied based on the information content
of the measurements.
The main contribution of this paper is a modified cost
function whose minimization yields a matrix forgetting RLS
algorithm that can be specialized into a combined variablerate and variable-direction RLS algorithm (RLS-VRDF). The
resulting extension of RLS thus seeks to overcome both
changing parameters and loss of persistency. In addition,
since RLS-VRDF is obtained by minimizing a cost function,
this modification of RLS has a known optimal interpretation, in contrast with extensions of RLS obtained by direct
modification of the RLS update equations [16, 17]. Since this
paper gives a general matrix forgetting RLS algorithm and
a cost function which it minimizes, and then numerically

investigates RLS-VRDF, while [25] only includes RLS-VRF
and [26] only includes RLS-VDF, the contribution of this
paper goes beyond [25, 26].
Matrix forgetting algorithms are also given in [27, 28].
However, [27] assumes an ARMA model of the system
and develops matrix forgetting that only applies to the
Instrumental Variable Method. In contrast, this paper makes
no assumptions about the system and directly generalizes
standard RLS. In [28], a matrix forgetting algorithm is
derived by modifying the standard RLS cost function, but
results in a covariance matrix that is not generally symmetric.
The algorithm also assumes that there is a single output
and restricts the forgetting matrix to be both constant and
symmetric. In this paper, the covariance matrix is guaranteed
to be symmetric, but the forgetting matrix need not be either
symmetric or constant–allowing for a wide range of choices,
such as RLS-VRDF. Furthermore, there is no assumption on
the number of outputs.
The paper is organized as follows. In Section II, we
introduce preliminary results on least squares optimization,
including a recursive update algorithm for a general least
squares cost which does not use the matrix inversion lemma
(Lemma 1), and show that standard RLS can be obtained
as a special case of this cost. In Section III, we specialize
Proposition 2 in Section II to the case of matrix forgetting.
Then, in Section IV, we specialize Theorem 1 in Section
III further to the cases of RLS-VRF, RLS-VDF, and RLSVRDF. Finally, in Section V, we show the performance of
the different algorithms on a system identification example
with both abruptly changing parameters and abrupt loss of
persistency.

II. P RELIMINARY R ESULTS ON L EAST S QUARES
O PTIMIZATION
The following result on least squares optimization is an
immediate consequence of Lemma 2 in the appendix.
Proposition 1: For all k ≥ 0, let yk ∈ Rp , φk ∈ Rp×n ,
and αk ∈ Rn , let Qk ∈ Rp×p be positive semidefinite, let
Rk ∈ Rn×n be symmetric, define Jk : Rn → [0, ∞) by
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Jk (θ) =

k
X

(yi − φi θ)T Qi (yi − φi θ)

i=0

+ (θ − αk )T Rk (θ − αk ),

(1)

and assume that

Now let k ≥ 1. From (2) it follows that
k
X

4

Ak =

φT
i Qi φi + Rk

(2)

Ak =

i=0

k
X

φT
i Qi φi + Rk

i=0

is positive definite. Then, for all k ≥ 0, Jk is quadratic
and strictly convex, and thus has a unique global minimizer,
which is also the only local minimizer. For all k ≥ 0, define
4

θk+1 = argminθ∈Rn Jk (θ).

(3)

Then, for all k ≥ 0,
θk+1 = −A−1
k bk ,

T
φT
i Qi φi + φk Qk φk + Rk

i=0

= Ak−1 − Rk−1 + φT
k Qk φk + Rk ,

which confirms (8). Furthermore, bk can be written recursively as
bk = bk−1 − φT
k Qk yk + Rk−1 αk−1 − Rk αk .

