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Robust Stability and Performance Via Fixed-Order
Dynamic Compensation: The Discrete-Time Case

Wassim M. Haddad, Hsing-Hsin Huang, and
Dennis S. Bernstein

Abstract—discrete-time feedback control-design problem involving
parametric uncertainty is considered. A quadratic bound suggested by
recent work on discrete-time state space H, theory is utilized in con-
Jjunction with the guaranteed cost approach to guarantee robust stability
with a robust performance bound. The principal result involves suffi-
cient conditions for characterizing robust full- and reduced-order con-
trollers with a worst case H, performance bound.

L. INTRODUCTION

One of the fundamental problems in robust control theory
concerns the stability of the state space system

() = (A4 + AA)x(1) .D
where the nominal dynamics matrix A4 is asymptotically stable
and AA is an uncertain perturbation belonging to a specified
uncertainty set [1]~[8]. Although the literature concerning (1.1)
is quite extensive, the discrete-time analog of (1.1), namely

x(k+ 1) =(4+AA)x(k) (1.2
has been relatively neglected, notable exceptions being [19]-[21].
The goal of the present note is to contribute to the system of
(1.2) for both robust analysis and controller synthesis by develop-
ing new sufficient conditions for robust stability and perfor-
mance. The sufficient conditions developed herein are most
closely related to the approach of [21] which, in turn, is related
to the discrete-time state space H,, theory (see [22] and refer-
ences listed therein).

After developing sufficient conditions for robust stability and
performance, we apply these results to robust controller synthe-
sis. In particular, we address the problem of full- and reduced-
order dynamic compensation as well as static output feedback
controllers.

II. NOTATION AND DEFINITIONS

Note: All matrices have real entries.

R, R, R E real numbers, r X s real matrices,
R™, expected value.

L, r X r, identity matrix, transpose.

SN, P’ r X r symmetric, nonnegative-definite,

positive-definite matrices.

positive integers; n + n,

n, m,l, n_, n-dimensional vectors.

n X n matrices; n X m matrices; [ X n

n,m,lr,t,n;n
XU, Y, X, X
A,AA; B,AB;C,AC

matrices.
A,B,C,K n.Xngn, XlymXng;m X1 matri-
ces.
. A BC, AA ABC,
4,44 [BCC 4, |'|B.AC 0,
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A,AA A+ BKC,AA + ABKC.
R, R, n X n,m X m state, control weighting
matrices; R; > 0, R, > 0.
Ry, n X m cross weighting matrix; R, —
) Ry,R;'RT, > 0.
R R, + R,KC + CTKRT, +
CTKR,KC.
wi(), wy(+) n, I-dimensional white noise.
Vi, Vs covariance of w(:),w,(); ¥V, =20, V,
> 0.
Via n X [ cross covariance of w{(-), w,(-).
_ wy(+) vV V,, BT
W('), 174 [- 1 , 1 , 12 |-
Bw,() || BV BV,B!
i R, RpC,
CIR], CIR.C.|
D,,Cy, E, n Xr,t X n,l X r, matrices.
- D,
C, 0
D, E B.E, €0 O]

ITI. ROBUST STABILITY AND ROBUST PERFORMANCE PROBLEMS

Let % C R"*" X R"™™ x R™*" denote the set of uncertain
perturbations (A A, AB, AC) of the nominal plant matrices A,
B, and C.

Robust  Stability Problem: For fixed n_. < n, determine
(4, B,,C,) such that the closed-loop system consisting of the
nth-order controlled plant

x(k+1)=(A4+ AA)x(k) + (B + AB)u(k),

k=1,2,, (3.1
measurements
y(k) = (C + AC)x(k) (3.2)
and n_th-order dynamic compensator
x .k +1)=A.x.(k) + B.y(k) (3.3)
u(k) = C.x (k) (3.4)

is asymptotically stable for all (A4, AB,AC) € %.

