
Retrospective Cost Adaptive Harmonic Disturbance Rejection
Using Dereverberated Target Models

Nima Mohseni1 and Dennis S. Bernstein1

Abstract— The present paper focuses on adaptive feedback
disturbance rejection for high-order, lightly damped systems
using retrospective cost adaptive control (RCAC). RCAC re-
quires a closed-loop target model, which captures key features
of the plant dynamics. In the SISO case, this information
includes knowledge of the sign of the leading numerator
coefficient, relative degree, and non-minimum phase zeros. The
present paper investigates the feasibility of using a deverberated
transfer function (DTF) as the closed-loop target model. A
dereverberated model of a lightly damped plant captures the
magnitude and phase trend but ignores resonances and anti-
resonances, thus providing a simplified, low-order model of
a lightly damped system. The present paper investigates the
performance and robustness of RCAC using a dereverberated
target model based on the nominal plant model.

I. INTRODUCTION

Disturbance rejection for high-order, lightly damped struc-
tures and acoustic spaces is a longstanding challenge in
control theory and technology [1], [2], [3]. Applications of
this technology range from space apertures (optical and RF)
to positioning mechanisms in hard drives [4], [5]. The diffi-
culty of the problem stems from the high dimensionality—
theoretically infinite—of the plant dynamics, the proximity
of the poles to the imaginary axis, the presence of non-
minimum phase zeros, and model uncertainty due to lim-
itations in analytical and empirical modeling. Additional
challenges arise from loop coupling in MIMO applications,
time delays in wave propagation, limitations in sensors,
actuators, and computation, and spectral and spatial spillover.

Although feedback control can modify the dynamics of a
structure, for example, by adding damping or altering mode
shapes, this approach has inherent limitations [6] and can
destabilize the system. In view of these challenges, an alter-
native approach is to use adaptive feedforward disturbance
rejection, which uses a measurement of the disturbance or a
closely related sensor signal, such as an engine tachometer.
One of the most popular feedforward control algorithms
for adaptive disturbance rejection is filtered-x least-mean-
square (FxLMS) [3], [7], [8], which uses knowledge of the
secondary-path (control-to-error-signal) dynamics to update
the coefficients of a finite-impulse response (FIR) controller.

In situations where feedforward disturbance rejection is
not applicable, feedback control is of interest. Fixed-gain,
feedback control methods, including optimal and robust
techniques, have been widely studied [9]. Uncertainty in the
high-order, lightly damped dynamics, however, motivates the
need for developing adaptive feedback control techniques.

The present paper focuses on adaptive feedback dis-
turbance rejection for high-order, lightly damped systems
using retrospective cost adaptive control (RCAC). RCAC is
a direct, digital adaptive control technique for disturbance
rejection for plants with uncertain dynamics and disturbance
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spectrum [10]. As shown in [10], RCAC requires a closed-
loop target model, which captures key features of the plant
dynamics. In the SISO case, this information includes knowl-
edge of the sign of the leading numerator coefficient, relative
degree, and non-minimum phase zeros. In the MIMO case,
the required information is obtained through a collection of
impulse-response matrices [11].

The goal of the present paper is to determine the feasibility
of using a deverberated transfer function (DTF) as the
closed-loop target model. Roughly speaking, a dereverber-
ated model of a lightly damped plant captures the magnitude
and phase trend but ignores resonances and anti-resonances
[12], [13], [14]. Consequently, a DTF provides a simplified,
low-order model of a lightly damped system. The present
paper investigates the performance and robustness of RCAC
using a dereverberated target model based on the nominal
plant model.

Various techniques have been developed to generate a
DTF from an analytical or empirical plant model [15], [16],
[17], [18]. All these techniques capture some aspect of the
mean of the frequency response, for example, by optimizing
the logarithmic-average of the magnitude of the frequency
response.

The paper is structured as follows. Section II explains
the disturbance rejection problem investigated in this paper,
and the RCAC algorithm. Section III covers construction of
the closed-loop target model used in RCAC and the modi-
fications that are needed to be able to use a dereverberated
target model. We then present a method for generating a DTF
in Section IV. Section V investigates harmonic disturbance
rejection using RCAC for a numerical example. Finally,
adaptive control of a MISO acoustic experiment using a
MISO dereverberated target model is described in Section
VI.

