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Abstract

The accuracy of an identified model depends on the
choice of input signal. Persistency of excitation is a
necessary criterion for such signals. In this paper we
develop additional criteria for input signal selection, in
particular, the input at each time step is chosen to min-
imize the predicted variance of the system estimate at
the next time step. We extend the method to the finite-
horizon input selection problem and demonstrate the
method in simulation.

1 Introduction

Linear system identification is widely viewed as a
mature subject [16, 18, 19, 22, 25]. Many system iden-
tification algorithms are designed for arbitrary persis-
tently exciting input sequences. However, the input
sequence can have a large effect on the accuracy of
the identified model. There are two general guidelines
for designing the input sequence: the input sequence
should be persistently exciting for the system and sys-
tem identification algorithm, and the input sequence
should maximize the signal to noise ratio. In general,
it is desirable to concentrate the input power within the
frequency bands of interest, while minimizing the ratio
of the peak value of the input sequence to the rms value
of the input sequence. In addition, the input sequence
must account for the saturation limits of the sensors
and actuators. Various input sequences have been de-
veloped with these guidelines in mind, for example,
pulse, stepped sine, swept sine, Schroeder multi-sine,
pseudo-random binary, pseudo-random multilevel, and
random input sequences [2, 3, 10–12, 19–21, 23]. These
input sequences are generally applied independently of
the plant dynamics and noise characteristics.

In practice, the cost of an identification experi-
ment depends on the data length, which can also be
limited by time constraints and data processing capa-
bilities. A well-designed input sequence results in a
more accurate identified model for a fixed data length.
Several authors have studied the system identification
and control synthesis problem of optimal feedback for
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identification [1, 5–7, 9, 12–14, 17, 24, 26]. In this paper
we describe a different approach for input sequence se-
lection. The proposed algorithm dynamically selects
the input sequence to minimize the trace of the covari-
ance of the estimated parameter vector. A one-step-
ahead input sequence selection algorithm is developed
to provide a closed form solution for the input at time
k+1 for least squares identification. We then present a
finite-horizon input selection technique and a gradient-
search-based optimization approach for selecting the in-
put sequence for time k + 1, . . . , N .

2 Problem Formulation

Consider the single-input, single-output, linear
time-invariant system

y(k) = G(q−1)u(k) =
�n

i=0 biq
−i

1 +
�n

i=1 aiq−i
u(k), (2.1)

where q−1 is the backward shift operator. This system
can be rewritten as

y(k) =
n�

i=0

biu(k − i) −
n�

i=1

aiy(k − i) = θTφ(k), (2.2)

where

θ
�
=
�
a1 · · · an bn · · · b0

�T ∈ R
2n+1 (2.3)

and

φ(k)
�
=
�
−y(k − 1) · · · −y(k − n) u(k − n) · · · u(k)

�T
∈ R

2n+1. (2.4)
Data for k = 1, . . . , � is collected as

y(n+ 1 : �) = θTφ(n+ 1 : �). (2.5)
The least squares cost function

J�(u(1 : �), y(1 : �), θ)
�
=
��y(n+ 1 : �) − θTφ(n+ 1 : �)

��2

F
(2.6)

is minimized by
θ�(�) = arg min

θ
J(u(1 : �), y(1 : �), θ)

=
�
φ(n+ 1 : �)φT(n+ 1 : �)

�−1
φ(n+ 1 : �)×

yT(n+ 1 : �), (2.7)
assuming the indicated inverse exists. The cost func-
tion at time �+ 1 is given by
J�+1(u(1 : �+ 1), y(1 : �+ 1), θ)

= J�(u(1 : �), y(1 : �), θ)+
��y(�+ 1) − θTφ(�+ 1)

��2

F
.

