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a b s t r a c t

In recursive least squares (RLS), a persistently exciting (PE) regressor guarantees global asymptotic
stability (GAS) of the estimation error relative to the zero equilibrium, and hence convergence of the
parameter estimates to their true values. It is known, however, that PE is sufficient but not necessary
for GAS, and thus GAS might be achieved even if the regressor is not PE. Since analyses based on PE
are ubiquitous in the recursive estimation literature, the existence of non-PE regressors that ensure
GAS raises the question of how PE can be directly generalized into a necessary and sufficient condition
for the GAS of RLS, and whether or not such a generalization would provide a simple characterization
of non-PE regressors for which RLS is GAS. In this paper, we introduce WPE, a direct generalization of
PE that is necessary and sufficient for GAS, and explain how it can be understood as a ‘‘non-uniform’’
extension of PE to specific classes of summation windows and lower bound sequences. Next, we show
that WPE is equivalent to a condition that emerges from extending certain proofs of non-negative
series divergence, such as Oresme’s divergence proof for the harmonic series, to sequences of real
symmetric positive-semidefinite matrices.

© 2021 Elsevier B.V. All rights reserved.
1. Introduction

Many problems in system identification, signal processing, and
ontrol depend on least squares algorithms to estimate unknown
arameters [1]. In real-time identification and adaptive control,
n estimate of the unknown parameters is often required at
ach time step, and recursive estimation algorithms, such as
ecursive least squares (RLS) [2,3], are commonly used to meet
his requirement. When using RLS, a persistently exciting (PE)
egressor implies GAS, hence convergence of the RLS parameter
stimates to the true parameter values in the absence of noise.
owever, PE is sufficient but not necessary for the GAS of RLS,
nd examples of non-PE regressors for which RLS is GAS have
een reported in [4,5]. Since PE is ubiquitous in stability analyses
or recursive estimators, the existence of non-PE regressors that
nsure GAS prompts the question of whether or not PE can be
irectly generalized into a necessary and sufficient condition for
he GAS of RLS.

There has been substantial research on weakening the as-
umption of PE in convergence and stability proofs for parameter
stimation and adaptive control. Work on adaptive control meth-
ds that do not require PE, such as [6], has been done since
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the 1980s, and [7] studied boundedness of the RLS error with-
out explicitly assuming PE in 1990. More recently, [8,9] have
developed concurrent learning algorithms that require excitation
over only a finite time interval, a strictly weaker condition than
PE. For gradient-based parameter estimators, PE is shown to be
necessary and sufficient to guarantee exponential stability for
gradient descent in [10, pp. 71–73] and [11–14], but [15,16]
have shown that PE is not necessary for GAS. Recently, [17] has
shown that the gradient-type algorithms proposed in 1967 and
1977 by [14,18], respectively, can converge asymptotically under
conditions strictly weaker than PE, and a procedure for generating
gradient-type estimators that converge without assuming PE was
given in [19] then subsequently expanded in [20]. The extant
literature thus concerns both the analysis of strictly-weaker-
than-PE stability for traditional gradient-based estimators as well
as the synthesis of estimators with asymptotically stable error
dynamics under strictly-weaker-than-PE conditions.

In contrast to this work, analysis of strictly-weaker-than-PE
conditions for RLS stability is sparse. A straightforward proof
shows that the condition (cf. [16,19])

lim
n→∞

λmin

[
n∑

k=0

φT
kφk

]
= ∞ (1)

is necessary and sufficient for the GAS of RLS, and it is shown
in [7] that the component of the RLS error contained in the
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△
=

{
x ∈ Rn:

∞∑
k=0

∥φkx∥2
= ∞

}
, (2)

whose defining condition is related to (1) in the case where E =
n, is driven asymptotically to zero. Since (1) is already a neces-
ary and sufficient condition for the GAS of RLS convergence, it is
atural to ask why further conditions should be sought.
There are two major reasons. First, the search for necessary

nd sufficient conditions is motivated by the existence of non-PE
egressors for which RLS is GAS, and thus, a satisfactory condition
hould enable these regressors to be precisely characterized. The
ruism that these are exactly the regressors that do not satisfy
he PE condition but satisfy (1) is not helpful, since it does not
rticulate the fundamental structural characteristics that cause
hese regressors to have the properties in question. A precise
haracterization that captures these fundamental structural fea-
ures can be obtained by directly generalizing PE. In this context,
‘‘direct generalization’’ is understood as a condition obtained
y directly weakening or transforming the PE hypotheses, rather
han by supplementing the PE hypotheses or their negation with
dditional conditions such as (1). A direct generalization that is
lso necessary and sufficient would by default maintain a clear
nd simple connection to PE, and thus reveal explicitly the gap
etween PE and non-PE sequences for which RLS is GAS. Creat-
ng a similarly precise characterization using only (1) would be
ifficult, and no such result has appeared before in the literature.
Second, PE is an intrinsically local condition; that is, a con-

ition formulated in terms of finite sums only, without global
nalytic objects such as limits or infinite series. In contrast, (1) is
lobal, involving a limit related to an infinite series of matrices. As
ell as the possibility that this could be difficult to use in appli-
ations, it is also non-local, unlike PE. Thus, instead of possessing
nly a global necessary and sufficient condition, it is reasonable to
eek a necessary and sufficient condition that preserves locality.
The main contributions of this paper are two novel necessary