II. RETROSPECTIVE COST ADAPTIVE CONTROL

A. Sampled-Data Disturbance-Rejection Problem
The disturbance rejection problem involves four signals,

namely, the performance z, the disturbance w, the output
y, and the control u. These signals are related by the
transfer functions Gzu, Gzw, Gyu, and Gyw, which define
the continuous-time, input-output model

z(t) = Gzw(p)w(t) +Gzu(p)u(t), (1)
y(t) = Gyw(p)w(t) +Gyu(p)u(t), (2)

where p is the differentiation operator d/dt. The signals
y(t) and z(t) are sampled instantaneously to obtain yk

4
=

y(kTs) ∈ Rly and zk
4
= z(kTs) ∈ Rlz , and the control u(t) ≡

uk ∈ Rlu for all t ∈ [kTs, (k + 1)Ts) is reconstructed from
uk using a zero-order hold (ZOH). The feedback controller
Gc(q, θ̂), where q is the forward-shift operator and θ̂ is a
vector of controller coefficients that is updated at each step,
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uses yk to determine uk, as shown in Figure 1. In order to
suppress the effect of the disturbance w(t) on zk, the adaptive
controller uses measurements of zk to update Gc(q, θ̂). The
controller update is indicated by the diagonal line in Figure
1,

Fig. 1: Block diagram of the sampled-data adaptive distur-
bance rejection architecture. The controller Gc,k is updated
at each time step k.

It follows from (1) and (2) that zk and yk are given by

zk = zw,k +Gzu,d(q)uk, (3)
yk = yw,k +Gyu,d(q)uk, (4)

where

zw,k
4
= Czw

∫ kTs

(k−1)Ts

eAzw(kTs−t)Bzww(t) dt

+Dzw

∫ kTs

(k−1)Ts

w(t) dt, (5)

yw,k
4
= Cyw

∫ kTs

(k−1)Ts

eAyw(kTs−t)Byww(t) dt

+Dyw

∫ kTs

(k−1)Ts

w(t) dt, (6)

where (Azw, Bzw, Czw, Dzw) and (Ayw, Byw, Cyw, Dyw)
are realizations of Gzu(p) and Gyu(p), respectively, and
Gzu,d(q) and Gyu,d(q) are the zero-order-hold discretiza-
tions of Gzu(p) and Gyu(p), respectively. A block diagram
of the discrete-time disturbance-rejection problem is shown
in Figure 2.

Fig. 2: Block diagram of the sampled-data adaptive distur-
bance rejection architecture in discrete time.

B. RCAC Algorithm
For the current vector θk of controller coefficients,

Gc(q, θk) is realized by the linear, time-varying, input-output
model

uk =

nc∑
i=1

Pi,kuk−i +

nc∑
i=1

Qi,kyk−i (7)

where Pi,k ∈ Rlu×lu , Qi,k ∈ Rlu×ly , and nc is the controller
order. The startup protocol for (7) is given by

uk =

{
0, k < kw,

Φkθk, k ≥ kw
(8)

where the regressor matrix Φk is defined as

Φk
4
=



uk−1
...

uk−nc

yk−1
...

yk−nc



T

⊗ Ilu ∈ Rlu×lθ , (9)

kw ≥ nc is the number of steps to wait while Φk is being
populated with data, θk is the controller coefficient vector
defined as

θk
4
= vec [P1,k · · · Pnc,k Q1,k · · · Qnc,k]

T ∈ Rlθ , (10)

and lθ
4
= nclu(lu + ly).