Robust Performance Problem: For fixed n, < n, determine
(A, B,,C,) such that the closed-loop system consisting of the
nth-order controlled plant

x(k+1) =(A4+A4)x(k) + (B + ABu(k) + wi(k),

k=1,2,, (3.5)

noisy measurements
y(k) = (C + AC)x(k) + wy(k) (3.6)

and n th-order dynamic compensator (3.3), (3.4), the perfor-
mance criterion

J(A,,B,C) 2 sup lim sup E[x7 (k) R, x(k)

(AA4,AB,AC)e k-
+2xT (k)R ulk) + uT(k)Ryu(k)] (3.7)
is minimized.

Remark 3.1: Note that (3.7) is precisely the discrete-time LQG
criterion except for the supremum over # for worst-case perfor-
mance.

For each controller (A4, B.,C,) and plant variation (A A,
AB,AC) € %, the undisturbed closed-loop system (3.1)-(3.4) is
given by

Bhk+1)=(A+AADik), k=12, (3.8
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while the disturbed closed-loop system (3.3)-(3.6) is

fhk+1D=A+AAD3k) +wk), k=12,

where

(3.9)

~ T
(k) & [xT(k), xT (k)]
and w(-) is discrete-time white noise with covariance ¥ € N*.
IV. SUFFICIENT CONDITIONS FOR ROBUST STABILITY
AND PERFORMANCE

In practice, steady-state performance is only of interest when
the closed-loop system (3.8) is stable over %. The following
result expresses the performance in terms of the steady state,
closed loop, second-moment matrix.

Lemma 4.1: Suppose (2.8) is stable for all (A4,AB, AC) € %.
Then

J(A_,B.,C) = sup tr O, iR, 4.1)

(A4,AB,AC)e¥
where

0.t Jim E[#(k)%T(k)) € N®
is the unique solution to

Opi=(A+AD0, (A+AD +V. 42

We now seek upper bounds for J(A_, B,,C,). For conve-
nience in stating the main result of this section we assumed that
I, — EQET is positive definite for all Q €.#c N, A sufficient

condition for the positive definiteness of I, — EQET is given in
Section IV. Furthermore, for notational convenience define

s A On Onxnc
On xn 1, '

Theorem 4.1: Let Q:.#/C N* X R"*! x R™*": — S be such
that
AAQAT + AQAAT + AAQAAT < (0, B,,C,),
(AA4,AB,AC) € #,(0, B,,C,) €4 X R"><! X R™ ",
4.3)
and, for given (A, B,,C,), suppose there exists () €.# satisfying
Q =AQA” + 0(0,B,,C.) + V. 4.4)
Then

(A + AA,V1/%) is stabilizable, for alt (A4, AB,AC) € #,
4.5)

if and only if

A + AA is asymptotically stable, for all (A4,AB,AC) € %.
. (4.6)

In this case,
Qui<Qforall (A4,AB,AC) € 7,
where Q, ; satisfies (4.2), and

J(A,,B,,C,) <trOR.

“.n

(4.8)
Furthermore,

J(A,,B,.,C) <0, A,B,,C,) (4.9)
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where
A0, 4., B,,C) & te| OR + 30E7(1,~ EQET) " EQ3R|.
(4.10)

Proof: For all (AA,AB,AC) € 7, (4.4) is equivalent to

- - -~ o = -~ T -~ p -
0=(A+AAD0(A+AA) +¥(0,B,C,Ad) +V,
(a.11)
where
W(Q-’ Bc) Cc’ A/i') 2 Q(Q’ Bc’ Cc) - AAQAT
—AQAAT - AAQAAT.
Note that by (4.3), ¥({, B,, C., A4) > 0 for all (A4, AB,AC)
€ #. Thus if the stabilizability condition (4.5) holds for_all
(AA4,AB,AC) € #, it follows from [23, theorem 3.6] that (A4 +
AA,(V + ¥(Q, B, C,, AAD'/?) is stabilizable for all
(AA,AB,AC) € #. Hence [23, lemma 12.2] implies 4 + A4 is
asymptotically stable for all (A4, AB, AC) € #. Conversely, if

A+ AA is asymptotically stable for all (AA4,AB,AC) € %,
then (4.5) is immediate. Next, subtracting (4.2) from (4.11) yields