nd sufficient conditions for the GAS of RLS. The first, weak persis-
ent excitation (WPE), is a direct generalization of PE that relaxes
he uniform summation window length and uniform lower bound
onditions of PE carefully enough to maintain sufficiency while
aining necessity. Using WPE, we are able to state precisely how
E’s required uniformity in both of these parameters allow for
on-PE regressors that still satisfy (1). The second, the existence
f a minimum eigenvalue Oresme partition (MEOP), is a matrix
eneralization of a standard comparison method for nonnega-
ive series divergence proofs. Unlike condition (1) or WPE, the
xistence of a MEOP is a local condition, which requires only
inite sums to verify, and thus both preserve the locality of the
E definition and provide an alternative route to proving GAS for
LS in cases for which the limits occurring in (1) and WPE are
ifficult to compute. While some implications among these three
onditions are straightforward to prove, showing the equivalence
f (1), WPE, and the existence of a MEOP is nontrivial. Thus, the
ain result of this paper is the following:

ondition (1) holds iff the regressor is WPE iff there exists a MEOP
of the regressor sequence.

That is, any one of these conditions is equivalent to the GAS of
RLS.

The outline of this paper is as follows. After fixing notation
and definitions, Section 3 briefly reviews RLS and defines PE in
Section 3.2. Section 4 motivates the definition for WPE in depth
by providing a step-by-step search for the ‘right’ generalization
of PE, then introduces WPE and shows WPE is equivalent to a
slightly rephrased version of condition (1) in Theorem 4, which
2

is a nontrivial result for the nonscalar case. Finally, Section 5
defines the MEOP property for sequences of positive-semidefinite
matrices and shows in Theorem 5 that such a sequence is WPE
if and only if it has a MEOP. This theorem is followed by two
corollaries and a proposition, which allow us to characterize, in
consistent terms, exactly the property that must be satisfied for
a regressor sequence to not be PE but still ensure the GAS of RLS.

2. Preliminaries

We define N △
= {1, 2, 3, . . . } and N0

△
= {0, 1, 2, 3, . . . }. The

sets of n×n real symmetric, real symmetric positive-semidefinite,
and real symmetric positive-definite matrices are denoted by
Sn, Nn, and Pn, respectively. For S ∈ Sn, λmin(S) denotes the
smallest eigenvalue of S, S > 0 indicates that S is positive-
definite, and S ≥ 0 indicates that S is positive-semidefinite. In
denotes the n × n identity matrix. N (A) denotes the nullspace of
A. (ak) = (ak)k∈N0 ⊂ X denotes the sequence (a0, a1, . . .) whose
components are elements of the set X . The sum over the empty
set is defined to be zero. The kth harmonic sum is denoted by
Hk

△
=
∑k

p=1 1/p. For all x ∈ R, we define ⌊x⌋
△
= max{n ∈ N0: n ≤

x}.
Let D ⊂ Rn. Then, xe ∈ D is an equilibrium of the sequence

(fk:D → D) if, for all k ∈ N0, fk(xe) = xe. The following are stan-
dard definitions of stability for an equilibrium of a discrete-time
system.

Definition 1. Let D ⊂ Rn, for all k ∈ N0, let fk:D → D, let xe be
n equilibrium of (fk), and consider the initial value problem

k+1 = fk(xk), (3)

xk0 ∈ D. (4)

Then the equilibrium xe of (3)–(4) is

(i) Lyapunov stable if, for all k0 ∈ N0 and ε > 0, there exists
δ(k0, ε) > 0 such that ∥xk0 − xe∥ < δ implies that, for all
k ≥ k0, ∥xk − xe∥ < ε.

(ii) uniformly Lyapunov stable if, for all ε > 0, there exists
δ(ε) > 0 such that, for all k0 ∈ N0, ∥xk0 − xe∥ < δ implies
that, for all k ≥ k0, ∥xk − xe∥ < ε.

(iii) globally attractive if, for all k ∈ N0 and xk0 ∈ D, limk→∞

xk = xe.
(iv) globally asymptotically stable if it is Lyapunov stable and

globally attractive.

Definition 2. Let a > 0. A function f : [0, a) → [0, ∞) is class K
if it is increasing and f (0) = 0.

Theorem 1. Assume that the systems (3)–(4) have an equilibrium
xe ∈ D, and let N ⊂ D be a neighborhood of xe. If there exist a
continuous function V :N0 × N → [0, ∞) and class K functions g
and h such that, for all k ∈ N0 and x ∈ N ,

(i) Vk(xe) = 0,
(ii) g(∥x∥) ≤ V (k, x) ≤ h(∥x∥),
(iii) ∆V (k, x)

△
= V (k + 1, fk(x)) − V (k, x) ≤ 0,

then xe is uniformly Lyapunov stable.

3. Recursive least squares with PE regressors

3.1. Recursive least squares

The RLS algorithm was introduced in 1950 by [21], and treat-
ments of the fundamental RLS theory can be found in many
introductory textbooks, such as [1,10,22,23]. In this section we



A.L. Bruce, A. Goel and D.S. Bernstein Systems & Control Letters 157 (2021) 105005

b
r
n
i

P

riefly review the facts about RLS necessary to understand the
emainder of the paper. Further information on RLS using similar
otation and conventions as we have adopted here can be found
n [2,4,24].