The retrospective performance variable is defined by

ẑk(θ̂)
4
= zk −Gf(q)(uk − Φkθ̂), (11)

where θ̂ is the controller coefficient vector to be optimized,
and Gf(q) ∈ Rlz×lu is a filter. As discussed in Subsection
II-D, Gf plays the role of the target model for a closed-
loop transfer function. Defining the filtered quantities uf,k

4
=

Gf(q)uk and Φf,k
4
= Gf(q)Φk, (11) can be written as

ẑk(θ̂) = zk − (uf,k − Φf,kθ̂). (12)

The controller coefficient vector θk is updated by mini-
mizing the cost function

Jk(θ̂)
4
=

1

2
(ẑk(θ̂)Tẑk(θ̂) + θ̂TRθ̂), (13)

where the positive-definite matrix R ∈ Rlθ×lθ is a regular-
ization term. Using gradient descent, the update law for the
controller coefficient vector is given by

θk+1 = θk − µk(ΦT
f,kẑk(θk) +Rθk) (14)

where µk is the adaptive step size. For computational con-
venience, the step size is chosen to be

µk =
α

‖Φf,k‖2F + ε
, (15)

where ‖ · ‖F is the Frobenius norm, ε is a small positive
nonzero term, and α > 0 is chosen to adjust the speed of
the adaptation.

C. Analysis of the Closed-Loop System
Defining

uk(θ̂)
4
= Φkθ̂, (16)

ũk(θ̂)
4
= uk − uk(θ̂) = uk − Φkθ̂, (17)

(11) can be written as

ẑk(θ̂) = zk −Gf(q)ũk(θ̂). (18)
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Next, using (7) and (17), the controller Gc(q, θ̂) correspond-
ing to θ̂ is realized as

uk(θ̂) =

nc∑
i=1

P̂iuk−i(θ̂) +

nc∑
i=1

P̂iũk−i(θ̂) +

nc∑
i=1

Q̂iyk−i,

(19)

which implies that

uk(θ̂) = D−1c (q, θ̂)[(qncIlu −Dc(q, θ̂))ũk(θ̂) +Nc(q, θ̂)yk],
(20)

where

Nc(q, θ̂)
4
= qnc−1Q̂1 + · · ·+ Q̂nc , (21)

Dc(q, θ̂)
4
= qncIlu − qnc−1P̂1 − · · · − P̂nc

. (22)

Next, defining

Gc(q, θ̂)
4
= D−1c (q, θ̂)Nc(q, θ̂) (23)

and substituting (17) and (20) into (3) and (4) and solving
for the closed-loop response of zk yields

zk = ξk(θ̂) + G̃zũ(q, θ̂)ũk(θ̂), (24)

where

ξk(θ̂)
4
= zw,k +Gzu,d(q)Gc(q, θ̂)(Ily

−Gyu,d(q)Gc(q, θ̂))
−1yw,k, (25)

G̃zũ(q, θ̂)
4
= qncGzu,d(q)

(
D−1c (q, θ̂) +Gc(q, θ̂)[Ily

−Gyu,d(q)Gc(q, θ̂)]
−1Gyu,d(q)D−1c (q, θ̂)

)
.

(26)

Note that ξk(θ̂) is the portion of the measurement zk due to
w(t) when using the controller Gc(q, θ̂). Finally, note that
(16)–(26) are valid for all θ̂ ∈ Rlθ .
D. Optimal Controller and the Closed-Loop Target Model

From [10], assuming that for all k ≥ 0, there exists a θ∗
where ξk(θ∗) ≈ 0, and sufficient persistence of excitation
such that (14) converges to θ∗, it can be shown that mini-
mizing (13) is equivalent to fitting G̃zũ(q, θk+1) to Gf(q).
Consequently, Gf(q) serves as a closed-loop target model
for G̃zũ(q, θ∗).

In the case where yk, zk, and uk are scalar, G̃zũ(q, θk+1)
can be written as

G̃zũ(q, θk+1) =
qncNzu,d(q)

D(q)Dc(q, θk+1)−Nyu,d(q)Nc(q, θk+1)
,

(27)

where Gzu,d(q) = Nzu,d(q)/D(q) and Gyu,d(q) =
Nyu,d(q)/D(q). Note that the zeros of G̃zũ(q, θk+1) include
the zeros of Gzu,d(q). Although these zeros do not depend
on Gc(q, θk+1), they can be canceled by roots of the
denominator of G̃zũ(q, θk+1). In the case of NMP zeros,
this cancellation represents a hidden instability due to the
cascade interconnection between the plant and Gc(q, θk+1)
[19]. As shown in [10], this cancellation can be prevented
by ensuring that all the NMP zeros of Gzu(q) are also
zeros of Gf(q). Unfortunately, this requires knowledge of
all the NMP zeros of Gzu(q). Section III-B considers a
derverberated approximation of Gzu(q) that alleviates this
requirement.

