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Abstract

In this paper we develop explicit formulas for induced
convolution operator norms and their bounds. These
results generalize established induced operator norms
for discrete-time linear systems with various classes of
input-output signal pairs.

1. Introduction

In this paper we consider the dynamical system

z(0) =0, keN, (1)
Cz(k), 2

z(k+ 1) = Az(k) + Bu(k),
y(k)

where z(k) € R, u(k) € R™, y(k) e R, ke N, A €
R™*" ig discrete-time asymptotically stable, B € R"*™,
C € R**™ and where u(-) is an input signal belonging to
the class £, 4 of input signals and y(-) is an output signal
belonging to the class £,, of output signals, where £, ,
denotes the set of sequences in £, with ¢ spatial norm. In
applications, (1) and (2) may denote a control system in
closed-loop configuration where the objective is to deter-
mine the “size” of the output y(-) for a disturbance u(-).

Operator norms induced by classes of input-output sig-
nal pairs can be used to capture disturbance rejection per-
formance objectives for controlled dynamical systems [1].
In particular, discrete-time Ho, control theory [2] has been
developed to address the problem of disturbance rejec-
tion for systems with bounded energy #»» signal norms
on the disturbance and performance variables. Since the
induced H, transfer function norm corresponds to the
worst-case disturbance attenuation, for systems with £ o
disturbances which possess significant power within arbi-
trarily small bandwidths, H,,, theory is clearly appropri-
ate. Alternatively, to address pointwise in time worst-case
peak amplitude response due to bounded amplitude per-
sistent £oo,00 disturbances, ¢; theory is appropriate [3].
The problem of finding a stabilizing controller such that
the closed-loop system gain from 5 5 t0 £eo 4, Where g = 2
or oo, is below a specified level is given in [4].

In addition to the disturbance rejection problem, an-
other application of induced operator norms is the prob-
lem of actuator amplitude and rate saturation [5]. In par-
ticular, since the convolution operator norm induced from
la,2 t0 £oo,00 Captures the woist-case peak amplitude re-
sponse due to finite energy disturbances, defining the out-
put (performance) variables y to correspond to the actua-
tor amplitude and actuator rate signals, it follows that the
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induced 43,2 to £y convolution operator norm bounds
actuator amplitude and actuator rate excursion. Further-
more, since uncertain signals can also be used to model
uncertainty in a system, the treatment of certain classes
of uncertain disturbances also enable the development of
controllers that are robust with respect to input-output
uncertainty blocks [3,6].

In a recent paper [7], explicit formulas for convolution
operator norms of continuous-time dynamical systems in-
duced by several classes of input-output signal pairs were
developed. In this paper we present analogous results for
discrete-time dynamical systems. Specifically, for a large
class of input-output signal pairs we provide explicit for-
mulas for induced convolution operator norms and oper-
ator norm bounds for linear dynamical systems. These
results generalize several well known induced convolution
operator norm results in the literature including results
on £y, equi-induced norms (£; operator norms) and £;;
equi-induced norms (resource norms).

Notation

Z,N

integers, nonnegative integers

R,R™*" real numbers, m X n real matrices
z; ith entry of vector z
|z vector whose ith element is |z;]
e; vector with 1 in ith position and 0’s elsewhere
A j) (i, j)th element of matrix A
row;(A) ithrowof A
-~ col;(4)  ith column of 4
AT transpose of A
Omax(A4) maximum singular value of A
dmax (A) maxi=i,...,n A(i,i)
| Allp Frobenius norm of 4 (= (tr AAT)1/2
1
Ml [Sr i s ] 1< p < o0
1 4]loo MaxX j=1,...,n [A¢.n]
i=l,...,m L
e {Ziollf®IE}?, 1<p<oo
N lloos  subren |1 (F)llq
(f.9)  XiZo ST (k)g(k)
lpq {f:N =R | fllpq < o0}
p p/(p_l)ape[laoo]

