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Abstract— This paper provides an introduction to the
discrete-time Koopman operator for nonexperts, including a
treatment of the basic definitions and properties of the Koop-
man operator and a numerical method for approximating
the Koopman spectrum. Furthermore, the paper stresses the
role of compositional completeness for spaces of Koopman
observables and gives conditions under which the Lp spaces
are compositionally complete. Numerical examples are given to
illustrate the basic concepts.

I. INTRODUCTION

Stability analysis of nonlinear systems remains one of
the most fundamental and important problems in systems
theory. Lyapunov methods provide a powerful approach
for analyzing the stability of nonlinear systems, and much
of modern control theory is based on Lyapunov functions
[1]. For stability analysis, as distinct from Lyapunov-based
controller synthesis, converse Lyapunov theory guarantees
the existence of a Lypunov function. However, construction
of a Lyapunov function that guarantees asymptotic stability
can be difficult in practice.

The Koopman operator provides an alternative approach
to stability analysis of nonlinear systems. For discrete-time
systems, the Koopman operator is linear in the space of
observables, which can be viewed as a space of output
mappings. The linearity is a simple consequence of the fact
that the composition g◦f of the output map g and the vector
field f is a linear function of the output map. The Koopman
operator K(g)

4
= g◦f is thus a linear operator on an infinite-

dimensional space of observables.

The Koopman operator was introduced by B.O. Koop-
man [2] in 1931 and has developed in the intervening 8
decades (see, for example, the introductions of [3] or [4]
for a historical discussion). Interest in the Koopman operator
has increased dramatically in recent years, in particular for
analyzing fluid motion [5], [6] as well as for estimation and
control problems [7], [8], [9], [10]. The Koopman operator
has also been applied in stochastic settings [11], [12], and to
data driven applications [13], [14], [15]. The last of these is
particularly important because it investigates the conditions
under which finite dimensional matrix approximations of
the Koopman operator converge to the infinite dimensional
Koopman operator as the dimension of the projection goes
to infinity.
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The Koopman operator is useful for stability analysis.
In particular, each eigenfunction of K provides a mode of
the dynamics, and the corresponding eigenvalue determines
whether that mode is stable or unstable. In effect, the
Koopman operator provides a mode-by-mode analysis of
system stability.

For practical purposes, it is necessary to compute eigen-
values and eigenvectors of an approximation Kp of the
Koopman operator. This requires 1) a numerical technique
for constructing the finite-dimensional approximation Kp of
K, and 2) analysis to show that the stability inferred from
the eigenvalues of Kp is sufficient to guarantee stability of
the underlying system. Results in this direction are given in
[16].

The present paper has the following goals and contribu-
tion. First, we provide a succinct statement of the Koopman
operator and its domain. To do this, we require the notion of
a compositionally complete space of observables. To this end,
we provide sufficient conditions for the space of observables
to be compositionally complete, and as an application, we
prove that if D ⊆ Rn, and f is a measurable, anti-Lipschitz,
discrete-time mapping, then Lp(D,R) is compositionally
complete for the Koopman operator of f. Next, we illus-
trate the Koopman operator spectrum and eigenfunctions by
giving examples for several analytic cases. Although some
of these cases have appeared in the literature before, there is
no single source that contains all of them or stresses the
space of observables and its compositional completeness.
Next, we prove a result on Koopman eigenfunctions and
stability. Finally, we introduce a simplified algorithm for
approximating the Koopman spectrum and use this algorithm
to numerically approximate the spectrum of one and two
dimensional systems. Although this algorithm is related to
the “Analytic EDMD” algorithm presented in [15, Section
7], it differs strongly from ordinary DMD and EDMD
algorithms, since it requires no simulation data or ergodicity
conditions.

