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Abstract— In this paper, sampled-data output-feedback
model predictive control (MPC) with online identification is
used to control nonlinear continuous-time plants. Using a linear
model structure for system identification, the paper provides a
numerical investigation of the domain of attraction of MPC.
Three examples are considered within the context of sampled-
data control, namely, the second-order Duffing oscillator with
a single measurement, the fourth-order ball-and-beam system
with two measurements, and the sixth-order circular restricted
three-body problem with three position measurements.

I. INTRODUCTION

Model predictive control (MPC) uses receding horizon
optimization to achieve command following and stabilization
while enforcing state and control constraints. MPC is one of
the most widely studied techniques of modern control [1],
[2], and a recent survey [3] suggests that it has a strong
potential for practical impact in an increasing number of
applications, for example, [4]–[6].

Since MPC is prediction-based, the plant model is crucial
for ensuring closed-loop performance. Most versions of MPC
are based on linear models [7]–[10], which are often obtained
by linearizing a nonlinear model around an operating point.
Not surprisingly, this approach is often effective only in a
neighborhood of the operating point, and thus characteriza-
tion of the domain of attraction is essential [11], [12].

Another way to deal with nonlinearities is to apply MPC
directly to nonlinear models [13]–[15]. Unfortunately, the
nonconvex nature of the problem significantly complicates
the numerical optimization [16].

For realistic applications, MPC must be implemented in a
sampled-data control architecture, which gives rise to inter-
sample dynamics [17]–[19], and the possibility of constraint
violation between samples.

In recent years, data-driven and learning-based MPC tech-
niques [20]–[22] have been developed for plants that are
not well modeled. Training-data-based MPC using neural
networks is developed in [23], [24], while online data-driven
policy adaptation, also known as data-enabled predictive
control, is considered in [25], [26].

This paper applies output-feedback MPC with online iden-
tification (OFMPCOI) to nonlinear plants. OFMPCOI uses
recursive least squares (RLS) with variable-rate forgetting
to update a linear plant model online along with quadratic
programming (QP) to perform the constrained, receding
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horizon optimization. An input-output model structure is
used to facilitate output-feedback control without the need
for a state estimator.

The present paper provides a numerical investigation of the
application of OFMPCOI to nonlinear plants. This work is
an extension of [27]–[29], which considered OFMPCOI for
linear plants. In this paper, we apply OFMPCOI to several
representative nonlinear plants based on online identification
of a linear model. The goal of these examples is to investigate
the ability of RLS-based identification with variable-rate for-
getting to support OFMPCOI despite the mismatch between
the nonlinear plant dynamics and the linear plant model.

This paper is organized as follows. First, a review of
OFMPCOI is provided. The block observable canonical form
of an input-output model is derived, the output and control
constraints are defined, and the control architecture using
RLS and QP is summarized. Next, we apply OFMPCOI to
nonlinear plants and numerically investigate the controller
through three examples, namely, the second-order Duffing
oscillator with a single measurement, the fourth-order ball-
and-beam system with two measurements, and the sixth-
order circular restricted three-body problem with three posi-
tion measurements.
Notation. The n × n identity matrix is denoted by In, the
m× n matrix of ones by 1m×n, the m× n matrix of zeros
by 0m×n, and the Kronecker product by ⊗.

II. REVIEW OF OFMPCOI
The online system identification in OFMPCOI is based on

an assumed MIMO input-output model of the form

yk = −
n∑
i=1

Fiyk−i +

n∑
i=0

Giuk−i, (1)

where k ≥ 0 is the time step, n ≥ 1 is the data window,
uk ∈ Rm is the control, yk ∈ Rp is the measurement, and
Fi ∈ Rp×p and Gi ∈ Rp×m are model coefficients.