Let θ, θ0 ∈ Rn, let P0 ∈ Pn, and, for all k ∈ N0, let φk ∈ Rp×n

and define yk
△
= φkθ and

Jk(θ̃ )
△
=

k∑
i=0

(yi − φiθ̃ )T(yi − φiθ̃ ) + (θ̃ − θ0)TP−1
0 (θ̃ − θ0). (5)

For all k ∈ N0, Jk is strictly convex and hence has a unique global
minimizer, which we denote by θk+1

△
= minθ̃∈Rn Jk(θ̃ ). The RLS

algorithm is given by the update equations

θk+1 = θk + Pk+1φ
T
k (yk − φkθk), (6)

Pk+1 = Pk − PkφT
k

(
Ip + φkPkφT

k

)−1
φkPk, (7)

which enable the recursive calculation of θk+1 in terms of the pre-
vious minimizer θk, and current values of the output yk, regressor
φk, and covariance Pk+1. Defining the RLS error θ̃k

△
= θk − θ and

Sk
△
= φT

kφk, the update equations

θ̃k+1 = Pk+1P−1
k θ̃k, (8)

P−1
k+1 = P−1

k + Sk, (9)

follow from (6) and (7). Eqs. (8) and (9) can be solved to yield

θ̃k = PkP−1
0 θ̃0, (10)

P−1
k = P−1

0 +

k−1∑
i=0

Si. (11)

Proving a stability property of the equilibrium θ of (6)–(7) is thus
equivalent to proving the same property of the zero equilibrium
for (8)–(9). Furthermore, since φk enters into (8) and (9) only in
the form of Sk, it follows that every property of (φk) affecting the
RLS error is equivalent to a property of (Sk), and thus we shall
henceforth consider only properties of (Sk).

It is possible that (8)–(9) have equilibria other than the zero
equilibrium. In particular, if there exists p ∈ N (Sk)\{0} for all k ∈

N0, then p is a nonzero equilibrium of (8)–(9). Thus we restrict our
attention to the case where ∩k∈N0N (Sk) = ∅, which corresponds
to the case where RLS converges to the true parameters regardless
of the initial conditions.

The following result shows that (8)–(9) are uniformly Lya-
punov stable regardless of the properties of the regressor. Thus,
necessary and sufficient conditions on (Sk) for the GAS of (8)–
(9) are equivalent to necessary and sufficient conditions on (Sk)
for global attractivity of the zero equilibrium. Similar results are
found in [4, Theorem 6].

Proposition 1. Let (Sk) ⊂ Nn and P0 ∈ Pn. Then the zero
equilibrium of (8)–(9) is uniformly Lyapunov stable.

Proof. Define the Lyapunov candidate function

V (k, θ̃ )
△
= θ̃TP−1

k (In + P−2
k )−1P−1

k θ̃ . (12)

For all k ∈ N0, V (k, θ̃ ) is a continuous function of θ̃ that satisfies
V (k, 0) = 0. Moreover, noting that (I + P−2

k )−1
∈ Pn satisfies

I−P−1
k (I+P−2

k )−1P−1
k = (I+P−2

k )−1, it follows that V (k, θ̃ ) ≤ ∥θ̃∥
2.

Furthermore, since Sk ≥ 0, it follows that P−1
k is nondecreasing,

and thus

θ̃TP−1
k (In + P−2

k )−1P−1
k θ̃ ≥ λmin((In + P−2

k )−1)∥P−1
k θ̃∥

2

= ∥In + P−2
k ∥

−1
∥P−1

k θ̃∥
2

≥ (1 + ∥P−1
∥
2)−1

∥P−1
∥
2
∥θ̃∥

2

k k

3

≥ (1 + ∥P−1
0 ∥

2)−1
∥P−1

0 ∥
2
∥θ̃∥

2,

where the final step follows from the fact that x/(1 + x) is a
nondecreasing function of x. Thus, for all k ∈ N0 and θ̃ ∈ Rn,
V (k, θ̃ ) is bounded above and below by class K functions. Finally,
since

∆V (k, θ̃ ) = V (k + 1, Pk+1P−1
k θ̃ ) − V (k, θ̃ )

= θ̃TP−1
k [(I + P−2

k+1)
−1

− (I + P−2
k )−1

]P−1
k θ̃ , (13)

and since P−1
k+1 ≥ P−1

k implies that (I + P−2
k+1)

−1
≤ (I + P−2

k )−1,
it follows that V (k, θ̃ ) satisfies Theorem 1, and thus (8)–(9) is
uniformly Lyapunov stable. □

Although the RLS error is always uniformly Lyapunov stable,
global attractivity, and hence GAS, depends strongly on properties
of the regressor. In the next section, we investigate PE as a
property of (Sk) that guarantees global attractivity of the zero
equilibrium of (8)–(9).

3.2. PE and RLS stability

Definition 3. (Sk) ⊂ Nn is persistently exciting (PE) if there exist
α > 0 and N ∈ N0 such that, for all j ∈ N0,

∑N
i=0 Si+j ≥ αIn.

If (Sk) is bounded, then
∑N

i=0 Si+j has an upper bound in
addition to the lower bound given in Definition 3, and many
definitions of PE, such as [23, p. 64], include an upper bound to
reflect this assumption. However, since the upper bound is not
relevant to GAS, we have omitted it to simplify Definition 3.

Theorem 2. Let (Sk) be PE, and, for all k ∈ N0, define Pk by (9).
Then (i) limk→∞ Pk = 0, and (ii) (8)–(9) are GAS.

Proof. A proof of (i) is given in [4, Proposition 3] and the uniform
Lyapunov stability of (8)–(9) follows from Proposition 1. Hence,
to prove attractivity and thus (ii), let k0 ∈ N0 and θk0 ∈ Rn. From
(8) it follows that θ̃k = PkP−1

k0
θk0 and thus limk→∞ θ̃k = 0 implies

limk→∞ Pk = 0. □

The converse of Theorem 2 is false. To demonstrate this with
an example, we first prove the following proposition.