Q - Q~A,4' =(4+ A/i')(Q~ - Q-AA')(A- + AA‘)T
+¥(0,B.,C,, A4)

or, equivalently (since 4 + A A is asymptotically stable),
- - c - i o o~ - T
0~04i= X (A+AAD) ¥(Q,B.,C.,AA)(A+8A) =0,
i=0

which implies (4.7). Next, (4.7) and (4.1) yields (4.8). Finally, (4.9)
is immediate since the trace of the product of two nonnegative
definite matrices is nonnegative. '

Remark 4.1: If V is positive definite then the stabilizability
hypotheses of Theorem 4.1 is automatically satisfied.

Remark 4.2: Theorem 4.1 can be strengthened by noting that
the stabilizability assumption is, in a sense, superfluous. To see
this, first note that robust stability concerns only the undis-
tributed system (3.8) while ¥V involves the disturbance noise.
Hence, robust stability is guaranteed by the existence of a
solution Q €.# satisfying (4.4) with V replaced by alj; for some
a > 0. For this replacement stabilizability is automatic (see
previous remark). For robust performance, however, 0 in (4.7)
must be obtained from (4.4).

Remark 4.3: The covariance bound (4.7) can also be used to
analyze the effect of disturbances on specified state variables.
For example, if £, € R?*", then (4.7) implies

T T
[Er Ogxn]0ss Oiq <|[E oqxn[]é[of‘xq] (4.12)

so that the right-hand side of (4.12) serves as a bound on
selected state variances. For control-design purposes we effec-
tively set R, = ETE,. Similar remarks apply to obtaining bounds
on the variances of control signals.

V. UNCERTAINTY STRUCTURE

To obtain explicit expressions for (A4, B,, C,) we require that
AB =0, (AA,AB,AC) € Z. Hence for simplicity, we write
(AA,AC) € . The dual case AB # 0 and AC = 0 is treated in
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Section X. Thus, # is assumed to be of the form
Y = {(AA,AC) € R"Xn XRIXH:
AA =DyF,Cy, AC = EjF,C,y, FoF{ < F} (5.1)

where D, € R"*", C, € R"™*", and E, € R"*" are fixed matrices
denoting the structure of the uncertainty; F € N7 is given
uncertainty bound; and Fy € R™' is an uncertain matrix. The
closed-loop system thus has structured uncertainty of the form

AA = DF,E

p-| 2o
BE|

VI. THE QUADRATIC BOUND

Given #, we now specify the bound () satisfying (4.3). Note
that because of AB = 0, Q is independent of C,. Hence, we
write (0, B,) for (0, B.,C D

_ Proposition 6.1: Assume I — EQET is positive definite for all
Q €. Then the function

where

E - [Co On].

- - NS IR
Q(Q,B,) & AQET(I, - EQET) EQAT + DFDT (6.1)
satisfies (4.3) with % given by (5.1).
Proof:

0= | dgE" (1.~ £0E7) " - bry(1, - £gET)"”|

-[A E"(1, - EQE) v - DFy(1, - EQET) /Z]T

N S . . . R
= AQE™(1,~ EQE™) EQA" + DF,F{D" — DF,EQA"

~ AQETFIDT — DF,EQETFIDT

-~~~ NS S ——
< AQ T(I, - EQET) EQAT + DFD”
~(8A4QAT + AGNAT + A AOAAT).

Remark 6.1: A sufficient condition for the positive definite-
ness condition in Proposition 6.1 is assured by assuming that the
triple (A,D,E)is strictly discrete bounded real. See [24, lemma
3.2] for further details.

VII. THE AUXILIARY MINIMIZATION PROBLEM

In the spirit of [17], to optimize robust performance while
guaranteeing robust stability, we consider an auxiliary minimiza-
tion problem.