(2.8)
Although the measurements y(1 : �) and u(1 : �) are
available at time k = 1, . . . , �, the next input u(� +
1) is to be determined, and y(� + 1) has not yet been



measured.
One approach to selecting u(�+ 1) is to minimize

(2.8) when it is evaluated at the current estimate θ�(�)
of the parameter vector θ, that is,
J�+1(u(1 : �+ 1), y(1 : �+ 1), θ�(�))

= J�(u(1 : �), y(1 : �), θ�(�))

+
���y(�+ 1) − θ�T(�)φ(�+ 1)

���2

F
. (2.9)

Since y(� + 1) has not yet been measured, we use the
predicted value of the output

ŷ(�+ 1)
�
= θ�T(�)φ(�+ 1). (2.10)

With (2.10), the cost function (2.9) becomes

J�+1(u(1 : �+ 1),
�
y(1 : �) ŷ(�+ 1)

�
, θ�(�))

= J�(u(1 : �), y(1 : �), θ�(�)), (2.11)
which is independent of u(� + 1). Hence (2.10) is not
helpful for choosing u(� + 1). Alternatively, we choose
the future input sequence to minimize the predicted
variance of the estimate of the system parameters. This
is the problem we will study in the rest of this paper.

3 One-Step-Ahead Input Selec-
tion

Our goal is to choose u(�+1) to minimize the trace
of the predicted value of the covariance of the estimate
of the mean of the parameter vector tr σ̂2

θ�(�)(�+1). To
formulate this approach, we consider noisy measure-
ments

y(k) = θTφ(k) + w(k), (3.1)
where w(k) is zero mean white noise process with co-
variance σ2

w. The covariance of the system estimate at
time k = � is defined by

σ̂2
θ�(�)(�)

�
= σ2

w

�
φ(n+ 1 : �)φT(n+ 1 : �)

�−1

. (3.2)

Note that the not-yet-measured output y(k + 1) does
not appear in (3.2). The predicted value of the covari-
ance of the system estimate at time k = �+ 1 is thus
σ̂2

θ�(�)(�+ 1)

= σ2
w

	
Q(�) − Q(�)φ(�+ 1)φT(�+ 1)Q(�)

1 + φT(�+ 1)Q(�)φ(�+ 1)



(3.3)

where

Q(k) =
�
φ(n+ 1 : k)φT(n+ 1 : k)

�−1

(3.4)

and we have used the matrix inversion lemma ([15] pp.
18-19).

The trace of the covariance matrix is given by

γ(u(�+ 1))
�
= tr σ̂2

θ�(�)(�+ 1) = σ2
w

�
α0(�)

−α1(�) + α2(�)u(�+ 1) + α3(�)u2(�+ 1)
α4(�) + α5(�)u(�+ 1) + α6(�)u2(�+ 1)



, (3.5)

γ
(u

(�
+

1)
)
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Figure 1: Plot of γ(u(�+ 1)) for Example in Section 5

where
ψ(k)

�
= φ(k) − e2n+1u(k) =�

−y(k − 1) · · · −y(k − n) u(k − n) · · · u(k − 1) 0
�T
,

(3.6)

α0(�)
�
= trQ(�), (3.7)

α1(�)
�
= trQ(�)ψ(�+ 1)ψT(�+ 1)Q(�), (3.8)

α2(�)
�
= trQ(�)

�
ψ(�+ 1)eT2n+1+ e2n+1ψ

T(�+ 1)
�
Q(�),
(3.9)

α3(�)
�
= trQ(�)e2n+1e

T
2n+1Q(�), (3.10)

α4(�)
�
= 1 + ψT(�+ 1)Q(�)ψ(�+ 1), (3.11)

α5(�)
�
= ψT(�+ 1)Q(�)e2n+1 + eT2n+1Q(�)ψ(�+ 1),

(3.12)