III. CONSTRUCTION OF THE CLOSED-LOOP TARGET
MODEL

A. Standard Construction of the Closed-Loop Target Model
In the SISO case, note that the relative degree of

G̃zũ(q, θk+1) is equal to the relative degree of Gzu,d(q).
Therefore, in order to facilitate model matching between
G̃zũ(q, θk+1) and Gf(q), we choose the relative degree of
Gf(q) to be equal to the relative degree of Gzu,d(q). For
the same reason, we also construct Gf(q) to have the same
leading numerator coefficient as Gzu,d(q).

Furthermore, it can be seen that the numerator of
G̃zũ(q, θk+1) contains all the zeros present in Gzu,d(q).
Therefore, as the target-model matching performance is
minimized, any NMP zeros that are present in Gzu,d(q),
but not in Gf(q) can lead to unstable pole-zero cancellation.
Therefore, Gf(q) must be constructed such that all the NMP
zeros of Gzu,d(q) are present in Gf(q).

A straightforward technique for constructing Gf(q) that
satisfies these requirements in the SISO case is given by

Gf(q) =

nf∑
i=0

Hi

qi
, (28)

where Hi is the ith the Markov parameter of Gzu,d(q) and
nf is the order of Gf(q).

Note that the FIR transfer function (28) is a truncated
Laurent expansion of Gzu,d(q) [11]. Therefore, by choosing
a sufficiently large value of nf , Gzu,d(q) provides an ap-
proximation of Gzu,d(q) that is useful in the MIMO case.
In the case where the plant is minimum phase and asymp-
totically stable, only the first nonzero Markov parameter is
used in the summation. Unfortunately, for lightly damped
systems, several hundred Markov parameters may be needed
to approximate the NMP zeros; this number is prohibitively
large in applications. To overcome this difficulty, we use
a dereverberated transfer function as the closed-loop target
model.

B. Construction of the Dereverberated Target Model
Section IV describes a method for constructing a derever-

berated transfer function (DTF). Using a DTF as described
in Section IV for the closed-loop target model leads to
poor disturbance rejection performance. However, only a
simple adjustment to the DTF is needed to alleviate the poor
performance. The adjusted DTF that is used as the target
model Gf is termed the dereverberated target model (DTM).
In particular, we set

Gf(z) = βĜd(z), (29)

where β ∈ (0, 1].

IV. IDENTIFICATION OF A DEREVERBERATED TRANSFER
FUNCTION

A. Complex Windowed Averaging
The dereverberated transfer function can be constructed by

smoothing the frequency response of Gd(z) with a windowed
average and using the resulting smoothed frequency response
to identify the dereverberated transfer function Ĝd(z). Given
a window size of 2∆ rad s−1, the complex windowed average
frequency response is given by

Gd(eθ) =
1

θmin − θmax

∫ θmin

θmax

Gd(ev) dv, (30)
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where θmin
4
= min(π, θ+∆) and θmax

4
= max(0, θ−∆). The

dereverberated transfer function Ĝd(z) is then constructed by
fitting Ĝd(eθ) to Gd(eθ) and enforcing asymptotic stability
of Ĝd(z). The order is chosen to be as low as possible
while still capturing the rolloff and phase characteristics
of Gd(eθ), and ∆ is chosen such that all the modes in
Gd(eθ) are smoothed out while maintaining the backbone
of the response. The algorithm used to construct Ĝd(z) from
Gd(eθ) is given by Algorithm 1 of [20] except that the order
of Ĝd(z) is fixed beforehand.