Auxiliary Minimization Problem: Determine (Q, 4., B,,C.)
which minimizes

FG, 4., B.C) & | OR + 3067 (1, - £QET) ' EQ3R|
(GAY)

subject to

Qe 7.2
~ - - s RN S - ~
O =AQAT + AQET(I, - EQET) EQAT + DFDT + V, (1.3)

(A + AA,V'/?) s stabilizable (A4,AC) € . (7.4)

_ Proposition 7.1: If (Q, A,, B,,C,) satisfies (7.2)~(7.4), then
A + A A is asymptotically stable for all (AA4,AC) € # and

J(A,,B.,C) <AQ,A.,B,,C,). (7.5)

Proof: With Q given by (6.1), the hypotheses of Theorem
4.1 are satisfied so that robust stability is guaranteed with
performance bound (4.6).

VIII. NECESSARY CQNDITIONS FOR THE AUXILIARY
MINIMIZATION PROBLEM

Rigorous derivation of the necessary conditions for the auxil-
iary minimization problem requires additional technical assump-
tions. Specifically, in addition to (7.2), we restrict (Q, 4, B, C,)
to the open set

. . R N
S {(Q, A, B,,C): 0 € P', A+ AQET(I, - EQE") E
is asymptotically stable and (A4, B,,C.)
is controllable and observable} .

Furthermore, the constraint (7.4) will not be accounted for
explicitly since it can be shown that the compactness of %
implies that the set of (A4, B,, C,) satisfying (7.4) is open.

Remark 8.1: The constramt (Q,AC,BC,CC) €.% is not re-
quired for either robust stability or robust performance since
Proposition 7.1 shows that only (7.2)-(7.4) are needed. Rather,
the set . constitutes sufficient conditions under which the
Lagrange multiplier technique is applicable to the auxiliary
minimization problem. Specifically, the condition Q > 0 replaces
(7.2) by an open set constraint, the stability of 4 + AQET(1, —
EQET)~E serves as a normality condition, and (A4, B,,C,)
minimal is a nondegeneracy condition. See [17], [19] for further
details.

For arbitrary Q, Q, P € R**" define the following notation:

—c 0+ D e, sau,+on

So2S™N=NS, @21, +NQ+NQ,

N2l

P,2BTPA®T + RY,, R,
240+ 0 +(Q+ ONQ + Q) — SIS~ SONOST |
-CT + DyFET + V,.

AR, + B'PB,

V2 Vo + C[Q+ 0+ + ONQ +0)
—SOST — SONQS|CT + E,FE].

The following factorization lemma is need. For details, see
[17].

Lemma 8.1: Let Q, P € N” and suppose rank QP = n_. Then
there exist n, X n G,I" and n, X n_ invertible M, unique except
for a change of basis in R":, such that

QP = G™MT, (8.1)
réT=1, 8.2)
Furthermore, the n X n matrices
T2 G'T, 83)
T;é I, — . (8.4)

are idempotent and have rank #n, and n — n_, respectively.
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Theorem 8.1: 1f (0, A, B,,C.) €% solves the auxiliary mini-
mization problem with # given by (5.1) then there exist
Q, P,Q, P € N” such that

- +0 or7
6-1¢r2 < | ®.5)

ré ror
A, = T(A®T - BR;)P, — QV;,®T)SGT,  (8.6)
B.=TQV;), @7
C. = —R;P,SGT, 8.8)

and such that Q, P, Q, P satisfy
Q = AQAT + AQS,QAT + V, + D FDT - Q V;,'0F
+ 1, [QV3Q + (497 - BR3P
SOST(A®T - BR;P)"
+(A®T - BR;)P,)SONOST (49" — BR3P |+,
8.9
P = ®ATPA®T — PTR;)P, + R, + 7T ST
[PIR:IP, + 04 - Q3O Bla - Q507 57,
(8.10)
0 = r[(4®T - BR;}P)SOST(A®" ~ BR;P)" + Q,V;0F
+(A®" ~ BR;P,)SONOS™(A®T - BR3P |7, (8.11)
P=175T[@(4 - Q13 O) (A - QY3 C)0
+PIR; )P, |7, (8.12)

rank 0 = rank P = rank QP = n,. (8.13)

Furthermore, the auxiliary cost is given by
AQ, A, B,,C) = r[QR, + O(R, ~ 2R,R;,P.,S
+P’R;R,R; P, S)]. (8.14)

Conversely, if there exist Q, P, 0, P € N” satisfying (8.9)-(8.13),
then (0, A,, B.,C,) given by (8.5)-(8.8) satisfy (7.2) and (7.3)
with cost (8.14).