α6(�)
�
= eT2n+1Q(�)e2n+1, (3.13)

and ei ∈ R
2n+1 is the ith column of I2n+1. The terms

αi(�) are independent of u(�+ 1). Note that we do not
need to know σ2

w to minimize γ(u(�+1)). A plot of the
trace of the covariance matrix as a function of u(�+ 1)
is shown in Figure 1 for the example in Section 5 with
� = 7. It follows from (3.5) that the asymptotes of γ
are given by

lim
u(�+1)→±∞

γ(u(�+ 1)) = σ2
w

�
α0(�) − α3(�)

α6(�)

�
. (3.14)

The derivative of the trace of the covariance ma-
trix is given by
∂γ(u(�+ 1))
∂u(�+ 1)

=

σ2
w

β1(�) + 2β2(�)u(�+ 1) − β3(�)u2(�+ 1)�
α4(�) + α5(�)u(�+ 1) + α6(�)u2(�+ 1)

�2 (3.15)



where
β1(�) = α2(�)α4(�) − α1(�)α5(�) (3.16)

β2(�) = α3(�)α4(�) − α1(�)α6(�) (3.17)

β3(�) = α2(�)α6(�) − α3(�)α5(�). (3.18)

Setting ∂γ(u(�+1))
∂u(�+1) = 0, it follows that the minimizer

and maximizer of γ are given by

umin(�+ 1) =
β2(�) +


β2

2(�) + β1(�)β3(�)

β3(�)
, (3.19)

umax(�+ 1) =
β2(�) −


β2

2(�) + β1(�)β3(�)

β3(�)
. (3.20)

In practice, umin(� + 1) may not lie within the range
[u, u] of the actuator. In this case, the constrained min-
imum will be at an extreme value of u(� + 1), and we
evaluate γ(u) and γ(u) to find the minimizing input.

4 Finite-Horizon Input Selection

In this section we extend the one-step approach
of the previous section by selecting u(� + 1 : N) to
minimize tr σ̂2

θ�(�)(N).
To evaluate tr σ̂2

θ�(�)(N), note that the expected
covariance matrix at time k = N is

σ̂2
θ�(�)(N) = σ2

w

�
φ(n+1 : N)φT(n+1 : N)

�−1
=

σ2
w

�
φ(n+1:�)φT(n+1:�)+ φ(�+1:N)φT(�+1:N)

�−1
.

(4.1)
We do not need to know σ2

w to minimize the trace of
(4.1). On the other hand, we do need to estimate future
values of the output y(k) for k ≥ �+ 1. To do this, we
use the current estimate of the system parameters θ�(�).

Let
x(k + 1) = Ax(k) +Bu(k) (4.2)

y(k) = Cx(k) +Du(k) (4.3)
represent a state space realization of the system in (2.1).
Hence

yT(�+ 1 : N) = Y0 + ΛuT(�+ 1 : N), (4.4)
where Y0 ∈ R

N−�×1 and Λ ∈ R
N−�×N−� are defined by

Y0
�
=

�
����

CA CB
CA2 CAB

...
...

CAN−� CAN−�−1B

�
����
�
x(�)
u(�)

�
, (4.5)

Λ
�
=

�
��������

D 0 · · · 0
CB D · · · 0
CAB CB · · · 0

...
...

...
CAN−�−3B CAN−�−4B · · · 0
CAN−�−2B CAN−�−3B · · · D

�
��������
, (4.6)

and
yT(�+ 1 : N − k) = Pky

T(�+ 1 : N), (4.7)
uT(�+ 1 : N − k) = Pku

T(�+ 1 : N), (4.8)

where Pk ∈ R
N−�−k×N−� is defined by

Pk
�
=
�
IN−�−k 0N−�−k×k

�
. (4.9)

The state x(�) in (4.5) can be estimated using a Kalman
filter [8] designed with the current parameter estimate
θ�(�) and corresponding state space realization. Alter-
natively, the state

x(k)
�
=
�
y(k) · · · y(k − n+ 1) u(k) · · · u(k − n+ 1)

�T
,

(4.10)
of the non-minimal (order 2n), non-causal, realization
[4]
x(k + 1) =�
�������������

−a1 · · · −an−1 −an b1 · · · bn−1 bn
1 0 0 0 · · · 0 0

. . .
...