Proposition 2. Let (Sk) ⊂ Nn be PE. Then, for all k ∈ N0,∑k
i=0 Si ≥

⌊ k+1
N+1

⌋
αIn.

roof. Note that
⌊ k+1

N+1

⌋
αIn ≤

∑(
⌊
k+1
N+1 ⌋−1

)
j=0

∑N
i=0 Si+j(N+1) ≤∑(N+1)⌊ k+1

N+1 ⌋−1
i=0 Si ≤

∑k
i=0 Si. □

Example 1. Let Sk =
1

k+1 . From (11), it follows that limk→∞ Pk =

limk→∞

(
P−1
0 + Hk

)−1
= 0, and thus (8)–(9) are GAS. Noting that,

for all k ∈ N0,
∑k

i=0 Si = Hk+1 < log(k + 1) + 1, suppose for
contradiction that (Sk) is PE with lower bound α > 0 and window
parameter N ∈ N0. Then αk

2N < log(k + 1) + 1, which is false for
all sufficiently large k ∈ N0, contradicting Proposition 2. ⋄

4. From PE to WPE

Having shown that PE is sufficient but not necessary for GAS,
we now present WPE, a direct generalization of PE that is both
necessary and sufficient for GAS. Since the full relationship be-
tween PE and WPE as given by Definition 6 might not be imme-
diately apparent, we justify our claim that WPE is a direct gener-
alization of PE by beginning with PE and providing a step-by-step
process in which WPE is deduced.
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Fig. 1. A PE sequence with N = 2 (window length of 3) showing several
ummation windows. PE is characterized by strict uniformity in the window
ength parameter N and the lower bound α, both of which must have values
hat are independent of the position of the window in the sequence.

First, we prove that (1) is necessary and sufficient for the
AS of RLS. Although we are ultimately seeking an alternative
o (1), this condition is nonetheless convenient for checking the
ecessity and sufficiency of proposed generalizations of PE.

heorem 3. The zero equilibrium of (8)–(9) is GAS if and only if

lim
n→∞

λmin

(
n∑

k=0

Sk

)
= ∞. (14)

roof. Sufficiency is immediate. To prove the converse direction,
ote that, for all n ∈ N0, λmin(P−1

n ) ≤ λmax(P−1
0 )+ λmin

(∑n
k=0 Sk

)
.

From (8), it follows that limk→∞ ∥θ̃k∥ = limk→∞ ∥PkP−1
0 θ̃0∥ =

0, hence limk→∞ ∥Pk∥ = limk→∞ λ−1
min(P

−1
k ) = 0, and there-

fore, limk→∞ λmin

(∑k
i=0 Si

)
≥ limk→∞ λmin(P−1

k ) − λmax(P−1
0 ) =

∞. □

To generalize the hypotheses of PE, we first note that PE is
a condition concerning finite windows of sequential indices. In
this context, a window is a finite tuple1 of consecutive indices.
For PE, each index k is associated with a unique window Wk =

(k, k + 1, . . . , k + N), as illustrated in Fig. 1. Henceforth, we shall
informally refer to this kind of figure as a window diagram. As
shown in Fig. 1, PE requires that N , which determines the window
length, and the lower bound α to be uniform within the sequence
(Wk) of windows. From this perspective, a natural generalization
of PE would be to relax the requirement of uniformity for N and
α. Naively doing so, we obtain the following condition.

Definition 4. The sequence (Sk) ⊂ Nn is GPE-1 if, for all k ∈ N0,
there exist Nk ≥ 0 and αk > 0 such that

∑Nk
i=0 Sk+i ≥ αkIn.

Fig. 2 shows the window diagram for GPE-1, illustrating the
nonuniformity in N and α. Unfortunately, GPE-1 relaxes PE too
much. Although necessary, GPE-1 is not sufficient for (14), as
can be seen from the sequence (1/k2), which satisfies GPE-1
with Nk = 0 and αk = 1/k2, but not (14). This example
suggests that GPE-1 is insufficient because (αk) is not required
to diverge, and thus cannot ultimately force the divergence of
limn→∞ λmin

(∑n
k=0 Sk

)
. Hence, our first refinement of GPE-1 is to

require that
∑

∞

k=0 αk = ∞.

Definition 5. The sequence (Sk) ⊂ Nn is GPE-2 if, for all k ∈ N0,
there exist Nk ≥ 0 and αk > 0 such that

∑Nk
i=0 Sk+i ≥ αkIn and∑

∞

k=0 αk = ∞.

1 We will not distinguish between tuples with elements in N0 and subsets of
N0 , since the ordering of the former is identical to the usual ordering of N0 and
since we do not consider tuples containing multiple copies of a single element.
4

Fig. 2. A GPE-1/GPE-2 sequence showing several summation windows. In
contrast to PE, the window length and lower bound are allowed to vary based
on the position of the window in the sequence. The GPE-1 and GPE-2 conditions
completely relax the uniformity in N and α demanded by PE, but lose sufficiency
for guaranteeing GAS by doing so.

Fig. 3. The first five summation windows defined by Nk = k + 1 for the GPE-2
sequence 1, 1, 1/22, 1/22, 1/32, 1/32, . . . . Note the overcounting-like effect due
o the intersecting windows.