Proof: The proof follows as in the proof of the discrete-time
reduced-order dynamic compensation problem with multiplica-
tive white noise given in [25]. A similar proof can also be found
in [19] with the additional terms arising due to the parametric
uncertainty.

Remark 8.2: Theorem 8.1 presents necessary conditions for
the auxiliary minimization problem which explicitly characterize
extremal quadruples (J, 4, B,, C,). These necessary conditions
consist of a system of two modified Riccati equations and two
modified Lyapunov equations coupled by both the optimal pro-
jection 7 and uncertainty terms. Several special cases can imme-
diately be discerned. For example, in the full-order case n, = n,
set 7=1, so that 7 =0. Now the last term in each of
(8.9)-(8.10) can be deleted and G and I in (8.5)-(8.8) can be
taken to be the identity. Furthermore, P plays no role so that
(8.12) is superfluous. Note that in this case, (8.9) is independent
of P. Setting further D, E,, and C, to zero, it can be seen that
(8.11) and (8.12) drop out, while (8.9) and (8.10) reduce to the
standard separated Riccati equations of discrete-time LQG the-

ory. If, alternatively, the reduced-order constraint is retained,
but the uncertainty terms are deleted, then the results of [26] are
recovered.

Remark 8.3: When solving (8.9)—(8.12) numerically, the uncer-
tainty terms can be adjusted to examine tradeoffs between
performance and robustness. Specifically, the bounds F and
structure matrices D, E,, and C, appearing in Q,, and V,,, can
be varied systematically to determine the region of solvability of
(8.9-(8.12).

Remark 84: Although (8.9)-(8.12) appear formidable, they
are, in fact, quite numerically tractable. For related problems
involving coupled Riccati equations, homotopic continuation
methods have been shown to be effective [27], [28]. Similar
algorithms for solving (8.9)-(8.12) have been developed in
[291-[31].

IX. SUFFICIENT CONDITIONS FOR ROBUST STABILITY
AND PERFORMANCE A
Theorem 9.1: Suppose there exist O, P, 0, P € N" satisfying
(8.9)—(8.13), and assume that (4 + A A, V'!/?) is stabilizable for
all (AA,AC) € # with A, B,,C. given by (8.6)~(8.8) and Z

given by (5.1). Then A + AA is asymptotically stable for all
(AA,AC) € Z and the closed-loop performance is bounded by
(8.14).

Proof: Theorem 8.1 implies that Q given by (8.5) satisfies
(7.2) and (7.3). With the stabilizability assumption, the result
follows from Proposition 7.1.

X. THE DuUAL CASE

In place of (5.1), assume now that AC = 0,(AA4,AB,AC) €
%, and define
% ={(AA,AB) € R"*" X R"*™;

AA = DyF,Cy, AB = DyF,G,, FoFT < F} (10.1)
where, Dy € R, Cy € R"*", and G, € R™"™ are fixed matri-
ces denoting the structure of the uncertainty F and F, are as
before. For arbitrary @, P, P € R"*" define the following nota-
tion:

N, 2 Dy(1, - DI(P + P)D,)” ' DJ,
S, 2 (I, +N,P) ™, $p 2 SIN, = NS,
®p 21, + NP+ NP, O, 2 d,40CT +Vy,
Vou 2 V3 + COCT,

B, 2 B[P+ P+ (P+PIN(P +P) - STPS, - SEEN, 65,
A + GIFC, + RY,,

Ry, 2R, + BT[P + P+ (P +PINy(P +P)
~SEES, — SEPN, BS,| B + GIFG,.

The main result guaranteeing robust stability and perfor-
mance for the dual problem can now be stated.