...
...

...
0 1 0 0 · · · 0 0
0 · · · 0 0 0 · · · 0 0
0 · · · 0 0 1 0 0
...

...
...

. . .
...

0 · · · 0 0 0 1 0

�
�������������
x(k)

+

�
����
b0
0
...
0

�
����u(k + 1), (4.11)

y(k) =
�
1 0 · · · 0

�
x(k) (4.12)

can be determined directly in terms of input and output
measurements. Now we expand φ(� + 1 : N) in terms
of u(�+ 1 : N) as

φ(�+ 1 : N) = φ0(�) +
n�

i=0

e2n+1−iu(�+ 1 : N − i)Mi

−
n�

j=1

ejy(�+ 1 : N − j)Mj

= φ0(�) +
n�

i=0

e2n+1−iu(�+ 1 : N)PT
i Mi

−
n�

j=1

ejy(�+ 1 : N)PT
j Mj

= φ0(�) +
n�

i=0

e2n+1−iu(�+ 1 : N)PT
i Mi

−
n�

j=1

ej

�
Y T

0 + u(�+ 1 : N)ΛT
�
PT

j Mj

= φ0(�) +
n�

i=0

e2n+1−iu(�+ 1 : N)PT
i Mi

−
n�

j=1

ejY
T
0 P

T
j Rj + eju(�+1:N)ΛTPT

j Mj

= Φ0 +
2n�
i=0

Liu(�+ 1 : N)Ri, (4.13)

where φ0(�) ∈ R
2n+1×N−�, Mi ∈ R

N−�−i×N−�, Φ0 ∈
R

2n+1×N−�, Li ∈ R
2n+1×1, and Ri ∈ R

N−�×N−� are



given by
Mi =

�
0N−�−i×i IN−�−i

�
, (4.14)

Φ0 = φ0(�) −
n�

j=1

ejY
T
0 P

T
j Mj , (4.15)

Li =
�
e2n+1−i if 0 ≤ i ≤ n,
−ei−n if n+ 1 ≤ i ≤ 2n, (4.16)

Ri =
�

PT
i Mi if 0 ≤ i ≤ n,

ΛTPT
i−nMi−n if n+ 1 ≤ i ≤ 2n, (4.17)

φ0(�) =�
�����������������

−y(�) 0 · · · 0

−y(�− 1)
. . . . . .

...
...

. . . 0
−y(�− n+ 1) · · · · · · −y(�)
u(�− n+ 1) · · · · · · u(�) 02n+1×N−�−n

... . .. 0

u(�− 1) . .. . ..
...

u(�) 0 · · · 0
0 0 · · · 0

�
�����������������

.

(4.18)
Using (4.13), the expected covariance matrix (4.1) can
be written as

σ̂2
θ�(�)(N) = σ2

w

�
φ(n+ 1 : �)φT(n+ 1 : �)

+

�����Φ0 +
2n�
i=0

Liu(�+ 1 : N)Ri

�����
2

F

�−1

. (4.19)

Differentiating (4.19) with respect to the future input
sequence yields
∂tr σ̂2

θ�(�)(N)

∂u(�+ 1 : N)
= − 2

σ2
w

2n�
j=0

LT
j σ̂

4
θ�(�)(N)φ(�+1 : N)RT

j .

(4.20)
Unlike the one step ahead input selection prob-

lem, a closed-form solution for the finite-horizon input
selection problem is not available. However, (4.19) and
(4.20) can be used in a gradient-search based optimiza-
tion algorithm to minimize the trace of (4.19) and select
u(�+ 1 : N), with the added constraint that the input
remain within the actuator constraints.

