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Unlike fixed-gain robust control, which trades off performance with modeling uncertainty, direct adaptive control
uses partial modeling information for online tuning. The present paper combines retrospective cost adaptive control
(RCAC), a direct adaptive control technique for sampled-data systems, with online system identification based on
recursive least squares (RLS) with variable-rate forgetting (VRF). The combination of RCAC and RLS-VRF
constitutes data-driven RCAC (DDRCAC), where the online system identification is used to construct the target
model, which defines the retrospective performance variable. This paper investigates the ability of RLS-VRF to
provide the modeling information needed for the target model, especially non-minimum-phase (NMP) zeros.
DDRCAC is applied to single-input, single-output and multiple-input, multiple-output numerical examples with
unknown NMP zeros, as well as several flight control problems, namely, unknown transition from minimum phase to

NMP lateral dynamics, flexible modes, flutter, and nonlinear planar missile dynamics.

Nomenclature

E = performance-variable selection matrix

E. E, E,, = performance, control, and control-move
weighting

FIA = frozen input argument

I = [ x[identity matrix

k = step

k = fixed step with respect to q

l = dimension of w(r) and wy ~

Ly, g 1y, Iy = dimensions of yy, 0. x, O, x> and Oy,

m = dimension of u(r) and u;

n = dimension of x(¢)

ne = controller window length

p = dimension of y(1), Y, Yuw.> Yuk> and Yo,

Peo = retrospective cost adaptive control and data-
driven retrospective cost adaptive control
tuning parameter

Pm.o = recursive least squares-based identification
tuning parameter

Ouwv = disturbance and sensor noise covariance
matrix for linear-quadratic-Gaussian design

0. = state and control weight matrix for linear-
quadratic-Gaussian design

q = dimension of y,; and r;

q = forward-shift operator

R(q)é‘rﬁ,’f = l'l X I, proper, discrete-time transfer func-
tions

R( S)é : ﬁéZ = I} X I, proper, transfer functions

R[z]'*~ = I, X I, polynomial matrix in z

R(Z)é'rﬁff = [, X[, proper, discrete-time transfer func-

tion
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command

Laplace transform variable

sample time

time

control

sampled control

saturation level for recursive least squares-
based adaptive control

Sensor noise

column-stacking operator

sampled sensor noise

disturbance

constant disturbance during intersample
subinterval

state

noisy measurement

sampled noisy measurement

input vector of controller

performance variable

noise-free system output

noise-free sampled output due to u(¢) and
w(r)

Z-transform variable

command-following error and adaptation
variable

recursive least squares-based identification
window length

controller coefficient vector

model coefficient vector

minimizer of recursive least squares with
variable-rate forgetting

recursive least squares-based adaptive con-
trol variable-rate forgetting factor

recursive least squares-based identification
variable-rate forgetting factor

maximum singular value

denominator window length for variable-
rate forgetting

numerator window length for variable-rate
forgetting

Kronecker product

H, norm, L, norm, absolute value

set minus, set union

step function that is O for negative arguments
and 1 otherwise

Iy X I, matrix of 1 s
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I. Introduction

N DIRECT adaptive control, the controller gains are updated in

response to the actual dynamics of the controlled system. Unlike
fixed-gain robust control, which trades off performance with prior
modeling uncertainty, direct adaptive control uses partial modeling
information for online self-tuning. Direct adaptive control is espe-
cially of interest for time-varying systems [1,2]. The theory of direct
adaptive control has been extensively developed [3-6], and numer-
ous successful applications to aerospace systems have been reported
[7,8]. The research challenge in direct adaptive control is to determine
the minimal modeling information needed to facilitate fast, accurate,
and reliable control.

As an alternative to direct adaptive control, indirect adaptive
control performs online identification to update the required model-
ing information for use by a fixed-gain controller ([4] pp. 397, 467
and [5] Chap. 7). The combination of online identification and fixed-
gain control is justified by the certainty equivalence principle ([9
p- 2738). Indirect adaptive control is advantageous for applications
where the required modeling information is either difficult or impos-
sible to obtain before operation due, for example, to unpredictable
changes in the dynamics of the controlled system. By further reduc-
ing the dependence on prior modeling, indirect adaptive control
facilitates control under extremely limited a priori modeling infor-
mation. Indirect adaptive control can thus be viewed as a further step
in the evolution of control from strong model dependence to model-
free control.