Theorem 10.1: Suppose there exist P, Q, P,Q € N" satisfying
(8.12) and

P = ATPA + ATPS,PA + R, + CIFC, — PTR; P,
A A A A A T
+ Ti [PaTRZ_alPa + (q)PA - QaV{alc)
SEPSp(®pa — OV5,C)
A A T A A A A
+(®pA — QV3,/C) SEEN,BSp(®pA - QaV;;c)]n,
(10.2)
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Q =0, AQAT®L - O V; 0T +V, + 1, sP[Qal?;aléf

+®p( 4 - BR;,'P,)0(A - BR;;'P,) c1>,,]s,,rl , (10.3)
P= TT[(CI)PA - 0,V7.C)  SEPS,(®p 4 — O,P51C)
+PIR;/B, + (0pA - Q‘,,V;,,‘C)T
"SEENp PSp(®pA — Q,,V;,,lc)]f, (10.4)
0= TSP[CPP(A — BR;}B,)0(A - BR;}P,) ®F
+QaV2a1QT]SPr , (10.5)
and let A4, B, C, be given by

A, =TSp(@pA - ®,BR;JP, - 0.V;C)GT, (10.6)

B, =TS,0.V5} (10.7)
C,= -R;})BGT. (10.8)

Then, (4 + AA Rl/z) is detectable for all (A4,AB) € % if
and only if 4 + AA is asymptotically stable for all for all
(AA,AB) € . In this case, the performance of the closed-loop
system satisfies

J(A,,B,,C,) <tr [PV1 + 15(Vl — 2V V5 0TST

+0 vl 0IsE)]. 109

Remark 10.1: Even in the case AB = 0, AC = 0, the perfor-
mance bounds (8.14) and (10.9) are generally different. See [18]
for further details.

XI. ROBUST STABILITY AND PERFORMANCE VIA STATIC
OutPUT FEEDBACK CONTROLLERS

In this section we consider the robust stability and perfor-
mance of Section III for static output feedback controllers.
Specifically, we seek static output feedback controllers

u(k) = Ky(k) ALy

where
y(k) = (C + AC)x(k) (11.2)

such that the closed-loop system (3.1), (11.1) is asymptotically
stable for all (AA4,AB,AC) € % where #Z is given by (10.1).
Similarly, the robust performance problem involves the determi-
nation of the output feedback gain K € R™*! such that the
closed-loop system (3.5), (11.1) minimizes (3.7) with J(A4_, B,,C,)
replaced by J(K). As in the dynamic output feedback problem,
in order to obtain an explicit expression for the static output
feedback gain K we require that AB =0 or AC = 0, for all
(AA,AB,AC) € . In this section we present the case for
which AC = 0. For conciseness we omit the dual case. Next, we
present sufficient conditions for robust stability and perfor-
mance via static output feedback controllers. For convenience in
stating this result define the notation

P, £ B'P| 4 + Dy(U, - DLPDy) "' DPA| + GIFC, + RD,
Ry, & Ry + BT P + PDy(I, ~ DYPD,) ' D}P| B + GIFG,,

2 oc7(coc™'c,
for arbitrary P, Q € R"*".

A7 —
v, =1, —v,

Theorem 11.1: Suppose there exist P,Q,€ N" satisfying
CQCT > 0 and

P = ATPA + ATPD(I, — D}PD,) ' DIPA + CIFC,
+R, - PTR;IP, + v PTR; P,y , (11.3)
Q = [1, + Dy, - D}PD,) ' DIP|(4 - BR;!P,»)

- (4 - BR3Pw) [ 1, + Do(U, - DIPDY) ' D P] +V,
(11.4)

and let K be given by
K= —R;}P,0CT(CcOCT)”! (11.5)

Then, (4 + AA, RV?) is detectable for all (A4,AB) € # if

and only if A + AA is asymptotically stable for all (A4, AB) €

%. In this case, the performance of the closed-loop system
satisfies

J(K) <t PV. (11.6)

Remark 11.1: Several special cases can be recovered from

Theorem 11.1. For example, when the full state is available, that

is, C = I, the projection »=1I, so that » = 0. In this case
(11.5) becomes

K= —R;P, S1%))
and (11.3) and (11.4) specialize to

= ATPA + ATPD(1, - DTPD,)” ' DIPA
+ CIFC, + R, — PIR; 'P,, (11.8)

with performance

J(K) < tr PV. (11.9)

This corresponds to results obtained in [21] without the perfor-
mance bound (11.9). Finally, to recover the standard LQR result
let Dy, Eq, Gy = 0 so that (11.8) corresponds to the standard
discrete regulator Riccati equation.