2. Mathematical Preliminaries

Let ||| and ||-]|" denote vector norms on R™ and R™,
respectively, where m,n > 1. Then || - || : R™** = R
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defined by
p.y "
14l = max [|Az||
is the matriz norm induced by ||| and ||-]|". |||l = Il
and || - ||" = || - llg, where p,q € [1,00], then the matrix
norm on R™*" induced by || - ||, and || - |4 is denoted by
Il Nlg.p- Let || - || denote a vector norm on R™. Then the
dual norm || - ||p of || - || is defined by
I T
=m zl,
Ivllp 2 e 1y
where y € R™ [8] Note that || - |lop = || - || [8)- Fur-
thermore, if p,q € [1,00] satisfy 1/p + 1/¢ = 1, then

I-llep = 1- ||q [8]. For p € [1,00] we denote the con-
jugate variable ¢ € [1,00] satisfying 1/p+ 1/¢ = 1 by
p=p/lp-1).

Lemma 2.1 {7]. Let p € [1,00] and let A € R™*".

Then
“A”2,2 = Omax (A)1 (3)
Allps =, max_[cols(A)l (@
llloos = max_[lrows(A)l. ®)

Remark 2.1. Note that (4) and (5) generalize the well-
known expressions ||A|l1,1 = max;=1,..n |[coli(4)]l1 [9],
4llooco = MaXim1,..m llrowi(A)llz [9], and [|Alloos =
||Allco [10]. Furthermore, since maxi=1,...n |[coli(4)|]z =

dY2, (AT A) and maxiey,.._m [[rowi(A)[|ls = A2 (AAT), it
follows from (4) with p = 2 that ||A]|z,; = di/ex(ATA) and
from (5) with p = 2 that [|4]lce.2 = d¥2(AAT).

The following result generalizes Holder’s inequality to
mixed-signal norms.

Lemma 2.2. Let p,r € [1,00], and let f € £, and
ge fﬁ,,-.. Then

(£:9) < WS lprlgll.s- (6)

Finally, the following two results are needed for the re-
sults given in Section 3. The proofs of these results are
similar to the results in [1 4 involving continuous-time sig-
nals and hence are omitte

Lemma 2.3. Let p € [1,00) and r € [1,00], and let
f € £, . Then

1fllp,» = sup {f,9), (7
9€S

where § = {g € £ : lollp.r < 1.

Lemma 2.4. Let p € E ,00), T € {1,00], and f : N x
N — R™ be such that f(k,-) is summable for all k € N

f(,k) € £y for all kK € N, and g € £y 3, where g(k) =
(252, I£(k, )][2]"/?. Then

Iylls.r < 9(k), ®)

where

y(k) =3 f(k,5), keN. )

k=0

3. Induced Convolution Operator Norms for
Discrete-Time Linear Systems

In this section we develop induced convolution operator

norms. For the system (1), (2), let G : Z — R'*™ denote
the impulse response function

a 0, k<0,
Gk = { CA*1'B, k>0.

Next, let G : €, » — £, ; denote the convolution operator

(10)

y(k) = (G *u)(k) £ Gk —r)u(x),  (11)
x=0
and define the induced norm [|G|l(g,s),(p,r) 28
19000, (0.r) = W IG * ullg,s- (12)

The following lemma provides an explicit expression
for |Gl(s0,00),mp) for the case in which G is a single-

input/single-output operator.