The paper is organized as follows. Section II defines and
reviews the basic properties of the Koopman operator. Sec-
tion III proves a theorem on the compositional completeness
of the Lp spaces. Section IV gives five analytic examples
of the Koopman spectrum. Section V proves a result on
Koopman eigenfunctions and stability. Section VI presents an
Analytic-EDMD like method for numerically approximating
the Koopman spectrum, and Section VII gives four numerical
examples of the Koopman spectrum using this method.
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II. THE KOOPMAN OPERATOR

Let D ⊆ Rn, let f : D → D, and, for all k ≥ 0, consider
the discrete-time system

x(k + 1) = f(x(k)), x(0) = x0, (1)

where x0 ∈ Rn is the initial condition. In addition, let
g : D → R determine the output of (1) given by

y(k) = g(x(k)). (2)

Note that, for all k ≥ 0,

g(x(k)) = g(f (◦k)(x0)) = (g ◦ f (◦k))(x0), (3)

where f (◦0) is the identity map on D, f (◦1) 4= f, f (◦2)
4
=

f ◦ f, and f (◦k) denotes the composition of f with itself k
times.

Next, motivated by (3), let G be a set of real-valued
functions on D which satisfy the following property:

If g ∈ G, then g ◦ f ∈ G. (4)

If (4) holds, then G is compositionally complete. Note that,
if g ∈ G, then, for all r ≥ 0, g ◦ f (◦r) ∈ G. If G is
compositionally complete and g ∈ G, then g is an observable.

Next, define the Koopman operator K : G → G by

K(g)
4
= g ◦ f. (5)

Note that, since G is compositionally complete, it follows
that, if g ∈ G, then g ◦ f ∈ G and thus K(g) ∈ G.

We now assume that G is a compositionally complete
vector space over R. Then, for all g1, g2 ∈ G and all
a1, a2 ∈ R,

K(a1g1 + a2g2) = (a1g1 + a2g2) ◦ f
= a1g1 ◦ f + a2g2 ◦ f
= a1K(g1) + a2K(g2). (6)

Therefore, K is a linear operator on G.

In terms of powers of K, note that, for all g ∈ G, K0(g) =
g ◦ f◦0 = g, thus K0 is the identity map on G. Furthermore,
for all g ∈ G, K2(g) = K(K(g)) = K(g ◦ f) = (g ◦ f) ◦ f =
g◦(f ◦f) = g◦f◦2, and thus, for all k ≥ 0, Kk(g) = g◦f◦k.
Hence, for all k ≥ 1, the output (2) is given by

y(k) = Kk(g)(x0) = Kk−1(g)(x1). (7)

The complexification of G is the vector space over C
defined by GC

4
= G + G. For all g, h ∈ G, we define the

Koopman operator K : GC → GC by

K(g + h)
4
= K(g) + K(h), (8)

where, for convenience, K denotes the extension of K from
G to GC. Note that

K(g + h) = g ◦ f + h ◦ f = (g + h) ◦ f. (9)

Since (6) holds for all g1, g2 ∈ G and all a1, a2 ∈ C, it
follows that K is a linear operator on GC.

III. THE COMPOSITIONAL COMPLETENESS OF Lp(D,R)

In this section, we discuss properties of the inverse map-
ping f−1. In order to simplify the discussion, we redefine
the codomain of f to be f(D) ⊆ D. With this definition,
f : D → f(D) is surjective.

For all p ∈ (1,∞), let Lp(D,R) denote the space of
Lebesgue-measurable functions g such that |g|p is Lebesgue
integrable on D, and let L∞(D,R) denote the space of
Lebesgue-measurable functions g such that |g| is essentially
bounded on D. We wish to view K as a function on
Lp(D,R). Unfortunately, K may fail to be well-defined in
the sense that g1, g2 ∈ Lp(D,R) may differ on only a set
of measure zero but K(g1) and K(g2) may differ on a set
of positive measure. This possibility is ruled out by the
following definition.

Definition 3.1: f is nonsingular if, for all measurable S ⊂
D with zero measure, f−1(S) has zero measure.

Theorem 3.2: K : L∞(D,R) → L∞(D,R) and is contin-
uous if and only if f is nonsingular.

For p ∈ [1,∞), the analogous question for Lp(D,R)
requires a stronger condition than nonsingularity. Let µ
denote the Lebesgue measure.

Definition 3.3: f is strongly nonsingular if there exists
b > 0 such that, for all measurable S ⊆ D,

µ(f−1(S)) < bµ(S). (10)

The following result follows from Theorem 2.1.1 in [17].

Theorem 3.4: The following statements are equivalent:

i) There exists p ∈ [1,∞) such that K : Lp(D,R) →
Lp(D,R) and is continuous.

ii) For all p ∈ [1,∞), K : Lp(D,R) → Lp(D,R) and is
continuous.

iii) f is strongly nonsingular.