A. Block Observable Canonical Form

Based on the structure of (1), for all j ≥ 1, the j-step-
ahead predicted output is given by

yj|k =−
j−1∑
i=1

F̂i,kyj−i|k −
n̂∑
i=j

F̂i,kyk+j−i

+

j−1∑
i=0

Ĝi,kuj−i|k +

n̂∑
i=j

Ĝi,kuk+j−i, (2)

where the first term is zero for j = 1, and the second and
fourth terms are zero for j > n̂. In (2), uj|k ∈ Rm is the
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j-step computed input, F̂i,k ∈ Rp×p and Ĝi,k ∈ Rp×m are
coefficient matrices estimated at step k, and n̂ ≥ 1 is the data
window used for estimation. Note that, in general, n̂ 6= n.

Next, based on [30], define the 1-step predicted state

x1|k
4
= Âkx̂k + B̂kuk, (3)

where x̂k
4
= [x̂T

1,k · · · x̂T
n̂,k]T ∈ Rn̂p, and

x̂1,k
4
= yk − Ĝ0,kuk, (4)

x̂i,k
4
= −

n̂−i+1∑
j=1

F̂i+j−1,kyk−j +

n̂−i+1∑
j=1

Ĝi+j−1,kuk−j , (5)

Âk
4
=



−F̂1,k Ip ··· ··· 0p×p

... 0p×p

. . .
...

...
...

. . . . . . 0p×p

...
...

. . . Ip

−F̂n̂,k 0p×p ··· ··· 0p×p

 , B̂k
4
=


Ĝ1,k−F̂1,kĜ0,k

Ĝ2,k−F̂2,kĜ0,k

...
Ĝn̂,k−F̂n̂,kĜ0,k

 ,
(6)

where i = 2, . . . , n̂. Note that (4) and (5) depend on past
values of the measurement y and control u rather than the
j-step predicted output yj|k given by (2) and the j-step
computed input uj|k provided by QP. Hence, x1|k given by
(3) is not necessarily equal to x̂k+1.

Defining the j-step predicted state

xj|k
4
= Âkxj−1|k + B̂kuj−1|k, j ≥ 2, (7)

the j-step predicted output (2) can be rewritten as

yj|k = Cxj|k + D̂kuj|k, j ≥ 2, (8)

where C
4
= [Ip 0p×p · · · 0p×p] and D̂k

4
= Ĝ0,k. Note that

the j-step prediction at step k uses the current estimates Âk,
B̂k, and D̂k.

Next, defining

Y1|k,`
4
=

[ y1|k
...

y`|k

]
∈ R`p, U1|k,`

4
=

[ u1|k

...
u`|k

]
∈ R`m, (9)

it follows that

Y1|k,` = Γ̂k,`x1|k + T̂k,`U1|k,`, (10)

where Γ̂k,` ∈ R`p×n̂p and T̂k,` ∈ R`p×`m are the observabil-
ity and block-Toeplitz matrices

Γ̂k,`
4
=


C
CÂk

...
CÂ`−1

k

 , (11)

T̂k,`
4
=



D̂k 0p×m ··· ··· ··· ··· 0p×m

Ĥk,1 D̂k ··· ··· ··· ··· 0p×m

Ĥk,2 Ĥk,1 D̂k ··· ··· ··· 0p×m

Ĥk,3 Ĥk,2 Ĥk,1 D̂k ··· ··· 0p×m

Ĥk,4 Ĥk,3 Ĥk,2

. . . . . .
...

...
...

...
. . . . . . . . . 0p×m

Ĥk,`−1 Ĥk,`−2 Ĥk,`−3 ··· Ĥk,2 Ĥk,1 D̂k


, (12)

where, for all i = 1, . . . , `− 1, Ĥk,i ∈ Rp×m is defined by

Ĥk,i
4
= CÂi−1

k B̂k. (13)

B. Tracking Output and Output Constraints

Define the tracking output yt,k ∈ Rpt by

yt,k
4
= Ctyk, (14)

where Ct ∈ Rpt×p. The performance objective is to have
yt,k follow a command trajectory rk ∈ Rpt , whose future
values may or may not be known, and thus command preview
may or may not be available. In addition to the performance
objective, we define the constrained output yc,k ∈ Rpc by

yc,k
4
= Ccyk, (15)

where Cc ∈ Rpc×p. The objective is to enforce the inequality
constraint

Cyc,k +D ≤ 0nc×1, (16)

where C ∈ Rnc×pc and D ∈ Rnc . Note that (16), where “≤”
is interpreted component-wise, defines a convex set.