(4)

It thus follows from Lemma 2 that

and the minimum value of Jk is given by
−1
Jk (θk+1 ) = ck − bT
k Ak bk ,

=

k−1
X

θk+1 = −A−1
k bk

(5)

T
= −A−1
k (bk−1 − φk Qk yk + Rk−1 αk−1 − Rk αk )
T
T
T
= −A−1
k (bk−1 − φk Qk yk + φk Qk φk θk − φk Qk φk θk )

where
4

bk = −

k
X

− A−1
k (Rk−1 αk−1 − Rk αk )
T
i

φ Qi yi − Rk αk ,

(6)

T
−1 T
= −A−1
k (bk−1 − φk Qk φk θk ) + Ak φk Qk (yk − φk θk )

i=0
4

ck =

k
X

+ A−1
k (Rk αk − Rk−1 αk−1 )

T
i

T
k

y Qi yi + α Rk αk .

(7)

T
−1 T
= A−1
k (Ak−1 θk + φk Qk φk θk ) + Ak φk Qk (yk − φk θk )

i=0

+ A−1
k (Rk αk − Rk−1 αk−1 )

Note that in the case where Rk is positive definite (positive
semidefinite) it follows that (5) is positive (nonegative). If
however Rk is not positive semidefinite, (5) may be negative.

T
= A−1
k (Ak−1 + φk Qk φk + Rk − Rk−1 )θk
T
+ A−1
k φk Qk (yk − φk θk )
−1
+ A−1
k (Rk αk − Rk−1 αk−1 ) − Ak (Rk − Rk−1 )θk

The next result is a recursive variation of Proposition 1.

T
= θk + A−1
k φk Qk (yk − φk θk )

Proposition 2: Under the notation and assumptions of
Proposition 1, let θ0 ∈ Rn and define R−1 ∈ Rn×n and
α−1 ∈ Rn such that R−1 (α−1 − θ0 ) = 0. Then, for all k ≥ 0,
Ak = Ak−1 + φT
k Qk φk + Rk − Rk−1 ,
−1
k

θk+1 = θk + A
+A

−1
k

(8)

T
k

φ Qk (yk − φk θk )

[Rk (αk − θk ) − Rk−1 (αk−1 − θk )].

(9)

+ A−1
k [Rk (αk − θk ) − Rk−1 (αk−1 − θk )],

which confirms (9).

The following corollary of Proposition 2 is the classical
least squares result, which we provide for comparison with
the matrix forgetting result in Section IV.
Corollary 1: Let λ ∈ (0, 1] and θ0 ∈ Rn , and let P0 ∈ Rn×n
be positive definite. For all k ≥ 0, let yk ∈ Rp and φk ∈ Rp×n ,
and define Jk : Rn → [0, ∞) by

Proof. Since A−1 = R−1 , it follows that
A0 = φT
0 Q 0 φ0 + R 0
= R−1 + φT
0 Q0 φ0 + R0 − R−1

4
J¯k (θ) =

T
0

= A−1 + φ Q0 φ0 + R0 − R−1 ,

θ1 = −A

b

−1
0

(φ Q0 y0 + R0 α0 )

−1
0

T
T
(φT
0 Q0 y0 + φ0 Q0 φ0 θ0 − φ0 Q0 φ0 θ0 + R0 α0 )

=A
=A

T
0

−1 T
T
= A−1
0 (φ0 Q0 φ0 θ0 + R0 θ0 ) + A0 φ0 Q0 (y0 − φ0 θ0 )

k
X

λk−i (yi − φi θ)T (yi − φi θ)

i=0

which confirms (8) for k = 0. Since A0 is positive definite,
Lemma 2 implies that
−1
0
0



+ λk (θ − θ0 )T P0−1 (θ − θ0 ).

(10)

Then, for all k ≥ 0, Jk is quadratic and strictly convex, and
thus has a unique global minimizer, which is also the only
local minimizer. For all k ≥ 0, define
4

θk+1 = argminθ∈Rn J¯k (θ).

(11)

Then, for all k ≥ 0,

+ A−1
0 R0 (α0 − θ0 )
θk+1 = θk + Pk+1 φT
k (yk − φk θk )

T
= θ0 + A−1
0 φ0 Q0 (y0 − φ0 θ0 )
−1
+ A−1
0 R0 (α0 − θ0 ) − A0 R−1 (α−1 − θ0 ),

(12)

where

which confirms (9) for k = 0.