If f is strongly nonsingular, then f is nonsingular. How-
ever, the converse is not true. For example, let D = R
and f(x) = ex. Then f is nonsingular, but not strongly
nonsingular, since there does not exist a b > 0 such that,
for all 0 < α < β < 1, µ(f−1(α, β)) = log β − logα ≤
b(β − α) = bµ((α, β)).

Definition 3.5: Let ‖·‖ be a norm on Rn, and let φ : D →
D. Then φ is Lipschitz with constant L > 0 if, for all x, y ∈
D,

‖φ(x)− φ(y)‖ ≤ L‖x− y‖. (11)

Furthermore, φ : D → D is anti-Lipschitz with constant L >
0 if, for all x, y ∈ D,

‖x− y‖ ≤ L‖φ(x)− φ(y)‖. (12)
Theorem 3.6: Assume that f is anti-Lipschitz with con-

stant L. Then f is injective and its inverse h : f(D)→ D is
Lipschitz with constant L. If, in addition, f is measurable,
then f is strongly nonsingular.

Proof: The injectivity of f follows immediately from (12).
Hence, f is invertible with inverse h : f(D)→ D. Next, let

1913



z, w ∈ f(D), and let a, b ∈ D satisfy z = f(a) and w =
f(b). Since f is anti-Lipschitz with constant L, it follows that
‖h(z)− h(w)‖ = ‖a− b‖ ≤ L‖f(a)− f(b)‖ = L‖z − w‖,
and thus h is Lipschitz with constant L.

Next, assume that f is measurable, and let S ⊆ D.
Equation (10) is immediate in the case where µ(S) = ∞.
Hence, consider the case where µ(S) < ∞. For all y

4
=[

y1 . . . yn
]T ∈ D and r > 0, define

Q(y, r)
4
= [y1, y1 + r]× · · · × [yn, yn + r],

and note that µ(Q(r, y)) = rn. Furthermore, define

Q 4= {Q(y, r) : y ∈ D and r > 0}

and

QS
4
=

{
{Qi}∞i=1 : for all i ≥ 1, Qi ∈ Q, S ⊆

∞⋃
i=1

Qi

}
.

Note that

µ(S) = inf

{ ∞∑
i=1

µ(Qi) : {Qi}∞i=1 ∈ QS

}
. (13)

Let ε > 0. From (13), it follows that, for all b ∈ (0,∞),
there exists {Q̄i}∞i=1 ∈ QS such that

∞∑
i=1

µ(Q̄i) < µ(S) +
ε

b
. (14)

Next, note that since f is injective on D, it follows that,
for all y ∈ D,

f−1(y) =

{
{h(y)}, y ∈ f(D),

∅, y ∈ D − f(D).
(15)

It now follows from (15) that, for all i ≥ 1, f−1(Q̄i ∩D) =
f−1(Q̄i ∩ f(D)). Furthermore, since S ⊆ D and S ⊆
∪∞i=1Q̄i, it follows that S ⊆ (∪∞i=1Q̄i)∩D = ∪∞i=1(Q̄i∩D),
and therefore

f−1(S) ⊆ f−1
( ∞⋃

i=1

(Q̄i ∩ D)

)
⊆
∞⋃
i=1

f−1(Q̄i ∩ f(D)).

(16)

Since S is measurable and f is measurable, it follows that
f−1(S) is measurable. In addition, for all i ≥ 1, since Q̄i∩D
is measurable, it follows that f−1(Q̄i∩f(D)) is measurable.
Thus, from (16),

µ(f−1(S)) ≤
∞∑
i=1

µ(f−1(Q̄i ∩ f(D))). (17)

Next, let r̄i be the side length associated with Q̄i and let
‖·‖∞ be the infinity norm on Rn. Since h = f−1 is Lipschitz
on D, it follows that there exists a Lipschitz constant L > 0
and a positive number α such that, for all x, y ∈ Q̄i ∩ f(D),

‖h(x)− h(y)‖ ≤ L‖x− y‖ ≤ Lα‖x− y‖∞
≤ Lα

√
nr̄i. (18)