XII. ALTERNATIVE )-BOUNDS: THE LINEAR BOUND

Since the ordering induced by the cone of nonnegative-defi-
nite matrices is only a partial ordering, it should not be expected
that there exists an operator () satisfying (4.3), which is a least
upper bound. Indeed, there are alternative definitions for the
bound Q(-). In this section, we present a linear bound which
corresponds to the discrete analog of the continuous linear
bound of [18]. This bound was first reported in [19]. Specifically,
the uncertainty set % is now assumed to be of the form

14 )4
(AA,AB,AC):AA = Y 0,4,AB= Y o,B,,

i=1 i=1

Z 0,C;, errz/a <1,l000 < e ,}, 12.1)

where for i = 1,--~,p: A; € R™", B, € R"*™, and C, € R™*"
are fixed matrices denoting the structure of the parametric
uncertainty; «; is a given positive number; and o; is an uncer-
tain real parameter. Note that the uncertain parameters o; are
assumed to lie in a specified ellipsoidal region in R”. The
closed-loop system (3.8) thus has structured uncertainty of the
form

122)
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where
A; BC

i iv~c

BC, 0

i, 2 ,  di=T1.,p.

"c

For the structure of # as specified by (12.1), the bound Q
satisfying (4.3) can now be given a concrete form.

Proposition 12.1: Let @ and a; be arbitrary positive scalars.
Then the function

14
G, B,,C,) 2 aAQAT + (1 + a™ ) Y o24,0AT
i=1

+ L o oy A,GAT - aj 4, 0d]) (12.9)
i<j
satisfies (4.3) with # given by (12.1).
Proof: Note that

o N (. P AT P
(A+ ZO?Ai)Q(A"' Z”iAi) =AQ~1‘IT+ Za,-z/fié,ﬂ'

i=1 i=1 i=1
P

+ Lo AGAT + AGAT) + ¥ oo A,0AT + 4,047 ).
i=1 i<j

(12.4)
Next, the first and second terms in the right-hand side (RHS) of

(12.4) are automatically bounded by AQA” + L. a4, 0AT. To
bound the third term in the RHS of (12.4) note that

0< é[(awg)g- (;"W)A]
o; a; T
(o8- (2]

2
g’ .. . . o - -
a—s AQAT + o~ 024, QAT - q(A T+ 40 T)
o

i

I
M~

i=1

which, since Lf_,0;%/a? < 1, implies
?

¥ o AGAT + 4,047)

i-1

Finally, to bound the fourth term in the RHS of (12.4) note that
- N . AT

Z (a}/zAi - a,-;l/zAj)Q(ab/zAi - a,-_jl/zAj)

<j

4
< adAQAT + a7! Y a,-zA-iQ-/i,T.
i=1

0

IA

¥ | ey 4047 + a;1d,07 - (4047 +/i,.g'fi,r)]
isj
which, since |g;0;l < o, «;, implies
¥, o0 A,0A] + 4,047
i<j
< ¥ oo ayA,OAT + ;' 4, 047 ).
i<j

Combining the above bounds, shows that (12.3) satisfies (4.3)
with # given by (12.1).

Next one can proceed as in the previous sections to derive

sufficient conditions for robust stability and performance using
the linear bound. For details see [19].
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Computations of Limit Cycles Via Higher Order
Harmonic Balance Approximation

Jorge Moiola and Guanrong Chen

Abstract—We investigate the detection of limit cycles arising from
Hopf bifurcation phenomena by applying the harmonic balance method
with different higher order approximations. We present the results via
an enlightening graphical pr e which indicates clearly how the
predictions of amplitude and frequency of a periodic solution can be
improved by using higher and higher order approximations. Moreover,
we provide complete and explicit formulas for the eighth-order harmonic
balance approximation.