While we have no guarantee of convergence or
bound on computation time, there are several options
for real-time implementation. We can use the solution
obtained after a fixed number of iterations of the opti-
mization algorithm to select u(�+1). Then, at the next
time step repeat the process to select u(�+2). Another
approach would be to allow the optimization to run for
q time steps, then implement u(� + 1 : � + q). A third
strategy would be to implement the finite-horizon input
selection approach for a simple identification scheme
and assuming a small system order to obtain a good
set of data that can then be used off-line in a more
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Figure 2: Bode plot of the test system

complex identification scheme.

5 Example

Consider the system

y(k) =
0.9q−2

1 − q−1 + 0.9q−2 
u(k) +

1
1 − q−1 + 0.9q−2

w(k),

(5.1)
see Figure 2. To initialize the algorithm, the system
is excited with a realization of a zero mean unit vari-
ance gaussian random variable for k = 1, . . . , 7. This
is exactly enough data to allow the computation of
the covariance of the estimate of the parameter vector.
The disturbance w(k) is a realization of a zero mean
gaussian random variable with variance σ2

w = 0.1. For
k ≥ 8, u(k) is selected according to the finite-horizon
input selection algorithm. The actuator limits are set
at ±10, and the experiment length is set to N = 32.
We compare the performance of the finite-horizon al-
gorithm with the results obtained using a random in-
put sequence for the entire experiment, see Figure 3.
We compute the matrix Y0 at each time step using a
Kalman filter. For comparison, we normalize the total
input energy to be the same as that of the input se-
quence generated by the finite-horizon input selection
algorithm.

The experiment is run 1000 times, each experi-
ment having a different realization of the initial state,
input, disturbance, and normalized comparison input
sequences. For each run we calculate

eσ
�
=

trσ2
comp − trσ  

2
FH

trσ2
FH

, (5.2)

eJ
�
=
Jcomp − JFH

JFH
, (5.3)
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Figure 3: The input and output sequences obtained us-
ing the finite-horizon input selection algo-
rithm (u and y, thick lines), and a random
input sequence (uc and yc, thin lines)

eθ
�
=

‖θcomp−θ‖
‖θ‖ − ‖θFH−θ‖

‖θ‖
‖θFH−θ‖

‖θ‖
=

‖θcomp − θ‖ − ‖θFH − θ‖
‖θFH − θ‖ ,

(5.4)
where the subscript “FH” refers to the results obtained
using the finite-horizon input selection algorithm, and
the subscript “comp” refers to the results obtained us-
ing the normalized comparison input sequence. We plot
eσ in Figure 4. The averages and standard deviations
are presented in Table 1. For the data shown, the finite-

eσ 0.4529 ± 0.4318
eJ 0.0110 ± 0.1530
eθ 0.3762 ± 0.8556

Table 1: Performance Comparison of the Finite-
Horizon Input Selection Algorithm.

horizon input selection algorithm reduces the variance
of the estimated parameter vector by an average of 45%.
It is interesting to note that the optimal input sequence
is bang-bang for this example. However, it is not clear
that this behavior is generic.

6 Conclusion

We proposed a method for selecting the input com-
mand at time k + 1 for system identification, and ex-
tended the approach to the finite-horizon input selec-
tion problem. Specifically, we select the input sequence
to minimize the predicted covariance of the estimate of
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Figure 4: eσ for each experiment

the model parameters. The method is initialized with
a small amount of data such that the variance of the
estimate can be computed. After this point the input
sequence is selected to minimize the predicted covari-
ance of the estimated parameter vector. For the least
squares identification algorithm, we were able to find
analytical expressions for the global minimizer, min-
imum, maximizer, maximum, and asymptotes of the
predicted covariance of the estimate of the model pa-
rameters in the one-step-ahead case. We accounted for
actuator saturation to select the implementable com-
mand that minimizes the predicted covariance of the
estimate of the model parameters. We demonstrated
the finite-horizon input selection algorithm on a least
squares identification problem and compared the re-
sults to the standard results obtained using a random
input sequence.
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