Next, let z =
[
z1 . . . zn

]T ∈ Q̄i ∩ f(D) and let B∞
denote the ball of the inifinity norm. It follows that

h(Q̄i ∩ f(D)) ⊆ B∞(z, Lα
√
nri), (19)

hence

µ(h(Q̄i ∩ f(D))) ≤ (2Lα
√
n)nµ(Q̄i). (20)

Finally, let b
4
= (2αL

√
n)n. From (14), (17), and (20), it

follows that

µ(f−1(S)) ≤ b
∞∑
i=1

µ(h(Q̄i ∩ f(D)))

≤ b
∞∑
i=1

µ(Q̄i) < bµ(S) + ε. (21)

Since ε is arbitrary, it follows from (21) that f is strongly
nonsingular. �

IV. ILLUSTRATIVE EXAMPLES

This section provides some basic analytic examples which
illustrate the Koopman spectrum in the discrete-time setting.

Example 1: Constant g. Let D ⊆ Rn, let f : D → Rn,
and let G be compositionally complete. If g ∈ G is a
constant real-valued function on D, then g is a Koopman
eigenfunction with eigenvalue 1. �

Example 2: Linear f and g. Let A ∈ Rn×n and, for all
x ∈ Rn, define f(x) = Ax. Furthermore, let G = {g : Rn →
R : g(x) = cx, where c ∈ R1×n}. Now, let c ∈ C1×n and,
for all x ∈ Rn, define g(x) = cx. Note that, for all x ∈ Rn,
K(g)(x) = (g◦f)(x) = g(f(x)) = c(Ax) = (cA)(x). Since
cA ∈ R1×n, it follows that G is compositionally complete.

Now, let c ∈ C1×n, define g(x) = cx, and let λ ∈ C.
Then, cA = λc if and only if g ◦ f = λg. Hence, g is a
Koopman eigenfunction with eigenvalue λ if and only if cT

is an eigenvector of AT with associated eigenvalue λ. �
Example 3: Linear f and polynomial g. Now, let D =

R2, let A be a 2× 2 diagonalizable matrix with eigenvalues
λ1, λ2, and let f(x) = Ax. Define G to be the space of
real-valued polynomials in two variables. Let v1 and v2 be
eigenvectors of AT corresponding to λ1 and λ2, respectively,
and, for all i, j ≥ 0 and x ∈ R2, define the polynomial
g(i,j)(x) = (vT1 x)i(vT2 x)j . Then, for all i, j ≥ 0 and x ∈ R2,

g(i,j)(Ax) = (vT1 Ax)i(vT2 Ax)j = ((ATv1)Tx)i((ATv2)Tx)j

= λi1λ
j
2(vT1 x)i(vT2 x)j .

Hence, g(i,j) is a Koopman eigenfunction with corresponding
eigenvalue λ(i,j) = λi1λ

j
2. An analogous result holds for the

case where A is a real n× n diagonalizable matrix. �
Example 4: Polynomial f with logarithmic g. Let D =

(0,∞), let p be a positive number, and, for all x ∈ D,
define f : D → D by f(x) = xp. Let G be the vector space
of continuous real-valued functions on D. Next, let ` be a
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positive number, and, for all x ∈ D, define g`(x) = (log x)`.
Since

(g` ◦ f)(x) = (log xp)` = p`(log x)` = p`g`(x), (22)

it follows that g` is a Koopman eigenfunction with eigenvalue
λ` = p`. �

Example 5: Affine f with exponential g. Let G be the L2

space of real-valued functions on Rn with the inner product

〈g1, g2〉 =

∫
Rn

g1(x)g2(x)e−x
Tx dx. (23)

Let a ∈ Rn and, for all x ∈ Rn, define f(x) = x + a. For
all c ∈ Rn, define gc(x) = ec

Tx. Then,

‖gc‖ =

 ∫
Rn

e2c
Txe−x

Tx dx

1/2

=
√
πn/2ecTc (24)

is finite, and thus gc ∈ L2(Rn,R). Moreover, since

(gc ◦ f)(x) = ec
T(x+a) = ec

Taec
Tx = ec

Tagc(x), (25)

it follows that gc is a Koopman eigenfunction with eigenvalue
λc = ec

Ta. This example shows that the set of Koopman
eigenfunctions may be uncountable, whether or not the space
of observables has a countable basis. �

V. KOOPMAN EIGENFUNCTIONS AND STABILITY

Theorem 5.1: Define

D0
4
= {x ∈ D : (f◦k(x))∞k=0 is bounded}. (26)

Let λ be an eigenvalue of K with corresponding eigenfunc-
tion g, and assume that |λ| > 1 and g is bounded on every
bounded subset of D. Then, for all x ∈ D0, g(x) = 0.