C. Control Constraints

The magnitude control constraint has the form

umin ≤ uk ≤ umax, (17)

where umin ∈ Rm is the vector of the minimum control mag-
nitudes and umax ∈ Rm is the vector of maximum control
magnitudes. In addition, the move-size control constraint has
the form

∆umin ≤ uk+1 − uk ≤ ∆umax, (18)

where ∆umin ∈ Rm is the vector of minimum control move
sizes and ∆umax ∈ Rm is the vector of maximum control
move sizes.

D. Control Architecture

The control architecture combines output-feedback MPC
with online linear system identification. In particular, these
components are: (i) identification: the coefficients of a linear
input-output model are estimated by RLS [31] to update the
identified model for use by MPC, and (ii) MPC: the control
input is updated by applying QP to the identified model.

1) Online Identification: For online identification, RLS is
used to estimate the coefficients of an input-output model.
For all k ≥ 0, RLS minimizes the cumulative cost

Jk(θ̂)=

k∑
i=0

ρi
ρk
zT
i (θ̂)zi(θ̂)+

1

ρk
(θ̂ − θ0)TP−1

0 (θ̂ − θ0), (19)

where ρk
4
=
∏k
j=0 λ

−1
j ∈ R, λk ∈ (0, 1] is the forgetting

factor, P0 ∈ R[n̂p(m+p)+mp]×[n̂p(m+p)+mp] is positive defi-
nite, and θ0 ∈ R[n̂p(m+p)+mp]×1 is the initial estimate of the
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coefficient vector. The performance variable zk(θ̂) ∈ Rp is
defined by

zk(θ̂)
4
= yk +

n̂∑
i=1

F̂iyk−i −
n̂∑
i=0

Ĝiuk−i, (20)

where the vector of coefficients to be estimated θ̂ ∈
R[n̂p(m+p)+mp]×1 is defined by θ̂

4
= vec[F̂1 · · ·

F̂n̂ Ĝ0 · · · Ĝn̂]T. Defining the regressor matrix φk ∈
Rp×[n̂p(m+p)+mp] by

φk
4
= Ip ⊗ [−yT

k−1 · · · − yT
k−n̂ uT

k · · · uT
k−n̂], (21)

it follows that (20) can be rewritten as

zk(θ̂) = yk − φkθ̂. (22)

Note that, with (22), the cost function (19) is strictly convex
and quadratic, and thus has a unique global minimizer. The
unique global minimizer θk+1

4
= argminθ̂Jk(θ̂) is computed

by RLS as:

Lk = λ−1
k Pk, (23)

Pk+1 = Lk − LkφT
k (Ip + φkLkφ

T
k )−1φkLk, (24)

θk+1 = θk + Pk+1φ
T
k (yk − φkθk). (25)

The time-dependent parameter λk is the forgetting factor.
In the case where λk is constant, RLS uses constant-rate for-
getting (CRF); otherwise, RLS uses variable-rate forgetting
(VRF) [32]. For VRF, λk is given by

λk =
1

1 + ηg(zk−τd , . . . , zk)1[g(zk−τd , . . . , zk)]
, (26)

where 1 : R→ {0, 1} is the unit step function, where 1(x) =
0 for x < 0 and 1(x) = 1 for x ≥ 0, and

g(zk−τd , . . . , zk)
4
=

√
1/τn

∑k
i=k−τn z

T
i zi√

1/τd
∑k
i=k−τd z

T
i zi

− 1. (27)

In (26) and (27), η ≥ 0 and 0 < τn < τd are numera-
tor and denominator window lengths, respectively. Define
g(0, . . . , 0)

4
= 0. If the sequence zk−τd , . . . , zk is zero-

mean noise, then the numerator and denominator of (27)
approximate the average standard deviation of the noise over
the intervals [k − τn, k] and [k − τd, k], respectively.