Model-free control is a longstanding goal in control theory, and the
challenges are far from trivial. In particular, data-driven control
[10,11] seeks to circumvent the need for a model using data. Fur-
thermore, the interplay between identification and control is a long-
standing problem in control theory [12-14]. This interplay is
addressed by dual control, where the objective is to determine prob-
ing signals that enhance the speed and accuracy of the concurrent
identification [15-17].

The present paper focuses on retrospective cost adaptive control
(RCAC), which is a direct adaptive control technique for discrete-
time and sampled-data systems [18—20]. The modeling information
required by RCAC resides in the target model, which serves as an
essential model of the closed-loop transfer function from the virtual
external control perturbation to the retrospective performance varia-
ble. As shown in [20], the essential modeling information for dis-
cretized single-input, single-output (SISO) plants includes the sign of
the leading numerator coefficient, the relative degree, and all non-
minimum-phase (NMP) zeros. Numerical examples show that, under
sufficiently aggressive tuning, RCAC may cancel unmodeled NMP
zeros [21].

The goal of the present paper is to extend RCAC by incorporating
online model identification; this method is called data-driven RCAC
(DDRCAC). DDRCAC depends on system identification performed
concurrently with controller adaptation, where the modeling details
are extracted from the identified model in order to construct the target
model. Because RCAC is based on recursive least squares (RLS) to
update the controller coefficients, RLS is also used for system
identification within DDRCAC. Unlike standard least squares,
which uses constant-rate forgetting [22], online identification in the
present paper takes advantage of RLS with variable-rate forgetting
(VRF) [23].

Note that DDRCAC uses online identification to obtain the mod-
eling information needed by RCAC, which is a direct adaptive
control technique. Consequently, DDRCAC is neither a direct adap-
tive control technique, which requires limited but precise modeling
information, nor an indirect adaptive control, which requires model-
ing information in accordance with certainty equivalence. DDRCAC
can thus be viewed as a hybrid direct/indirect adaptive control
method that uses online system identification to obtain approximate,
limited modeling information required by a direct adaptive control
algorithm.

To assist in analyzing the effectiveness of DDRCAC and to obtain
deeper insight into the modeling information required by the target
model, the present paper shows that the retrospective performance

variable can be decomposed into the sum of a performance term and a
model-matching term. The performance term consists of a closed-
loop transfer function, whereas the model-matching term involves
the difference between a closed-loop transfer function and the target
model driven by the virtual external control perturbation. A crucial
insight arises from the observation that, at each step, RLS minimizes
the magnitude of the retrospective performance variable by forcing
the performance term and the model-matching term to have similar
magnitudes but opposite signs. As the controller converges, the
virtual external control perturbation, and thus the model-matching
term, converges to zero, which, in turn, drives the performance term
to zero. By preventing the performance term from diverging when the
controller converges, this mechanism prevents RLS from converging
to a controller that is destabilizing or has poor performance. The
decomposition of the retrospective performance variable is used in
this paper to elucidate the mechanism described above and diagnose
the performance of DDRCAC.

As in all applications of system identification, persistency is
needed to guarantee that the identified model captures the true system
dynamics [24-26]. Persistency may be provided by the commands
and disturbances, or it may be self-generated by the controller.
Beyond persistency, because online identification and learning occur
during closed-loop operation, the control input is correlated with the
measurements due to disturbances and sensor noise. When RLS is
used for closed-loop identification, as in the present paper, this
correlation may obstruct consistency and thus lead to asymptotic
bias in the parameter estimates [27-29]. Alternative identification
methods, such as instrumental variables, provide consistency despite
signal correlation, although at higher computational cost [30].

The present paper describes the elements of DDRCAC and inves-
tigates the effectiveness of this approach on numerical examples.
These examples include synthetic examples that emphasize specific
challenges as well as illustrative flight-control problems. The syn-
thetic examples are focused on three key issues, namely, NMP zeros,
consistency, and persistency. Because, as noted above, RCAC may
cancel unmodeled NMP zeros, the highest priority is to extract
information about the NMP zeros from the identified model; this
information is embedded in the numerator of the identified model,
which, in the case of a multiple-input, multiple-output (MIMO)
system, is a matrix polynomial. These examples are motivated by
the fact, as noted in [8], that the stability of finite transmission zeros is
a standard assumption in output-feedback adaptive control. Further-
more, because lack of consistency may occur when RLS is used for
closed-loop system identification, the effect of bias is examined. In
particular, the bias arising from sensor noise within closed-loop
system identification under DDRCAC is shown to be less severe
than the bias arising from sensor noise within closed-loop system
identification under fixed-gain control. Finally, in cases where the
commands and disturbances provide limited persistency, these exam-
ples highlight self-generated persistency, that is, persistency due to
the controller.