The window diagram for GPE-2 can be pictured in the same
ay as for GPE-1 (Fig. 2), since the only difference is that GPE-
requires

∑
∞

k=0 αk = ∞. GPE-2 is also necessary but not
ufficient for (14), as can be seen from the sequence (sk) =

(1, 1, 1/22, 1/22, 1/32, 1/32, . . . , 1/k2, 1/k2, . . . ), which satisfies
GPE-2 with Nk = k + 1 and αk =

∑Nk
i=0 si+k. In particular, the

requirement that
∑

∞

k=0 αk = ∞ is satisfied because
∞∑
k=0

αk = 1 +

(
1 +

1
22

)
+

(
1
22 +

1
22 +

1
32

)
+

(
1
22 +

1
32 +

1
32 +

1
42

)
+ · · ·

> 1 +
2
22 +

3
32 +

4
42 + · · · = 1 +

1
2

+
1
3

+
1
4

+ · · ·

= ∞.

owever, since
∑

∞

k=0 sk = 2
∑

∞

k=0 1/k
2 < ∞, it follows that (14)

s not satisfied.
To understand how this can occur, consider Fig. 3, which

hows (sk) with the first five windows of defined by (Nk) over-
aid. Note that adjacent windows have large intersections, which
xaggerates the effect of individual terms of (sk) on

∑
∞

k=0 αk in a
ay similar to overcounting. When there are large intersections
etween adjacent windows, it is possible that

∑
∞

k=0(sk+sk+1 · · ·+

sk+Nk ) diverges even though
∑

∞

k=0 sk converges, which suggests
that intersections between distinct windows must be disallowed.
To formulate a non-intersection requirement, we replace hy-
potheses formulated in terms of Nk with hypotheses formulated
in terms of windows. PE, GPE-1, and GPE-2 use sequences of
windows (Wk) for which every window Wk begins at k (that is,
for all k, minWk = k), but such a window sequence will have
intersections unless each window has a length of 1. Hence, we
dispense with the property that minWk = k for all k ∈ N0, and
restrict GPE-2 to window sequences whose consecutive elements
are strictly adjacent in the sense that, for all k ∈ N0, minWk+1 =

maxWk + 1. Collecting the results of this analysis, we find that,
′
for all k, k ∈ N0, the following three conditions must hold:
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Fig. 4. A WPE sequence showing several summation windows. Like GPE-1 and
2, but unlike PE, the window length and lower bound values are allowed to
vary based on their position in the sequence. However, unlike GPE-1 and 2,
WPE does not allow intersections between the windows. This diagram assumes
that the nth window Wn begins at the kth element of the sequence.

(i) Wk is a bounded interval of N0; that is, a tuple (n, n +

1, . . . , n + m) ⊂ N0 such that n,m ∈ N0.
(ii) k ̸= k′ implies that Wk ∩ Wk′ = ∅.
(iii) ∪k∈N0Wk = N0.

he last two conditions state that (Wk) is a partition of N0 in the
et-theoretic sense. Thus, we define a bounded interval partition
BIP) of N0 to be a sequence (Wk) of subsets of N0 satisfying
he three conditions given above. That is, a BIP is a partition of
0 whose elements are bounded intervals and whose order is
nherited from the order of their minimal elements. The next
efinition, WPE, modifies GPE-2 to include a non-intersection
equirement phrased in terms of BIPs.

efinition 6. The sequence (Sk) is weakly persistently exciting
WPE) if there exists a BIP (Wk) and a sequence (αk) ⊂ [0, ∞)
uch that

∑
∞

k=0 αk = ∞ and, for all k ∈ N0,
∑

i∈Wk
Si ≥ αkIn.

Fig. 4 shows a window diagram for WPE. Three observations
re immediate. First, unlike GPE-1 or 2, WPE is sufficient for (1),
s is seen by noting that

min

[
n∑

k=0

Sk

]
≥

Kn∑
k=0

λmin

⎡⎣∑
j∈Wk

Sj

⎤⎦ ≥

Kn∑
k=0

αk,

here Kn
△
= max{ℓ ∈ N0:maxWℓ ≤ n}. Since Kn → ∞ as

→ ∞, it follows that limn→∞ λmin
(∑n

k=0 Sk
)

≥
∑

∞

k=0 αk = ∞.
econd, every PE sequence is WPE, as can be seen by setting
k = α for all k ∈ N0 and taking the BIPWk = (kN+k+1, . . . , (k+
)N + k + 2)

0 = (0, . . . ,N + 1), W1 = (N + 2, . . . , 2N + 3),

2 = (2N + 3, . . . , 3N + 4), . . .

hird, WPE is strictly weaker than PE. For example, the sequence
, 0, 1, 0, 0, 1, 0, 0, 0, 1, 0, 0, 0, 0, . . . , in which the nth 1 is fol-
owed by n 0’s, is WPE but not PE. These observations show that
PE improves PE as a sufficient condition for GAS, but do not

how that WPE is necessary. The following result proves that it
s.

heorem 4. A sequence (Sk) ⊂ Nn satisfies condition (14) if and
nly if it is WPE.

roof. Sufficiency is straightforward and an outline of the proof
as been given in the previous paragraph. To prove necessity,
ote that (14) is equivalent to the existence of a nondecreasing,
nbounded sequence (hk) ⊂ [0, ∞) such that, for all n ∈ N0,
p
k=0 Sk ≥ hpIn. Let ε > 0. Since (hk) is unbounded, it follows that

here existsm0 > 0 such that hm0 ≥ ε. Defining Ũ0 = {0, . . . ,m0},∑

t follows that j∈Ũ0

Sj ≥ hm0 In ≥ εIn. Next, let k ∈ N0 and

5

uppose for strong induction that there exist pairwise disjoint
ntervals Ũ0, . . . , Ũk such that for all 0 ≤ ℓ ≤ k,