Pk+1 =
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1
1
T −1
φk Pk .
Pk − Pk φT
k (λIp + φk Pk φk )
λ
λ

(13)

III. RLS WITH M ATRIX F ORGETTING

α−1 = θ0 , it follows that R−1 (α−1 − θ0 ) = 0 and therefore,
from Lemma 1, it follows that, for all k ≥ 0,

Note that (9) requires computation of the n × n inverse
Ak−1 . In Corollary 1, the matrix inversion lemma was used
to replace the n × n inverse with a p × p inverse. As can be
seen in the proof of Corollary 1, this reduction in complexity
was because Rk is equal to a constant, namely P0−1 , for all
k ≥ 0, and thus the term Rk − Rk−1 vanishes. An alternative
approach is to choose a variable Rk that avoids the need for
an n×n inverse. The following result uses a specific choice of
Rk and αk to obtain a version of RLS with matrix forgetting,
thereby providing an explicit quadratic cost function which is
minimized by matrix forgetting RLS. Hereafter, Rk+ denotes
the Moore-Penrose pseudoinverse of Rk .
Theorem 1: Let θ0 ∈ Rn , and let P0 ∈ Rn×n be positive
definite. Furthermore, for all k ≥ 0, let φk ∈ Rp×n , let Qk ∈
Rp×p be positive definite, let Bk ∈ Rn×n be nonsingular, and
define Jk : Rn → [0, ∞) by (1) with
(
4

Rk =

P0−1 ,

Pk
i=0

k = −1,

−T
i

B

−1
i

Ai−1 B

−

Pk
i=1

Ai−1 ,

k≥0

Ak = Ak−1 + φT
k Qk φk + Rk − Rk−1 ,
−T
= Ak−1 + φT
Ak−1 Bk−1 − Ak−1
k Qk φk + Bk
−T
= φT
Ak−1 Bk−1 .
k Qk φk + Bk

Since Bk is nonsingular and Ak−1 is positive definite, it
follows that Bk−T Ak−1 Bk−1 is positive definite. Thus Ak is
positive definite.
4

Next, define Lk = Bk Pk BkT . From Lemma 1 with A =
B Ak−1 Bk−1 , U = φT
k , C = Qk , and V = φk , it follows that,
for all k ≥ 0,
−T
k

−1
Pk+1 = (Bk−T Ak−1 Bk−1 + φT
k Qk φk )
−1
−1
= Lk − Lk φT
+ φk Lk φT
φk Lk ,
k (Qk
k)

which confirms (17). Furthermore, from Lemma 1, it follows
that, for all k ≥ 0,
θk+1 − θk − Pk+1 φT
k Qk (yk − φk θk )

(14)

= Pk+1 Rk (αk − θk ) − Pk+1 Rk−1 (αk−1 − θk )

and
(
4

αk =

= Pk+1 [Rk (Rk+ Rk−1 αk−1

θ0 ,

k = −1,

Rk+ Sk ,

k ≥ 0,

+ Rk+ [Bk−T Ak−1 Bk−1 − Ak−1 ]θk − θk ) − Rk−1 (αk−1 − θk )]

(15)

= Pk+1 [(Πk Rk−1 αk−1 − Rk−1 αk−1 )
+ Πk (Bk−T Ak−1 Bk−1 − Ak−1 )θk − (Rk − Rk−1 )θk ]

4

where A−1 = P0−1 ,
4

Sk =

= Pk+1 [(Πk − In )Rk−1 αk−1

k
X

+ (Πk − In )(Bk−T Ak−1 Bk−1 − Ak−1 )θk ]

Πk−1 · · · Πi Bi−T Ai−1 Bi−1 θi

= Pk+1 (Πk − In )γk ,

i=0

−

k
X

Πk−1 · · · Πi Ai−1 θi ,

(16)

i=1
4

+
i

and, for all i ≥ 0, Πi = Ri R . Then, for all k ≥ 0, Ak defined
by (2) is positive definite. Furthermore, for all k ≥ 0, let
4
yk ∈ Rp , define Pk+1 = A−1
k , and define θk+1 by (3). Then,
for all k ≥ 0, θk+1 is given by
−1
−1
Pk+1 = Lk − Lk φT
+ φk Lk φT
φk Lk ,
k (Qk
k)

(17)

which confirms (18).