This paper applies DDRCAC to four flight-control examples.
First, adaptive control is applied to roll-angle command following
for a hypersonic aircraft that undergoes an unknown transition from
minimum phase (MP) to NMP dynamics. Second, adaptive control
is applied for pitch-rate command following of a flexible aircraft,
which has 12 lightly damped modes. Third, adaptive control is
applied for flutter suppression of the benchmark active control
technology (BACT) wing. Finally, adaptive control is applied to
normal-acceleration command following for a nonlinear planar
missile.

II. Sampled-Data Adaptive-Control Architecture

All of the examples in this paper consider continuous-time systems
under sampled-data control using discrete-time adaptive controllers.
In particular, consider the adaptive control architecture shown in
Fig. 1, where a realization of G(s) £ [G,(5)G,,(s)] is given by

Xx(1) = Ax(t) + Bu(t) + B,w(?) (1
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Fig. 1 Command following and disturbance rejection under sampled-
data adaptive control. The objective is to follow commands r; to the
performance variable y, ; = Ey;. All sample-and-hold operations are
synchronous.

y(1) = Cx(1) + Dyu(t) + v(1) (@)

where x(f) € R” is the state, u(f) € R™ is the control, w(f) € R is
the disturbance, y(f) € R” is the noisy measurement of the system
output, v(f) € R? is the sensor noise, and A, B, B,,, C, D,,, are real
matrices. Define

G”(S) £ C(SIn _A)_IB +D, 3
G,(s) 2 C(sl, —A)'B, + D, )

where G, € R(s) and G,, € R(s)5sr, are proper p X mand p X I
transfer functions, respectively. The disturbance w(r) is matched if
there exists U € R™ such that B, = BU; otherwise, the disturb-
ance is unmatched. The system output y,(f) € R? is corrupted by
sensor noise v(#) and sampled to produce y, € R”. The sampling
operation can be realized as y, = yo(kT,) + v;, where v, 2
v(kT,) € R? is the sampled sensor noise and 7 € R is the sample
time. In this paper the statistics of the sampled sensor noise v, are
specified. The performance variable is y, ; 2 Ey; € RY, where the
matrix E € R?*? selects components of y; or a linear combination of
the components of y, that are required to follow the command
ry € R%. The command-following error is thus z; 2 r, —y.; €
R4. The inputs to the adaptive feedback controller G, are the
measurement y; and the command-following error z;. The adaptive
feedback controller produces the discrete-time control u; € R™ at
each step k. The continuous-time control u(¢) is produced by apply-
ing a zero-order-hold operator to u,. Note that z; serves as the
adaptation variable, as denoted by the diagonal line in Fig. 1 passing
through G ;. The objective is to minimize the magnitude of the
command-following error z; in the presence of the disturbance
w(?) and sensor noise v(t).

Figure 2 shows an equivalent representation of Fig. 1, where w(¢)
and y,, ; are related by the operator

s

Vs & Glw(n)] = C /k AUTIB D de (5)

(k=1)T

Note that Fig. 2 shows two transfer functions in feedback, namely,
G4(q) and EG4(q), which are, respectively, the transfer functions
from u;, to y; and uy to y, ;. Furthermore, G4 € R(q)brp » where q is
the forward-shift operator, is the exact discretization of G, (s) using
zero-order-hold and sampling operations. For details, see ([31] p. 11).

Consequently,
i = Glw(®)] + Ga(@uy + v (6)

2k =1 — Ey @)

Fig. 2 Equivalent representation of Fig. 1. The exact discretization
G4(q) of G, (s) operates on u; to generate y, ;.

Note that the argument q of G4 in Eq. (6) reflects the fact that
Eq. (6) is a time-domain equation whose solution depends on the
initial conditions of the input-output system. Using the Z-transform
variable z in place of the forward-shift operator q would account for
the forced response of Eq. (6) but would implicitly assume zero initial
conditions and thus would omit the free response. The distinction
between z and q in accounting for initial conditions and the resulting
free response is discussed in [32,33]. Since G4(z) and G4(q) have the
same form, the argument has no effect on the algebraic properties of
G4 such as poles and zeros.