Lemma 3.1. Let 7 € [1,00] and let = m = 1. Then
G: Er,r - eoo,oo, and
mgm(oo,oo),(r,r) - mei,?- (13)

Proof. For r = 1 and r = oo, (13) is standard; see
[11] and [6, pp. 23-24] as applied to discrete-time 51gnals
respectively. Next, let 7 € (1,00) and note for all k € NV,
it follows from Lemma 2.2 with p =r that

1/7
ZG = &u(k)| < [ZIG —ﬁ)l"] el

k=0 k=0

k 1/7
[E IG(E)IF] lulrr < WGHrlulrr,
k=0

ly(k)|

which implies
190,000, () < IGl7 7 (14)
Next, let K > 0 and let u(-) be such that u(k) =
sen(G(K — K))|G(K — k)|[Y/1, k € N, where sgn()
denotes the signum function. Now since |jull,,r
%, 1G(K — k)T, it follows that

()| = |3 GK - mux)| =Y |GK - )
K=0 x=0
0o 1/F
= [ZxG(K - n)l*] llell,»
k=0
K 1/7
= [Z |G(n)|"‘] el
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Hence,

Iolleoco 2 Jim_[y(K)] = IGlrelu

[
which, with (14), implies (13). a

Remark 3.1. Note that it follows from Lemma 3.1
that there exists u € £, such that limg, (G * u)(k) =

Gl llullr.r-

Next define P € R™*™ and Q € R** by

Qs ia(k)GT(k). (15)

P iGT(k)G(k),
k=0 k=0

Note that P = BTPB and Q = CQCT, where the ob-
servability and controllability Gramians P and @, respec-
tively, are the unique n X n nonnegative-definite solutions
to the discrete-time Lyapunov equations

P=ATPA+CTC, Q=A4QAT +BBT. (16)

Furthermore, let H(z) = C(zI — A)~! B correspond to the
transfer function of (1), (2) and let G, 5 denote the I xm

matrix whose (%, j)th element is |G(; j)ll(p,p).(0.0)-

Theorem 3.1. The following statements hold:

1:) G: eg,z — Zg,z, and

190l 2.2),2.2) = . 5[1;’1;”] Omax (H(e™))- 1n
i) Let r € [1,00]. Then G: {3, — £32, and
190220, 1,m) = 1P ]2,r- (18)
1)) Let p € [1,00]. Then G : €35 — £oo p, and
161000, 2.2 = 112 l2,5- (19)
w) Let p,r € [1,00]. Then G : £y, = £ p, and
19k (0003, 0.7) = ,flelfrHG(k)llp,r- (20)
v) Let r € [1,00]. Then G : £y, = £oo,00, and
19 ee 00,1 = 3% lowi(Gipal. (21)
vi) Let p € [1,00]. Then G : €11 — £pp, and
1900, = ;1ax[lcoli (Glpp)lle-  (22)
Proof. See Appendix A. O

The following corollary specializes Theorem 3.1 to pro-
vide analogous results to those given in {11] and [6, p. 26]
for discrete-time signals.

Corollary 3.1. The following statements hold:

1819 = a5, and
190 2,2),1,2) = ol (P)-
i) G:l11 — bp3, and
190 2.2),01) = dife(P).
iii) G: 35 — ooz, and
||lg|"(oo,2),(2,2) = 01111/32):(9)'
i) G:lao — loo,c0, and
19k (o0,00),(2:2) = dife(9).
v) G:411 = loo 00, and
190 (c0,00),(1,1) = sup |G (K)llco-
keN

’Ui) G: 61,2 — (Zoo,g, and

ﬂ|g|||(oo,2),(1,2) = SUp Omax(G(K)).
kEN

vit) G loo,0o —F Loo,00, and

190 (o0,00),(00,00) = 8 [lrows (G 1))l

vit) G : €1y — €11, and

190,00 = max_lleol;(Gp)llz-

Remark 3.2. Recall that the Hy norm of the system
(1), (2) is given by [Gllg, = IP*/2||r = [|9"/?|lr. Hence,
using the fact that || - ||r = Omax(-) for rank-one matrices,
it follows from i) of Corollary 3.1 that if B (and hence P) is
a rank-one matrix then ||]zr|ﬁ, . = IGll2,2),¢1,2)- Similarly,
it follows from ii3) of Corollary 3.1 that if C (and hence Q)
is a rank-one matrix then |G|, = Gll(co,2),(2,2)- Hence,
in the single-input/multi-output and multi-output/single-
input cases the H norm of a dynamical system is induced.