Proof. Let x ∈ D0 and define Ox = {f◦0(x), f◦1(x), . . .}.
Since Ox is bounded, it follows that g is bounded on Ox.
Let β

4
= sup{g(ξ) : ξ ∈ Ox}. Since g is a Koopman

eigenfunction, it follows that, for all x ∈ D and all k ≥ 0,

|g(f◦k(x))| = |λ|k|g(x)|,

and thus |g(x)| ≤ β/|λ|k. Since |λ| > 1, it follows that
g(x) = 0. �

VI. APPROXIMATE COMPUTATION OF THE SPECTRUM

In this section, we give an algorithm for approximating the
Koopman spectrum in the discrete time case. Unlike DMD
or EDMD, no simulation data is required to compute the
approximation.

Let G be a compositionally complete Hilbert space and let
(g`)

∞
`=1 be an orthonormal basis of G. Furthermore, for each

positive integer p, define the finite-dimensional subspace

Fig. 1. Example 5: Comparison of the eigenvalues of K and Kp for
f(x) = 0.9x, where x is scalar. The eigenvalues λk = 0.9k (red ◦) of K
are plotted along with the eigenvalues (blue ×) for k = 0 to k = 30. The
numerical agreement between the eigenvalues of K and Kp is within 10−6,
which suggests that the spectrum of Kp provides a good approximation of
the spectrum of K.

Gp
4
= span{g1, . . . , gp} of G. Since K is linear, the projection

of K onto Gp can be represented by the p× p matrix

Kp
4
=


〈Kg1, g1〉 〈Kg2, g1〉 . . . 〈Kgp, g1〉
〈Kg1, g2〉 〈Kg2, g2〉 . . . 〈Kgp, g2〉

...
...

. . .
...

〈Kg1, gp〉 〈Kg2, gp〉 . . . 〈Kgp, gp〉

 , (27)

where 〈·, ·〉 is the inner product on G. In the case where,
K is compact, it follows that, in the operator topology,
limp→∞Kp = K, and, in fact, that the spectrum of Kp

converges to the spectrum of K as p→∞ [18, Section 5.4].
We can thus approximate the eigenvalues and eigenvectors
of K by computing the eigenvalues and eigenvectors of Kp.
In particular, the eigenfunctions of K, which are projected
onto Gp, can be approximated by the eigenvectors of Kp.

VII. NUMERICAL EXAMPLES

Example 6. Scalar linear dynamics. Let n = 1, a ∈ R,
f(x) = ax, and G = L2([−1, 1],R) with inner-product
weighting w(x)

4
=
√

1− x2. It follows from Example 3 that,
for all k ≥ 0, the Koopman eigenfunctions are gk(x) = xk

with eigenvalues λk = ak. For a = 0.9, Figure 1 confirms
the approximation method presented in Section VI. �

Example 7. Scalar cubic dynamics. Let n = 1 and let
f(x) = x − 0.1x3. Let G be as in Example 6. Figure 2
shows the spectrum of Kp obtained using 400 Chebyshev
polynomials of the second kind. The middle plot shows the
corresponding eigenfunctions. Let g̃ be an eigenfunction of
Kp with corresponding eigenvalue λ̃, and define the error
function by ε(x) = (g̃ ◦ f)(x) − λ̃g̃(x). The lowest plot
of Figure 2 shows this error function for each eigenvalue-
eigenfunction pair over D. Note that, for each eigenvector-
eigenvalue pair, the largest error attained over D is on the
order of 10−6, which suggests good convergence for this
number of basis functions. �
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Fig. 2. Example 7: Approximate Koopman spectrum (topmost) and
eigenfunctions (middle) using a basis of 400 Chebyshev polynomials of
the second kind. The numerical error (lowest) is on the order of 10−6,
indicating good convergence for this number of basis functions.