1. INTRODUCTION

Hopf bifurcation theory studies periodic solutions emerging
from equilibrium or steady state solution when one real parame-
ter u of the model is varied such that a single pair of complex
eigenvalues of the associated Jacobian matrix crosses the imagi-
nary axis. Assuming that the vectorfield is smooth up to C* in its
state variables, Hopf showed in [1] the existence of a branch of
periodic solutions for wu < w, (subcritical bifurcation) or for
u > ug (supercritical bifurcation).

Since the appearance of this significant result, other re-
searchers have given similar proofs using different mathematical
methods ([2]-[5]). In this note, we pursue the investigations
along the lines proposed originally in [4] (and later extended in
[6]-(8]D to calculate the amplitudes and frequencies of limit
cycles using some theory and techniques of nonlinear feedback
systems. This approach has recently gained much more attention
in the study of oscillations arising from the classical Hopf
theorem (see, for example, [9] and [10]) as well as from some
degenerate Hopf bifurcations ([11] and [12]). However, a weak
point of the theory is that the results of the approximations are
strictly local. To gain a better understanding of the periodic
dynamic phenomena arising from Hopf bifurcation “far away”
from criticality, we need to compute some additional complex
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vectors, which are obtained by applying higher order harmonic
balance approximations in the feedback system configuration.

This work is an extension of the recent achievement reported
in [12], to which the reader is referred for definitions of notation.
The purpose of this note is twofold: i) To show the improvement
in the predictions of amplitudes and frequencies of the periodic
solutions when higher order harmonic balance approximations
are applied, and ii) to present the final vectors after realizing an
eighth-order harmonic balance between the linear plant and the
memoryless nonlinear part in the feedback path. In Section II,
we first outline the derivations for obtaining the explicit formu-
lation of the vectors involved in the eighth-order harmonic
balance approximation. Then, in Section III, we show an applica-
tion of the new formulas and a comparison among different level
higher order approximations, where the improvement of the
predictions of amplitude and frequency for a periodic solution
will be demonstrated by using higher and higher order harmonic
balance approximations.

II. MAIN RESULTS

Consider a general multivariable autonomous system de-
scribed by an ordinary differential equation of the form

i=A(p)x + B(p)g(C(wx; pn) 1)
which depends on a real parameter u, together with a so-called
output equation

y=C(u)x ¢))

where A(u), B(u), and C(u) are n X n,n X1, and m X n
matrices, respectively, g: R — R’ is a nonlinear vector-valued
function. By taking Laplace transforms on both sides of (1) we
can separate this general nonlinear system into a dynamic linear
part with a proper rational transfer function G(s; u) and a
memoryless nonlinear part f, in a way similar to the classical
describing function method, and write the linear part as

G(s; p) = C()(sI — A(w) 'B(w). 3)

Let u = f(e, p) = g(y, p) and assume that f: R™ — R is C29+!
(g = 2) in its variable e. The overall feedback configuration for
this setting in the frequency domain is shown in Fig. 1(a) and its
justification can be found in [6].

The equilibrium solutions of (1) are defined as the values £
satisfying % = 0. In [6] it was shown that the computation of X in
the time domain is equivalent to the computation of

GO, pIf(é, pu) = —& @

in the frequency domain. By linearizing the feedback path in
Fig. 1(a) about the equilibrium point é( u), we obtain the system
shown in Fig. 1(b), where J = (df/de)l; is called the Jacobian
matrix. We can apply the generalized Nyquist stability criterion
to study the stability of the steady state solutions of this linear
feedback system. Moreover, by considering the graphical Hopf
theorem stated in [6] and [8], we can determine the location and
stability of emerging periodic solutions, that is, we can analyze
for what values of u there are limit cycles.
Consider the characteristic polynomial of the m X m open-
loop transfer matrix GJ defined by
det |AT — G(s; )T ()l

=h(A,s; 1)

=X +a,_(s; WA+ +a(s; WA+ ags; w)

=0 6))

t = min (I, m)
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