Remark 3.3. Theorem 3.1 also applies to the more
general case where G is a noncausal, time-invariant op-
erator. In this case, the input-output spaces £, 4 and ¢,
are defined for k € Z, H(e?*) is the discrete-Fourier trans-
form of G(k), and the lower limit in the sums defining P
and Q is replaced by —oo.

4. Upper Bounds for ¢; Operator Norms

In this section we provide upper bounds for the ¢; op-
erator norm {|G||(co,p),(c0,r)- For p > 1, define the shifted

impulse response function G, : Z — R'*™ by

a 0 k<0,
Gp(k) - { pk/2CAk_lB, k>0, (23)
and let G, denote its convolution operator
o0
y(k) = G+ u)(k) £ D_Gy(k —m)u(x).  (24)

k=0
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Theorem 4.1. Let p > 1 be such that /pA is discrete-

time asymptotically stable and let @, € R™*™ be the
unique, nonnegative definite solution to the Lyapunov
equation

Q, = pAQ,AT + pBBT.
Then the following statements hold:

(25)

i) Let p € [1,00]. Then G : £eo2 —* £oo,p, and

1
[l 00 < =5 CQCT) o5 (26)

ii) Let p,r € {1,00]. Then G : £+ = £eo,p, and

1
——— sup |G, (k)|lp,r-
1 2R 1Gs Kl

Proof. See Appendix B. O

Next we specialize Theorem 4.1 to Euclidean and infin-
ity spatial norms.

"Igm(oo,p),(oo,r) < (27)

Corollary 4.1. Let p > 1 be such that 1/pA is discrete-
time asymptotically stable, let G,(-) be given by (23),
and let @, € R™*" be the unique, nonnegative definite
solution to (25). Then the following statements hold:

i) G: ew,g — 100,2, and

191(c0,2),(00,2) < 7=’ ol(2(CQ,CT). (28)
i) G : loo,2 = Loo,00, and
16N (c0,00),(00,2) < \/p———dl/z (CQ,CT). (29)

Proof. The proof is a direct consequence of Lemma 2.1
and Theorem 4.1.

Remark 4.1. Using set theoretic arguments involving
closed convex sets and support functions the ¢; norm
bound in (28) was given by Schweppe [12]. Within the
context of £ 2 equi-induced norms, this £; norm bound
is referred to as the star-norm in [13].

A summary of the results of Sections 3 and 4 is given
in Table 1.

Appendix A. Proof of Theorem 3.1

i) is standard; see [14] for a proof.
11) It follows from Lemma 2.4 that

SIG(*k - Ru(R)l2z = Y 1P u(®)ll2

lyll2.2 <
k=0 k=0
< ST IP 2N, llu(m)lle = 1P ll2,r Bl
£=0

which implies that [|G]l(2,2),1,r) < I[fPl/“’”z,,.

|P.nput10utputﬂ Induced Norm | Upper Bound ll

lao| Lag SUp Omax(H(e’))

w€l0,27]
el,r 62,2 ”Tl/2”2,r
£22 | Looyp N972|l, 5
el,r eoo,p sup ”G(k)“p,’f

kEN
Er,r eoo,oo iga).{l ”rowi(G[i',F]) ”F
b bpyp j:ql?f‘m [lcol; (G[p,p])”p
foo,2 eoo,p 1__ |lCQpCTII2,i
Vp—1