If Rk is nonsingular, then Πk = In . Assuming that this is
the case for all k ≥ 0, Theorem 1 specializes to the following
result.
Corollary 2: Under the notation and assumptions of Theorem 1, let k ≥ 0 and assume that Rk is nonsingular. Then
θk+1 is given by

T
k

−1
−1
Pk+1 = Lk − Lk φT
+ φk Lk φT
φk Lk ,
k (Qk
k)

θk+1 = θk + Pk+1 φ Qk (yk − φk θk ) + Pk+1 (Πk − In )γk , (18)

T
k

θk+1 = θk + Pk+1 φ Qk (yk − φk θk ),

where
4

(19)

4

(20)

Lk = Bk Pk BkT ,
γk = Rk−1 αk−1 + (Bk−T Ak−1 Bk−1 − Ak−1 )θk .

Proof. Note that, for all k ≥ 0, Rk satisfies
Rk = Rk−1 + Bk−T Ak−1 Bk−1 − Ak−1 ,

(21)

(23)
(24)

where Lk is defined by (19).
Note that, in Corollary 2, Bk can be viewed as a matrix
forgetting factor. To see this, let λ ∈ (0, 1] and let Bk = √1λ In .
Then (23)-(24) specialize to the traditional RLS equations
with forgetting factor λ. Hereafter, we refer to this specialization as RLS with constant-rate forgetting (RLS-CRF).

and αk satisfies
IV. S PECIALIZATIONS
αk = Rk+ Rk−1 αk−1
+ Rk+ (Bk−T Ak−1 Bk−1 − Ak−1 )θk .

(22)

Furthermore, note that A−1 is positive definite. Hence,
suppose for induction that Ak−1 is positive definite. Since

Note that the nonsingular matrix Bk in (19), (23), (24)
can be chosen arbitrarily. In particular, the following specializations of Corollary 2 choose Bk in order to achieve
variable-rate and variable-direction forgetting.
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Variable-Rate Forgetting (VRF). For all k ≥ 0, let βk ∈
(0, ∞), Bk = βk In , and Qk = Ip . Then (19), (17), and (18)
are given by
(25)

Lk = βk Pk ,
T −1
φk Lk ,
Pk+1 = Lk − Lk φT
k (Ip + φk Lk φk )

θk+1 = θk + Pk+1 φT
k (yk − φk θk ).

where q is the forward shift operator. Let the input to (33)
be given by
(
ũk ,
k < 100 or k > 1000,
uk =
(34)
sin(0.01k),

(26)
(27)

where, for all k ≥ 0,

Equations (25)–(27) give RLS with variable-rate forgetting
(RLS-VRF) [25].
Variable-Direction Forgetting (VDF). Compute the singular value decomposition Pk = Uk Σk UkT , where Uk ∈ Rn×n
is orthonormal, and define
4

(28)

ψk = φk Uk .

Next, let ε > 0 be larger than the noise-to-signal ratio or, if
no noise is present, larger than the machine zero. Finally, let
λ ∈ (0, 1), and define
(√
kψk,i k > ε,

λ,

4

Λk (i, i) =

1,

otherwise,

(29)

4

ũk = sin(0.01k) + sin(0.1k) + sin(k) + sin(10k).