2) Control Update: Let Rk,`
4
= [rT

k+1 . . . rT
k+`]

T ∈ R`pt

be the vector of ` future commands, define Ct,`
4
= I`⊗Ct ∈

R`pt×`p, let Yt,1|k,`
4
= Ct,`Y1|k,`, where Y1|k,` is given by

(10), be the `-step propagated tracking-output vector, define
C`
4
= I` ⊗ (CCc) ∈ R`nc×`p and D`

4
= 1`×1 ⊗ D ∈ R`nc ,

and define the sequence of differences of computed control
inputs by ∆U1|k,`

4
= [(u1|k−uk)T (u2|k−u1|k)T · · · (u`|k−

u`−1|k)T]T ∈ R`m. With this notation, QP-based MPC is
given by:

min
U1|k,`,ε

(Yt,1|k,` −Rk,`)TQ(Yt,1|k,` −Rk,`)

+(∆U1|k,`)
TR∆U1|k,` + εTSε (28)

subject to

C`Y1|k,` +D` ≤ ε, (29)
Umin ≤ U1|k,` ≤ Umax, (30)

∆Umin ≤ ∆U1|k,` ≤ ∆Umax, (31)
0`nc×1 ≤ ε, (32)

where ε ∈ R`nc is the slack variable, Q
4
=
[

Q̄ 0pt×pt

0pt×pt P̄

]
∈

R`pt×`pt is the positive-definite output weight, Q̄ ∈
R(`−1)pt×(`−1)pt is the positive-definite cost-to-go output
weight, P̄ ∈ Rpt×pt is the positive-definite terminal output
weight, R ∈ R`m×`m is the positive-definite control weight,
S ∈ R`nc×`nc is the positive-definite relaxation weight,
Umin

4
= 1`×1 ⊗ umin ∈ R`m, Umax

4
= 1`×1 ⊗ umax ∈ R`m,

∆Umin
4
= 1`×1 ⊗ ∆umin ∈ R`m, and ∆Umax

4
= 1`×1 ⊗

∆umax ∈ R`m. Since R and S are positive definite, (28)–
(32) is a strictly convex optimization problem.

To solve (28)–(32), we use the accelerated dual gradient-
projection algorithm [33], where the previously computed
Lagrange multiplier is used to warmstart the solver at the
next time instant. For real-time implementation, the control
computed between k and k + 1 is implemented at step
k + 1. Identification and control do not commence until
the regressor matrix φk given by (21) is populated with n̂
measurements.

III. OFMPCOI FOR NONLINEAR PLANTS

In the sequel, we apply OFMPCOI to nonlinear plants
represented by

ẋ = f(x, u, w), (33)
y = g(x), (34)

where x ∈ Rn is the state, w ∈ Rq is the unmatched
disturbance, and f : Rn × Rm → Rn and g : Rn → Rp
are nonlinear functions.

In all examples, we assume that the analog-to-digital
conversion is an instantaneous sampler, and that the digital-
to-analog conversion is a zero-order-hold (ZOH) device.
OFMPCOI is run between samples, and the continuous-
time dynamics are integrated by ode45. All commands are
discrete-time signals, and all deterministic disturbances are
discretized at the integration step size.