Eoo,r eoo,p ﬁ 1?2/1\)/ ”Gﬂ(k)“p,r

Table 1: Summary of Induced Operator Norms for p,r €
[1,00] and p > 1

Next, let u(-) = @v(-), where 4 € R? is such that ||4||, =
1, |PY/24|y = [|PY2||2,-||4ll», and v : N — R is such that
v(0) = 1 and v(k) = 0, k > 0, so that [Jvf];,; = 1 which
implies that y(k) = G(k)&, k € V. Hence,

o 1/2
191 2.2y, a.r) = M¥ll22 = {ZﬁTGT(k)G(k)ﬁ}

k=0

= (@TPa)/? = |2/ ?allz-= |92 a.r,

which implies that [|Gll(2,2),a,r) = [|PY2 ||,

i) With p = r = 2 it follows from Lemma 2.2 that for
allke N,

lyB)lly = Z a"G(k ~ k)u(k)

max
{uER" llels=1} =

{HGR” Ilullp—l}

1/2
< {Z IGT (k - K)UH;».] lull2,2

1/2
[aT S G(n)GT(n)ﬁ} Tull2.2
k=0

(@TQa) 2 Jullz,2 = 19212, pllul2.2,

= _max
{@eR”: ||all;=1}

< max
{@€R": ||a|l;=1}

which implies that [[ylleop < 19/%[l2,5lull2,2 for all y €

Loo,p and u € £y, and hence [|G]l(c0,p),(2,2) < 11QY2||5, 5.

Next, let @ € RY be such that ||@|; = 1 and {|Q*/2dl|, =
1Q1/2||2,5, and let K > 0 and

s AT
u(k) = HQI/2” G (K - k)4,
so that [Jullz,2 < 1. Now, since || - [l,p = || - |l3, it follows
that
ly(e)lp = Ty (k) > aTy(k)

max
{AER“'Ilﬂllﬁ—l}

T
G(K
nwna , Z“

&=0

- K) GT(K — K)i,
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which implies that, for every K > 0, there exists u € {32
such that {Juflz2 <1 and

Ivhoor > sup Z aTG(K - k)GT(K — k)il

121/2|2,5 ken =
1 .
> ”91/2” ZuTG(n )G T (x)a,
P k=0

or, equivalently,

su
K50 197255 ann

= ||91/2H2 Z aTG(k)GT (k)i

P =0

v

190 (0.0).22) ZﬁTG(n)GT( )i

1
1972
= 112*]l2,5,
which further implies that |Gll(c,p) (2,2 = 192l 5-
iv) Note that for all k € N,

aTa

ly(®)llp < Z Gk — k)u(k)llp
k=0
< Y NG = ©)lprllu(e)ll-
k=0

< sup [|G(B)llp.rllull,rs
keN

which implies that [|G]l(co.p),(1,r) < SUPken IG(K)lp,r-

Next, let € > 0 and ko € M be such that [|G(ko)|p,r >
supgen IG(F)llp,r — €. In addition, let u(-) = v(-)d,
where @ € R™ is such that ||d|, = 1, ||G(ko)dll, =
(|G (ko)||p,r|lElls, and v : N — R is such that v»(0) = 1,
v(k) =0, k > 0, so that Jvjl;,;1 = 1 and y(k) = G(k)d.
Hence,
150 c0.00.(1ir) 2 sup ly®)lo = sup Gkl

2 IIG(ko)UIIp ||G(k0)||,,, > sup IGE)lp.r — &,

which implies that
sup ||G(k -e < |G # < sup ||G(&)||p,r> € >0,
ke}\)fll ®llp.r 190 (00.).(1,7) kef/” (®)lp,r

and hence (20) holds.

v) Note that for all u € £, , and y € £y, it follows
that [Jull,r = [|@llr and Jyllco,c0 = [|7lloo, Where @ € R™
and § € R with 4; = JJuiflrr, ¢ = 1,...,m, and §; =
lyilloo,c0r ¢ = 1,...,l. Next, it follows from Lemma 3.1
that mg(i,j) m(oo,oo),(r,r) = “‘G(i,]')mii and hence

lyilloo.co = I Geig) * Uillooco < D NGi) * tilloo,co

i=1 j=1
< Z 1G5 Mz il < llrows(Gpe )llFlial
=1

< max |lrow;(Gia,z)llzllall-,

491

which implies that

Ivlloo.co = l17lleo < max |rows (G zp)llrfullrr

and hence,

IG0e0,00),(rr) <, max [|rowi(Gpr,)lr- (30)