∑
j∈Ũℓ

Sj ≥ ε.
ince (hk) is unbounded and nondecreasing, it follows that there
xistsM > 0 such that, for allm ≥ M , hm ≥ λmax

(∑
j∈∪

k
ℓ=0Ũℓ

Sj
)
+

. Hence, let mk+1 = max(M,max0≤ℓ≤k(maxUℓ) + 1) and define
˜k+1 = {max0≤ℓ≤k(max Ũℓ) + 1, . . . ,mk+1}. Since mk+1 is the
maximum of a finite, bounded subset of N0, it follows thatmk+1 <

∞, and thus Ũk+1 is a bounded interval. Furthermore, since, for
all 0 ≤ ℓ ≤ k, Ũk+1 ∩ Ũℓ = ∅, it follows that

εIn ≤

⎡⎢⎣λmax

⎛⎜⎝ ∑
j∈∪

k
ℓ=0Ũℓ

Sj

⎞⎟⎠+ ε

⎤⎥⎦ In −

∑
j∈∪

k
ℓ=0Ũℓ

Sj

≤ hmk+1 In −

∑
j∈∪

k
ℓ=0Ũℓ

Sj ≤

mk+1∑
j=0

Sj −
∑

j∈∪
k
ℓ=0Ũℓ

Sj

=

∑
j∈∪

k+1
ℓ=0Ũℓ

Sj −
∑

j∈∪
k
ℓ=0Ũℓ

Sj =

∑
j∈Ũk+1

Sj. (15)

Thus (Ũk) is a collection of disjoint finite intervals such that, for
all k ∈ N0,

∑
j∈Ũk

Sj ≥ εIn. Finally, define Uk = Ũk ∪ {ℓ:max Ũk +

1 ≤ ℓ ≤ min Ũk+1 − 1}. Since (Ũk) is a collection of disjoint
finite intervals, it follows that (Uk) is a collection of disjoint finite
intervals. Furthermore, since, for all p ∈ N0, there exists k ∈ N0
such that either p ∈ Ũk or p ∈ {ℓ:max Ũk+1 ≤ ℓ ≤ min Ũk+1−1},
it follows that there exists k ∈ N0 such that p ∈ Uk, and thus (Uk)
is a BIP of N0. Finally, since, for all k ∈ N0,

∑
j∈Uk

Sj ≥
∑

j∈Ũk
Sj ≥

εIn, setting αk = ε for all k ∈ N0, it follows that (Sk) is WPE. □

The logical statements of PE, GPE-1, GPE-2, and WPE are
summarized in Table 1 along with their status as necessary and/or
sufficient conditions for GAS.

Note that by summing over k on each side of the inequality
λmin

[∑
j∈Wk

Sj
]

≤ αkIn under the assumption that
∑

∞

k=0 αk = ∞,

we obtain the conditions that, for all k ∈ N0, λmin

[∑
j∈Wk

Sj
]

> 0

and
∑

∞

k=0 λmin

[∑
j∈Wk

Sj
]

= ∞, which are equivalent to the
predicate of WPE given in Table 1 and shows that WPE can be
stated without reference to (αk). However, we have chosen to
retain (αk) in Definition 6 to more explicitly show its connection
with PE. Finally, we note that the term ‘weakly persistently excit-
ing’ is used in [25, p. 73] to refer to a regressor sequence with an
asymptotically convergent and positive-definite mean. This usage
is unrelated to the concept of WPE described in this paper.

5. A local necessary and sufficient condition using minimum
eigenvalue oresme partitions

In this section, we formulate an equivalent to WPE that is local
in the sense that it is formulated without limits or infinite sums.
Consider the following divergence proof of the harmonic series:

1 +
1
2

+
1
3

+
1
4

+ · · ·

= 1 +
1
2

+

(
1
3

+
1
4

)
+

(
1
5

+
1
6

+
1
7

+
1
8

)
+ · · ·

≥ 1 +
1
2

+

(
1
4

+
1
4

)
+

(
1
8

+
1
8

+
1
8

+
1
8

)
+ · · ·

= 1 +
1
2

+
1
2

+
1
2

+ · · · = ∞.

This proof, originally due to N. Oresme (c. 1320–1382), implicitly
uses the BIP

W = (1), W = (2), W = (3, 4), W = (5, 6, 7, 8), . . .
1 2 3 4
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Table 1
Summary of PE and its non-uniform generalizations. Only WPE is both necessary and sufficient for the GAS of RLS.