IV. NUMERICAL EXAMPLES

Example 1. Duffing oscillator, n = 2. The dynamics of
the forced Duffing oscillator are given by

ẋ1 = x2, (35)

ẋ2 = −αx3
1 + βx1 − δx2 + u, (36)

where α ≥ 0, β ≥ 0, and δ ≥ 0. Note that, for α > 0
and β > 0, the uncontrolled system has equilibria at (0, 0)
and (±

√
β/α, 0). Assume that the position x1 is measured

and serves as the tracking output, that is, y = yt = x1. No
output constraint is considered in this example. Let α = 1.5,
β = 1, and δ = 0.8. The control constraints are given by

4684



umax = ∆umax = 10, and umin = ∆umin = −10. The data
are sampled with sample period Ts = 0.1 s. The parameters
of OFMPCOI are n̂ = n = 2, ` = 20, Q̄ = 40I`−1,
P̄ = 40, R = I`, and P0 = 103In̂p(p+m)−mp, and the
initial model of OFMPCOI is strictly proper and FIR, that
is, θ0 = [01×(n̂p(p+m)−mp) 11×mp]

T. This example does
not consider command preview, that is, Rk,` = 1`×1 ⊗ rk.
The parameters of VRF are η = 0.9, τn = 20, and τd = 40.

Characterization of the domain of attraction of the origin.
Consider the stabilization case rk ≡ 0, where CRF with
λ = 0.9 is used. Let x̄ ∈ Rn be an equilibrium point to be
investigated, let γ(x̄, ρ) ⊂ Rn be the domain of investigation,
which is a ball of radius ρ > 0 centered at x̄, and let
Dγ(x̄, ρ) ⊆ γ(x̄, ρ) be the local domain of attraction of x̄.
Given x̄ ∈ Rn and ρ > 0, we numerically approximate the
true local domain of attraction by computing the discrete
set D̃γ(x̄, ρ) such that D̃γ(x̄, ρ) ≈ Dγ(x̄, ρ). To do so,
we run ns simulations of length Texp > 0 using a grid of
initial conditions G = {x0,i : x0,i ∈ γ(x̄, ρ), i, . . . , ns}, and,
for each simulation, we reject the initial condition x0,i for
which, from a specific point in time until the end of the
simulation, the maximum error norm is above a specified
threshold, that is, maxTtest≤t≤Texp

‖x(t)− x̄‖ > εmax, where
0 < Ttest < Texp and εmax > 0 is sufficiently small.
Accordingly, we construct the approximate local domain of
attraction D̃γ(x̄, ρ) by accumulating the acceptable initial
conditions x0,i. Figure 1 shows the approximate local do-
main of attraction D̃γ(x̄, ρ) and the corresponding responses
of OFMPCOI using a grid of 317 initial conditions satisfying
x(0) ∈ D̃γ(x̄, ρ), x̄ = [0 0]T, ρ = 100, εmax = 10−2,
Ttest = 40 s, and Texp = 50 s. Note that the approximate
local domain of attraction is close to the domain of investi-
gation, that is, D̃γ(x̄, ρ) ≈ γ(x̄, ρ).

Example 2. Ball-and-beam system, n = 4. Define x =

[x1 x2 x3 x4]T
4
= [q q̇ θ θ̇]T as the state vector, where q ∈ R

is the position of the ball, and θ ∈ [−π, π) is the angle of
the beam relative to the horizontal. Let u ∈ R be the control
moment applied to the center of the beam, mb > 0 be the
mass of the ball, J > 0 be the moment of inertia of the
beam, and g > 0 be the gravity acceleration. The dynamics
of the ball-and-beam system are represented by the following
model:

ẋ =

[ x2

x1x
2
4−g sin(x3)
x4

− mbx1
mbx2

1+J
[2x2x4+g cos(x3)]

]
+

[
0
0
0
1

mbx2
1+J

]
u. (37)

Assume that the position of the ball q and the angle of the
beam θ are measured, and that the tracking output is the
position of the ball q, that is, y = [q θ]T and yt = q. The
output constraints are −1 ≤ q ≤ 1 and −π/4 ≤ θ ≤ π/4.
The linearization of (37) at the origin is given by

ẋ =

[
0 1 0 0
0 0 −g 0
0 0 0 1

−mbgJ
−1 0 0 0

]
x+

[
0
0
0
J−1

]
u, (38)