Example 8. Two-dimensional linear dynamics. Let n = 2
and

f(x) =

[
1.1 0
0 0.9

]
x. (28)

It follows from Example 3 that, for all k ≥ 0 and ` ≥ 0,
the Koopman eigenfunctions are g(k,`)(x1, x2) = xk1x

`
2 with

corresponding eigenvalues λ(k,`) = (1.1)k(0.9)`. Figure 3
confirms the approximation method presented in Section VI.

If `/k > (− ln 0.9)/(ln 1.1) = 1.1054, then λ(k,`) > 1.
Hence, Theorem 5.1 implies g(k,`)(x1, x2) = 0 on the set D0

defined by (26). For (28), D0 = {(x1, x2) ∈ R2 : x1 = 0}. It

Fig. 3. Example 8: validation of n = 2 numerical approximation method
for Equation (28). Analytic eigenvalues λ(k,`) = (0.9)k(1.1)` (red o’s) are
plotted along with numerically approximated eigenvalues (blue x’s) for the
index set {(k, `) : 0 ≤ k ≤ 10, 0 ≤ ` ≤ 10, k+ ` ≤ 10}. The numerical
agreement between analytic and approximate eigenvalues is within 10−6.

Fig. 4. Example 8: Eigenfunctions corresponding to unstable eigenvalues
(gradient) along with the function h(x1, x2) = 0 (red). Each case shows
that the corresponding eigenfunction is zero for x1 = 0.

is easy to see the analytic solution satisfies this property. We
may also use this fact to check the approximation. Figure
4 shows several eigenfunctions, each corresponding to an
unstable eigenvalue, all of which are zero for x2 = 0. �

Example 9. Lotka-Volterra dynamics. Let n = 2 and

f1(x1, x2)
4
= rx1 − ax1x2, (29)

f2(x1, x2)
4
= −Rx2 + bx1x2. (30)

Equations (29) and (30) comprise the classical Lotka-Volterra
predator-prey model, although the parameters we choose do
not necessarily model a realistic ecosystem. Let r = R =
0.9 and a = b = 10−3. Figure 5 shows the approximate
Koopman spectrum obtained using a basis of 66 Chebyshev
polynomials of the second kind. Approximate eigenfunctions
corresponding to four eigenvalues are shown in Figure 6. The
fact that all of these eigenvalues lie in the open unit disk

1916



Fig. 5. Example 9: Approximate Koopman spectrum using a basis of 66
Chebyshev polynomials of the second kind in two variables corresponding
to the index set {(k, `) : 0 ≤ k ≤ 10, 0 ≤ ` ≤ 10, k + ` ≤ 10}.

Fig. 6. Example 9: Approximate Koopman eigenfunctions corresponding
to four eigenvalues.

suggests that this system is asymptotically stable. �

VIII. CONCLUSIONS AND FUTURE RESEARCH

The goal of this paper was to concisely present the essen-
tial properties of the Koopman operator in the discrete time
setting, and introduce the novel concept of compositional
completeness. We also provided a set of examples which
illustrate the Koopmen spectrum for different mappings and
spaces of observables, proved a new result on the stability of
Koopman eigenfunctions, and provided a simplified method
for approximating the Koopman spectrum. Finally, numerical
examples of the approximation technique were given and
shown to agree with analytical results for the cases in which
analytical results were available.

This framework for the Koopman operator raises funda-
mental questions for future research. The highest priority
is to determine the conditions under which other spaces

of Koopman observables are compositionally complete. An-
other research goal is to provide error bounds on the ac-
curacy of the approximate eigenvalues and eigenvectors.
Beyond these questions, it is of special interest to extend the
Koopman operator to systems with exogenous inputs, with
potential application to feedback control.
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[4] H. Arbabi and I. Mezić, “Ergodic theory, dynamic mode decomposi-

tion, and computation of spectral properties of the koopman operator,”
SIAM J. App. Dynamics, vol. 16, no. 4, pp. 2096–2126, 2009.

[5] I. Mezić, “Analysis of fluid flows via spectral properties of the
koopman operator,” Annual Review of Fluid Mechanics, vol. 45, pp.
357–378, 2012.
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