Condition Logical statement Necessity/Sufficiency

PE ∃N ≥ 0 ∃α > 0 ∀k ≥ 0
[∑N

i=0 Sk+i ≥ αIn
]

S but not N

GPE-1 ∀k ≥ 0 ∃Nk ≥ 0 ∃αk > 0
[∑Nk

i=0 Sk+i ≥ αkIn
]

N but not S

GPE-2 ∀k ≥ 0 ∃Nk ≥ 0 ∃αk > 0
[∑Nk

i=0 Sk+i ≥ αkIn ∧
∑

∞

k=0 αk = ∞

]
N but not S

WPE ∃ BIP(Wk) ∀k ≥ 0 ∃αk > 0
[∑

i∈Wk
Si ≥ αkIn ∧

∑
∞

k=0 αk = ∞

]
Both N and S
o
t
V

λ ≥

λ

(
(

S
t

C
t

i

C
(
α

w
H
e
w

1

to define gk
△
=

∑
j∈Wk

1/j. Since infk∈N0 gk = 1/2 > 0, it
ollows that

∑
∞

k=1 gk = ∞ and hence
∑

∞

k=1 1/k = ∞. It is
traightforward to see how this strategy can be generalized to all
onnegative sequences by systematizing the formation of (gk).

efinition 7. The sequence (gk) ⊂ [0, ∞) is an Oresme partition
OP) of the sequence (ak) ⊂ [0, ∞) if there exists a BIP (Wk) of
0 such that gk =

∑
j∈Wk

aj and infk∈N0 gk > 0.

We now state the crux of Oresme’s proof as a proposition.

roposition 3. If (ak) ⊂ [0, ∞) has an OP, then
∑

∞

k=0 ak = ∞.

An immediate question is whether or not the converse holds:
oes the divergence of a nonnegative series imply the existence
f an OP? We will show that this is true, and, moreover, that the
ollowing definition, which generalizes Definition 7 to positive-
emidefinite matrices, yields a condition equivalent to WPE.

efinition 8. The sequence (gk) ⊂ [0, ∞) is a minimum
igenvalue Oresme partition (MEOP) of the sequence (Sk) ⊂ Nn

f there exists a BIP (Wk) of N0 such that gk = λmin

(∑
j∈Wk

Sj
)

nd infk∈N0 gk > 0.

The existence of a MEOP is a local property, since it can
e formulated using only hypotheses involving finite sums. Fur-
hermore, since Theorem 5 will show that having a MEOP is
quivalent to being WPE, it follows that having a MEOP is a local
ecessary and sufficient condition for the GAS of RLS. To prove
heorem 5, we need the following lemma.

emma 1. Let (ak) ⊂ [0, ∞) satisfy
∑

∞

k=0 ak = ∞. Then, for all
∈ N0, there exists n > p such that

∑n
j=p aj ≥ a0.

roof. Since the result is immediate for a0 = 0, let a0 > 0
nd suppose for contrapositive that there exists l ≥ 0 such that,
or all n > l,

∑n
j=l aj < a0. Hence, for all n > l,

∑n
j=0 aj =

l−1
j=0 aj +

∑n
j=l aj ≤

∑l−1
j=0 aj + a0, and thus

∑
∞

k=0 ak is finite. □

heorem 5. The sequence (Sk) ⊂ Nn is WPE if and only if it has a
EOP.

roof. Let (gk) be a MEOP of (Sk). Then sufficiency follows im-
ediately from setting αk = gk for all k ∈ N0. To prove necessity,
uppose that (Sk) is WPE and let (Uk) be a BIP such that, for all
∈ N0, λmin

(∑
j∈Uk

Sj
)

> 0 and
∑

∞

k=0 λmin

(∑
j∈Uk

Sj
)

= ∞.

or all k ∈ N0, set λk = λmin

(∑
j∈Uk

Sj
)
. Next, define W0 = {0},

nd suppose for strong induction that there exist pairwise disjoint
ounded intervals W0,W1, . . . ,Wk such that, for all 0 ≤ j ≤ k,
i∈Wj

λi ≥ λ0. Since
∑

∞

k=0 λk = ∞, Lemma 1 implies that there
xists nk+1 > max(Wk) + 1 such that

nk+1∑
λj ≥ λ0.
j=max(Wk)+1

6

Defining Wk+1 = {max(Wk) + 1, . . . , nk+1}, it follows that
W0, . . . ,Wk+1 are pairwise disjoint bounded intervals such that,
for all 0 ≤ j + 1 ≤ k,

∑
i∈Wj

λi ≥ λ0, and thus the principle
f strong induction implies that there exists a BIP (Wk) with
hese properties. Next, define the BIP (Vk), for all k ≥ 0, by
k =

⋃
j∈Wk

Uj. Since λ0 > 0 by construction, and since

min

(∑
i∈Vk

Si
)

= λmin

(∑
j∈Wk

∑
i∈Uj

Si
)

≥
∑

j∈Wk
λmin

(∑
i∈Uk

Si
)

0, it follows that infk∈N0 λmin

(∑
i∈Vk

Si
)

= λ0 > 0, and hence

gk) defined for all k ∈ N0 by gk
△
= λmin

(∑
i∈Vk

Si
)
is a MEOP for

Sk). □

ince WPE is equivalent to (14), setting n = 1 in Theorem 5 yields
he result promised after Proposition 3.

orollary 1. Let (ak) ⊂ [0, ∞). Then
∑

∞

k=0 ak = ∞ if and only if
here exists an OP of (ak).

Moreover, Theorem 5 also implies the following fact, which is
mplicit in the proof of Theorem 4.

orollary 2. The sequence (Sk) is WPE with lower bound sequence
αk) if and only if it is WPE with a constant lower bound sequence
k = α > 0.

This result implies that WPE could be equivalently stated
ithout altering the uniform lower bound of requirement of PE.
owever, we have chosen to retain the variable lower bound to
mphasize the flexibility of the WPE hypotheses, the full range of
hich can be helpful in practice. For example, the sequence

, 0,
1
2
, 0, 0,

1
4
, 0, 0, 0, . . .

is more easily verified to be WPE using Definition 6 and the BIP
W1 = (1, 2), W2 = (3, 4, 5), W3 = (5, 6, 7, 8), . . . than it would
be from a definition that required a uniform lower bound. Note,
however, the powerful converse of Corollary 2. Although such a
BIP might be difficult to find, the fact that the sequence is WPE
implies that a BIP does exist for which the uniform lower bound
property holds.