Fig. 1: Example 1. Stabilization of the Duffing oscillator (35), (36) using
CRF with λ = 0.9 for a grid of 317 initial conditions satisfying x(0) ∈
D̃γ(x̄, ρ), x̄ = [0 0]T, ρ = 100, εmax = 10−2, Ttest = 40 s, and Texp =
50 s. The three first plots show the responses of OFMPCOI, and the bottom-
most plot shows the approximate local domain of attraction D̃γ(x̄, ρ), which
is approximately the domain of investigation, that is, D̃γ(x̄, ρ) ≈ γ(x̄, ρ).

where, for Ts = 0.1 s, g = 9.81 m/s2, m = 0.1 kg, and
J = 0.3 kg.m2, the discrete-time transfer functions from u
to q and from u to θ using ZOH are given by

G1(z)=
−(1.363z3 + 14.99z2+14.99z+1.363)e−4

z4 − 4.001z3 + 5.998z2 − 4.001z + 1
, (39)

G2(z)=
1.667e−2(z3 − z2 − z + 1)

z4 − 4.001z3 + 5.998z2 − 4.001z + 1
, (40)

respectively. The control constraints are umax = 1 Nm,
umin = −1 Nm, ∆umax = 0.5 Nm, and ∆umin = −0.5
Nm. The parameters of OFMPCOI are ` = 20, Q̄ = 40I`−1,
P̄ = 40, R = I`, and S = 5 × 103I4. This example does
not consider command preview, that is, Rk,` = 1`×1 ⊗ rk.
The parameters of VRF are η = 0.9, τn = 20, and τd = 40.

Characterization of the domain of attraction of the origin.
Consider the stabilization case rk ≡ 0 for n̂ = 2 <
n = 4 with VRF. The initial model used by OFMPCOI
is close to (39), (40), and has θ0 = [−2.00 0.43 1.00 −
0.38 0.00 0.09 0.00 −1.80 0.00 0.77 0.03 0.01]T. Similarly
to Example 1, we compute the approximate local domain of
attraction D̃γ(x̄, ρ) using a grid of initial conditions satisfy-
ing x(0) ∈ D̃γ(x̄, ρ), x̄ = [0 0 0 0]T, ρ = 0.5, εmax = 10−2,
Ttest = 20 s, and Texp = 25 s. For θ̇(0) = 0 and a grid of
4169 initial conditions, Figure 2 compares the approximate
local domain of attraction using P0 = 103In̂p(p+m)−mp
and P0 = In̂p(p+m)−mp, and shows the corresponding
responses of OFMPCOI. It is shown that, in contrast to
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Fig. 2: Example 2. Stabilization of the ball-and-beam system (37) for n̂ =
2 < n = 4 with VRF. For θ̇(0) = 0 and a grid of 4169 initial conditions,
the first four plots compare the converged responses of OFMPCOI using
P0 = 103In̂p(p+m)−mp and P0 = In̂p(p+m)−mp, and the bottom-
most plot shows the corresponding approximate local domains of attraction
D̃γ(x̄, ρ) for x̄ = [0 0 0 0]T, ρ = 0.5, εmax = 10−2, Ttest = 20 s,
and Texp = 25 s. In contrast to Example 1, neither of the approximate
local domains of attraction includes all of initial conditions in the domain
of investigation γ(x̄, ρ). Furthermore, the approximate local domain of
attraction with P0 = 103In̂p(p+m)−mp contains more points than the
one with P0 = In̂p(p+m)−mp, where 719 and 329 initial conditions are
accepted, respectively.

Example 1, neither of the approximate local domains of
attraction includes all of initial conditions in the domain
of investigation γ(x̄, ρ). Furthermore, the approximate local
domain of attraction with P0 = 103In̂p(p+m)−mp contains
more points than the one with P0 = In̂p(p+m)−mp, where
719 and 329 initial conditions are admissible, respectively.