B. 20th-Order MISO System Example

Consider the system shown in Figure 3 with two inputs and
one output. The system is lightly damped with the damping
ratio varying between 1-17% with more than half of the
modes having less than 2% damping. The dereverberated
transfer function is created channel by channel for the inputs
using each of the above methods. The system is discretized
with a sample rate of Ts = 0.0005 s.
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Fig. 3: 20th-order MISO system. The continuous-time system
G(s) has 2 inputs and one output. The dereverberated
transfer function will be created by treating each channel
as a SISO system.

Using ∆ = 180π rad s−1 and n̂max = 4 yields the system
shown in Figure 4. From Figure 4, the complex windowed
average frequency response does not capture the modes of the
system. The window size of 180π rad s−1 creates multiple
damped modes that are visible in the frequency response.
Consequently, the spectral radius of the dereverberated trans-
fer function resulting from averaging is reduced compared to
Gd(z) and has complex poles with damping of 27.5% and
68.2%.

V. EXAMPLE: ADAPTIVE DISTURBANCE REJECTION
BASED ON A DEREVERBERATED TARGET MODEL

Let

G(s) =
400π2ω2

p

ω2
z

s2 + 2ζωzs+ ω2
z

(s+ 10π)(s+ 40π)(s2 + 2ζωps+ ω2
p)
(31)

and consider the block diagram in Figure 1 with G(s) =
Gzu(s) = Gzw(s) = Gyu(s) = Gyw(s), Ts = 0.01 s, and
ωp = 20π rad s−1. The following subsections investigate the
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Fig. 4: Complex windowed average for the 20th-order MISO
system. Frequency response of Ĝd(z), Gd(z) and Ĝd(z).
Notice that the phase of Ĝd(z) follows the general trend of
the phase of Gd(z).

performance of RCAC when using a DTM for harmonic dis-
turbance rejection on (31) for various disturbance frequencies
and values of ωz and ζ. The simulations are conducted in a
sample-data feedback loop with integration between samples
in order to capture the intersample behavior of the system.
For each case, the harmonic disturbance frequency ωd is
swept from 4π to 50π rad s−1, and the asymptotic error at
the sample times is plotted against the magnitude and phase
error between Gf(e

ωdTs) and Gzu,d(eωdTs).
The DTM is created using n̂max = 2, ∆ = 8π rad s−1, and

β = 1, with RCAC being initialized with nc = 20, θ0 = 0lθ ,
kw = 5nc, α = 0.5, and R = 0. The resulting magnitude of
the asymptotic closed-loop response at the sample times is
plotted along with the magnitude error versus the phase error
between Gf(e

ωdTs) and Gzu,d(eωdTs) for various values of
ωz and ζ in Figure 5. For the specific case where ωd = 21π
rad s−1, ωz = 22π rad s−1, and ζ = 0.01, the resulting DTM
is shown in Figure 6 with the resulting closed-loop response
in Figure 7.

VI. EXPERIMENTAL APPLICATION

RCAC using a dereverberated target model is now imple-
mented in an acoustic experiment consisting of an omnidirec-
tional microphone with three mid-bass speakers in a 6 ft × 3
ft × 3 ft enclosed space as shown in Figure 8. One speaker w
is used to generate the harmonic disturbance, with the other
two speakers u1 and u2 being available for control. RCAC
is implemented using a dSPACE SCALEXIO at a sample
rate of 8 kHz. The SCALEXIO is also used to generate the
harmonic disturbance consisting of seven tones at 0.8, 0.9,
1.06, 1.3, 1.6, 2.2, and 3 kHz.