Finally, PE can be stated in terms of BIPs and MEOPs.

Proposition 4. Let (Sk) ⊂ Nn. Then (Sk) is PE if and only if it has a
MEOP whose BIP (Uk) consists of constant-length intervals. That is,
For all k, k′

∈ N0, |Uk| = |Uk′ |.

Proof. Sufficiency follows immediately by using the BIP U0 =

(0, . . . ,N), U1 = (N + 1, . . . , 2N + 1), . . .. To prove necessity,
suppose that (gk) is a MEOP of (Sk) with BIP (Uk) of constant-
length intervals and set N = 2|U0| and α = infk∈N0 gk > 0. Since,
for all k ∈ N0, |Uk| = N/2, it follows that, for all j ∈ N0, there
exists k(j) ∈ N0 such that Uk(j) ⊂ (j, j + 1, . . . , j + N), and thus∑N

i=0 Si+j ≥
∑

i∈Uk(j)
Si ≥ α. □

This proposition allows us to articulate, in consistent terms,
the essential structural property of non-PE regressors for which
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LS is GAS. Specifically, defining a uniform BIP to be a BIP for
hich each interval has the same length and a variable BIP as
BIP for which there exist at least two intervals with different

engths, we have the following result.

orollary 3. The non-PE sequences that guarantee the GAS of RLS
re exactly the sequences that have a MEOP with a variable BIP, but
o MEOP with a uniform BIP.

RediT authorship contribution statement

Adam L. Bruce: Conceptualization, Formal analysis, Writing
original draft, Writing – review & editing. Ankit Goel: Formal
nalysis, Writing – review & editing. Dennis S. Bernstein:Writing
review & editing, Supervision, Funding acquisition.

eclaration of competing interest

The authors declare that they have no known competing finan-
ial interests or personal relationships that could have appeared
o influence the work reported in this paper.

cknowledgments

This research was partially supported by AFOSR under grant
A9550-20-1-0028.

eferences

[1] L. Ljung, System Identification: Theory for the User, second ed., Prentice
Hall, 1999.

[2] S.A.U. Islam, D.S. Bernstein, Recursive least squares for real-time
implementation, IEEE Contr. Sys. 39 (2019) 82–85.

[3] A.H. Sayed, Fundamentals of Adaptive Filtering, Wiley, 2003.
[4] A. Goel, A.L. Bruce, D.S. Bernstein, Recursive least squares with variable-

direction forgetting–compensating for the loss of persistency, IEEE Contr.
Sys. 40 (2020) 80–102.

[5] S. Aranovskiy, A. Belov, R. Ortega, N. Barabanov, A. Bobtsov, Parameter
identification of linear time-invariant systems using dynamic regressor ex-
tension and mixing, Int. J. Adapt. Contr. Sig. Proc. 33 (6) (2019) 1016–1030,
http://dx.doi.org/10.1002/acs.3006.

[6] K. Narendra, A. Annaswamy, A new adaptive law for robust adaptation
without persistent excitation, IEEE Trans. Automat. Control 32 (2) (1987)
134–145, http://dx.doi.org/10.1109/TAC.1987.1104543.
7

[7] S. Bittanti, P. Bolzern, Recursive least-squares identification algorithms
with incomplete excitation: Convergence analysis, IEEE Trans. Automat.
Control 35 (1990) 1371–1373.

[8] G. Chowdhary, T. Yucelen, M. Mühlegg, E.N. Johnson, Concurrent learning
adaptive control of linear systems with exponentially convergent bounds,
Int. J. Adapt. Contr. Sig. Proc. 27 (4) (2013) 280–301, http://dx.doi.org/10.
1002/acs.2297.

[9] A. Parikh, R. Kamalapurkar, W.E. Dixon, Integral concurrent learning:
Adaptive control with parameter convergence using finite excitation, Int.
J. Adapt. Contr. Sig. Proc. 33 (12) (2019) 1775–1787, http://dx.doi.org/10.
1002/acs.2945.

[10] S. Sastry, M. Bodson, Adaptive control: Stability, convergence, and
robustness, Prentice-Hall, 1989. Dover Republication, 2011.

[11] M.M. Sondhi, D. Mitra, New results on the performance of a well-known
class of adaptive filters, Proc. IEEE 64 (11) (1976) 1583–1597.

[12] A.P. Morgan, K.S. Narendra, On the uniform asymptotic stability of certain
linear nonautonomous differential equations, SIAM J. Cont. Opt. 15 (1)
(1977) 163–176.

[13] B.D.O. Anderson, Exponential stability of linear equations arising in
adaptive identification, IEEE Trans. Automat. Control AC-22 (1) (1977)
83–88.

[14] G. Kreisselmeier, Adaptive estimators with exponential rate of conver-
gence, IEEE Trans. Automat. Control AC–22 (1) (1977) 2–8.

[15] L. Praly, Convergence of the gradient algorithm for linear regression models
in the continuous and discrete-time cases, Int. Rep. MINES ParisTech,
Centre Automatique Et Systémes, 2016, https://hal.archives-ouvertes.fr/
hal-01423048.

[16] N. Barabanov, R. Ortega, On global asymptotic stability of ẋ = −φ(t)Tφ(t)x
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