Next, let I € {1,...,1} be such that |[rowr (G )llr =
maxi=y,...1 ||[row;(Gir 7 )|lr. Now, let & € R™ be such that
ffallr = 1, let rowr (Gt = |lrowr(Gira)lls, and let
uj € bry, j = 1,...,m, be such that |u;ll., = 4; and
limg— 00 (Gr,5) * ) (k) = |G (1,)ll77llw;lir,r. Note that ex-

istence of such a u;(-) follows from Lemma 3.1 and Remark
3.1. Now,

m
Wleoce 2 Bllooco > Jim |3 "(Gors) * us) (4)
i=1

m
= G lrrluiler = rows (G )i =

=1

||row1(G[;,F])|]F,

which, with (30), implies (21).

vt) For p = oo, (22) is a direct consequence of iv) or v).
Now, let p € [1,00) and note that it follows from Lemma,
2.3 that lyllpp = suP(yee, ,: fgllp =1} (> §)- Hence, with
p=r =1it follows from Lemma 2.2 that

lt

lylpp = sup Z y T (k)i(k)

Wolls,s=1 k=0

|||!I|||§ =1 (
P k=0
§ : u ““) <§ : C (m “")y( i:))

IlIyIle r-—l £=0

sup {u, i)
liglls.5=1

ks 0

- N)) (k)

Il

IA

sup
#llss=1

Nl oo,005
where (k) £ 3 GT(k — k)j(x). Now, with r = p, it
follows from v) that

sup
9lis.p=1

"Igm(p,p)v(l.l) < laloo,c0 = ].:r{l‘_’f{m ”COIJ'(G[p,p])”p-

(31)
Next, let J € {1,...,m} be such that ||cols(Gp,m)llp =
maXj=1,...,m ||col; (Gp,p)llp and let u(-) 2 v(-)ey, where

v: N — R is such that v(0) =1, v(k) =0, k£ > 0, so that
Iﬂv(||1 1 =1 and y(k) = col; (G(k)), k € N. Hence,

151,01, 2 Wyllp.p = llcols (G)llp.
= llcols G sl = max[lcolj(Gp )l
which, with (31), implies (22). a
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Appendix B. Proof of Theorem 4.1

Let K > 0, u € {2, and define

k—K
k =3 p 2 u(k)’ OSk<K’ 32
uk (k) { 4 Sk (32)
Now, note that

-1
_ 1
lukls, = ’Z(:]p’“ K@iz < /)Tlllluiﬂﬁo,z,

or, equivalently, flux|l22 < ﬁlﬂulﬂmyz. Next, define
yx (k) = pEzEy(k) and note that

y(k) = Y p"F Gk - K)u(k)

k=0
oo

= 3P Gk - 0)p* T u(r)

k=0

= 5" Gylk — K)uk(x) = (G, * uk)(k).

k=0

Hence,

A

llyx (B)lls < 0Goll(c0,p), 2.2 Uk 2,2

IA

1
'\/f—l‘ﬂlgp lco.0).(2,2) lullco,2-

Now, noting that y(K) = yx (K) it follows that

1
lly (Bl < _ﬁmgpm(oo,p),(Z,Z)mumoo,% K >0,

which implies (26).
To show (27) let K > 0, u € £, and let ug(-) be
given by (32). Then

Kl k 1
fuklir = > p 2 lluk)l < lulloo,r-
k=0

S -1

Thus,

A

lyx(®lo < 190 loo,p),(1my ek,

IN

1
%‘:’imgpm(oo,p),(l,r) lulioo,r-
Hence, since y(K) = yx (K),
1
“?J(K)”p < “\/_ﬁ_—lmgp“koo,p),(l,r) llefloo,» K >0,

which implies (27). O
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