Due to the nature of the acoustic experiment, there were
multi-sample delays in the system that needed to be charac-
terized to facilitate creating the DTF. At 8 kHz, the delays
from inputs u1 and u2 to the microphone corresponded to 9
and 16 samples respectively. After identifying a model of the
experiment, a new model without the delays was created and
used to generate the DTF. Gf was then created by scaling by
β and adding the 9 and 16 sample delays to the appropriate
inputs in the DTF.
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(a) (b)

(c) (d)

(e) (f)

Fig. 5: Example: The above plots show the magnitude of the
asymptotic closed-loop response at the sample times along
with the magnitude error versus the phase error between
Gf(e

ωdTs) and Gzu,d(eωdTs) as ωd is swept from 4π to 50π
rad s−1 for various values of ζ and ωz. Here, “·” corresponds
to the 4π rad s−1 disturbance, “*” for the 50π rad s−1

disturbance, “x” for the damped frequency of the pole, and
“o” for the damped frequency of the zero. a) ζ = 0.01,
ωz = 22π rad s−1; b) ζ = 0.01, ωz = 18π rad s−1; c)
ζ = 0.1, ωz = 22π rad s−1; d) ζ = 0.1, ωz = 18π rad s−1;
e) ζ = 0.01, ωz = 28π rad s−1; f) ζ = 0.01, ωz = 12π rad
s−1

Using n̂max = 6, ∆ = 1000π rad s−1, and β = 1 yields
the dereverberated target model shown in Figure 9. RCAC
is initialized with nc = 50, θ0 = 0lθ , kw = 11nc, α = 0.05,
and R = 0. Figure 10 shows that RCAC is able to reject the
disturbance as its coefficients converge.

VII. CONCLUSIONS AND FUTURE RESEARCH

In this paper, a method identifying dereverberated transfer
functions was formulated. The frequency response of the
resulting dereverberated transfer functions was compared to
that of the plant, showing that the dereverberated transfer
function approximately follows the phase and magnitude
trend of the original lightly damped plant.

For harmonic disturbance rejection, retrospective cost
adaptive control (RCAC) was applied to a fourth-order
numerical example using a dereverberated transfer function
as the closed-loop target model. Using the limited modeling
information provided by the dereverberated target model,
RCAC was able to suppress the harmonic disturbances in
a sampled-data feedback loop for a range of disturbance fre-
quencies, damping ratios, and zero locations. RCAC was then
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Fig. 6: Example: Complex windowed average with ωz =
22π rad s−1, and ζ = 0.01. a) the frequency response
of the discretized Gzu and the DTM Gf . The DTM was
constructed by using the complex windowed average method
with n̂max = 2, and ∆ = 8π rad s−1. b) the error between
the frequency response of the discretized Gzu and Gf .

(a) (b)

(c) (d)

Fig. 7: Example: Closed-loop response with ωd = 21π rad
s−1, ωz = 22π rad s−1, and ζ = 0.01. a) shows the open-
loop and closed-loop response of the system subject to the
harmonic disturbance. RCAC starts at 1 s. b) shows RCAC’s
control input. c) shows the coefficients of RCAC as they
converge. d) shows the power spectral density of both the
open and closed-loop responses. Notice that the peak in
the open-loop response corresponding to the disturbance is
suppressed in the closed-loop response.
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Fig. 8: Top-down view of the experimental setup.
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Fig. 9: Experiment: Complex windowed average. The fre-
quency response of the discretized Gzu and the derever-
berated target model Gf generated by using the complex
windowed average method with n̂max = 6, ∆ = 1000π rad
s−1, and scaling the result by β = 0.5.

(a) (b)

(c)

Fig. 10: Experiment: Closed-loop response. a) shows the
initial open-loop response and the closed-loop response of
the system subject to the harmonic disturbance once RCAC
starts at 1.05 s. b) shows the coefficients of RCAC as they
converge. c) shows the power spectral density of both the
open and closed-loop responses. Notice that the 7 largest
peaks in the open-loop response corresponding to the dis-
turbance are suppressed in the closed-loop response to the
noise floor. Tones from the laboratory environment are also
present.

applied to a 2-input, single-output acoustic noise-suppression
experiment using an identified dereverberated target model.
The results show that a closed-loop dereverberated target that
captures the phase and magnitude trend but not the detailed
peaks and notches of the plant can be effective for lightly
damped plants with harmonic disturbances.

Future work will consider broadband and nonstationary
disturbances, as well as online identification of the derever-
berated target model. A key challenge is to develop dere-
verberated target models to avoid the possibility of unstable
pole-zero cancellation.
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