Example 3. Circular restricted three-body problem, n =
6. Consider a system composed of three point-masses [34],
[35], which represent the celestial body 1, the celestial body
2, and the spacecraft. Let m1 > 0 and m2 > 0 be the
masses of celestial body 1 and celestial body 2, respectively,
δ > 0 be the distance between the two celestial bodies,
and χ = m1

m1+m2
. Assume that the celestial bodies rotate

at the constant rate ω =
√

G(m1+m2)
δ3 about their center of

mass, where G is the gravitational constant. The spacecraft

dynamics are modeled as

ẍ=2ẏ+x− (1− χ)(x+ χ)

r3
1

−χ(x− 1 + χ)

r3
2

+
Fx

msω2δ
, (41)

ÿ=−2ẋ+ y − (1− χ)y

r3
1

− χy

r3
2

+
Fy

msω2δ
, (42)

z̈=− (1− χ)z

r3
1

− χz

r3
2

+
Fz

msω2δ
, (43)

where ms > 0 is the mass of the spacecraft, ms � m1,
ms � m2, Fx ∈ R, Fy ∈ R, and Fz ∈ R are the x-, y-,
and z-force acting on the spacecraft resolved in the body-
fixed frame, respectively, and r1 =

√
(x+ χ)2 + y2 + z2

and r2 =
√

(x− 1 + χ)2 + y2 + z2. Note that, in (41)–
(43), the force is in kN, one unit of time is ω−1 s, and
one unit of distance is δ km. Let χ = 1.215059×10−2, ω =
2π/(655.728×3600) rad/s, δ = 384400 km, and ms = 2000
kg. Assume that the control input is uk = [Fx Fy Fz]

T , and
that the output is the spacecraft position, which serves as the
tracking output, that is, y = [x y z]T, and yt = y. No output
constraint is considered in this example.

The data are sampled with Ts = 10−2ω−1 s. The initial
model of OFMPCOI uses θ0 = [01×(n̂p(p+m)−mp) 11×mp]

T.
Let umax = 1 kN, umin = −1 kN, ∆umin = −0.5 kN,
and ∆umax = 0.5 kN. The parameters are ` = 20, Q̄ =
40I3⊗I`−1, P̄ = 40I3, R = I3⊗I`, P0 = 103In̂p(p+m)−mp,
and n̂ = 2. OFMPCOI uses VRF with η = 0.1, τn = 5, and
τd = 10, and has preview on the reference trajectory, which
is a pre-computed halo orbit.

For a grid of 49 initial conditions in the neighborhood of a
point on the halo orbit, Figure 3 shows the three-dimensional
trajectories of the spacecraft, where T = 2.047ω−1 s is one
orbit period. It is shown that, for each initial condition, a poor
initial model causes a large transient in the first two orbit
periods. Afterwards, however, the spacecraft approaches the
halo orbit.

V. CONCLUSIONS AND FUTURE RESEARCH

Output-feedback model predictive control with online
identification (OFMPCOI) was applied to nonlinear plants.
The goal of this numerical investigation was to determine the
domain of attraction resulting from the use of a linear model
of a nonlinear plant. For the fourth-order ball-and-beam
system with two measurements, the domain of attraction was
found to be a limited subset of the tested initial conditions.
However, since this system is unstable, the domain of attrac-
tion is necessarily limited by the control saturation. Future
research will examine the effect of control saturation on the
domain of attraction as distinct from the effect of the linear
model structure. Finally, it will be interesting to apply this
technique to nonlinear plants that cannot be stabilized by
continuous controllers [19].
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Fig. 3: Example 3. Three-dimensional trajectories of the spacecraft for the
circular restricted three-body problem (41)–(43) using a grid of 49 initial
conditions, where T = 2.047ω−1 s is one orbit period. Note that, for each
initial condition, after a large transient in the first two orbit periods, the
position of the spacecraft approaches the reference.
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