−1
k

Bk = Uk Λ

T
k

U ,

(35)

Note that, for all 100 < k < 1000, (34) is not persistently
exciting. Furthermore, suppose that the output is corrupted
with additive Gaussian white noise with standard deviation
σ = 0.025. Finally, define
(
1 + η satγ (Eτ ), Eτ > 1,
4
βk =
(36)
Eτ ≤ 1,

1,

where η and γ are positive numbers, satγ is the unit-slope
saturation function with saturation level γ , τ is a positive
integer, and

where ψk,i is the ith column of ψk . Finally, define
4

100 ≤ k ≤ 1000,

4

Eτ =

(30)

k
1 X
kyi − φi θi k2
τ

!1/2
.

(37)

i=k−τ

Then, with Bk given by (30), equations (19), (23), (24) give
RLS with variable-direction forgetting (RLS-VDF) [26].
Variable-Rate and -Direction Forgetting (VRDF). For
all k ≥ 0 and i = 1, . . . , p, let βi,k ∈ (0, ∞), define
(p
βi,k , kψk,i k > ε,
4
Dk (i, i) =
(31)
1,

otherwise,

with Uk , ψk , and ψk,i defined as in (28), and let
Bk = Uk Dk UkT .

(32)

Then, with Bk given by (32), equations (19), (23), (24) give
variable-rate and -direction forgetting (RLS-VRDF), which
combines RLS-VRF and RLS-VDF.
V. E XAMPLE : ABRUPT LOSS AND RECOVERY OF

The forgetting factor produced by (36) increases when output
measurements differ significantly from the predicted output,
which occurs when the parameters change. To reduce sensitivity to noise, the output error is first fed through a moving
average given by (37) and forgetting is only activated when
the average output error exceeds unity.
Figure 1 shows the performance of RLS-CRF and RLSVDF, both with λ = 0.99, and RLS-VRDF with βk given
by (36) with γ = η = 1. Note that, after both parameter
changes, RLS-VRDF reconverges to the modified parameters
more quickly than RLS-CRF and RLS-VDF. During the loss
of persistency between k = 100 and k = 1000 samples,
the covariance of RLS-CRF begins to diverge while the
covariances of RLS-VDF and RLS-VRDF remain bounded.



PERSISTENCY WITH ABRUPTLY CHANGING
PARAMETERS .

Consider a mass-spring-damper system with m = 5 kg,
k = 1 N/m, and b = 1 N·s/m sampled at 1 sample/s, and
suppose that at 200 samples the parameters of the system
abruptly change to k = 10 N/m and b = 0.01 N·s/m and then
at 1200 samples the parameters of the system abruptly change
again to k = 0.1 N/m and b = 10 N·s/m. This system is
modeled by the time-varying discrete-time transfer function

0.4606q + 0.4307

,
k < 200,


2
q
− 1.64q + 0.8187


 0.4218q + 0.4215
, 200 ≤ k ≤ 1200, (33)
Gk (q) =
q2 − 0.3116q + 0.998



 0.2834q + 0.1482


, k > 1200,
q2 − 1.127q + 0.1353

C ONCLUSIONS AND F UTURE R ESEARCH
Future research will focus on techniques for reducing the
computational complexity of the singular value decomposition of Pk . A starting point for this objective is the recursive
SVD presented in [29].
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A PPENDIX
Lemma 1: (matrix inversion lemma) Let A ∈ Rn×n , U ∈
R , C ∈ Rp×p , and V ∈ Rp×n , and assume that A, C, and
A + U CV are nonsingular. Then
n×p

(A+U CV )−1
= A−1 − A−1 U (C −1 + V A−1 U )−1 V A−1 .

(38)

n×n

Lemma 2: Let A ∈ R , assume that A is positive
definite, let b ∈ Rn and c ∈ R, and define f : Rn −
→ R
by
4

f (x) = xT Ax + 2bT x + c.

(39)

Then the unique minimizer of f is
xopt = −A−1 b,

(40)

and the minimum value of f is
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f (xopt ) = c − bT A−1 b.

(41)