To compute the intersample response of Eq. (5), the disturbance
w(z) is assumed to be piecewise constant within each subinterval of
the interval kT to (k 4+ 1)T, where each subinterval has length
T,/10. In particular, letting w; ; denote the approximate value of

w(r) fort € [(k n %)TS, (k n ILOI)T] fori =0, ...,9, it follows
that

(k+1)T,
Yuip1 =C / AT =R, p(7) de ®)
kT

KT +16T B
~C / G 4B iy o4 -
kT,

(k+1)T
+ / eAllk+ DT, —1] drwak_g] 9)
k

To+7s

1
10

T, 0 s
= C[/ eATdTBu,ﬁ)k_0+ +/ eATdrwaw] (10)
5T 0

Within each subinterval, the MATLAB function ODE45 is used to
integrate the dynamics of G(s). For all examples in this paper, the
ODEA4S5 relative and absolute tolerances are set to 2.22045 x 10714
and 1074, respectively, which determine the variable step lengths
during each subinterval. In the case where w(¢) is stochastic, the
standard deviation of wy ; is specified.

Figure 3 shows the intersample response of

s—1
G,(8) =57
w(s) s2—3s5+2
where w;; is zero-mean, Gaussian white noise with standard
deviation 1 simulated with Ty = 0.01 s/step. In all subsequent
numerical examples, the intersample response is computed but
not shown.

p 1% , , ,
OL—--, E
! S L
b N i
2t b---—! E 1
i
4t ; J
= i
o-H-1a
-6 | i 4
!
8l g--.-i A
I
-10 | Integration at 1% 6"‘"‘; &l-4-1
=--0--- Sampling at Ty = 0.01 &—--1 Iy
-12 1 1 1 1
0 0.02 0.04 0.06 0.08 0.1

t(s)
Fig. 3 Numerical integration of G, (s) using ODE45 within each sub-
interval of size 7,/10, where T, = 0.01 s/step. The intersample
response is plotted in orange, and the blue dash-dots show the sampled
response.
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Table1 Special cases of G, (s) given by Eq. (11)

Case a b c ng Zeros
10 -30 -20 2 1 real NMP
2 10 =30 -20 0 1 real NMP
3 10 + 10y 10 — 105 -20 2 2 complex NMP

For each case, the values of a, b, ¢, nq and the type of zeros are shown.

Sections III-V consider SISO continuous-time transfer functions
with G,(s) = G,,(s) of the form

a)(s —b)(s =o)L, (s*> + 20 :6;s + @?)

.
G, (s) = 10eTss
u(5) ¢ ?:1 (82 + 20,5 + w%)

an

where nq is a nonnegative integer, the parameters a, b, ¢, ny are given
in Table 1, and {; = 0.96,(, = 0.22, {3 = 0.8, ®; = 54, @, = 38,
w3 =38, {{ =04, {, =0.15, {3 =0.05, {, =0.06, {5 =0.05,
w; =4, wy, =25, w3 =35, wy; =65, and ws = 96. The transfer
function Eq. (11) with the parameters in Table 1 are used to inves-
tigate the performance of RCAC, recursive least squares-based iden-
tification (RLSID), and DDRCAC in later sections.

The time delay of nyT, where ny is a nonnegative integer, is
included in G, (s) as e™"¢7s. Choosing the time delay to be a multiple
of T facilitates investigation of the effect of uncertain discrete-time
relative degree on the performance of the closed-loop discrete-time
system. Note that Eq. (11) can be exactly discretized by separately
considering the rational and exponential factors. In particular, the
rational part of Eq. (11) is exactly discretized with a zero-order-hold
(ZOH) discretization computed using MATLAB command c2d,
whereas the exponential part of Eq. (11) is exactly discretized by
the factor q™"¢ in G4(q). Note that the exact discretization of Eq. (11)
has relative degree nq + 1.

For all examples in this paper, Eq. (11) is simulated by using a
minimal realization whose initial state is zero. Hence, E =1,
p=q=m=1=1,and B = B, in Egs. (1) and (2).

III. Retrospective Cost Adaptive Control

A. Controller Structure and Definition of the Retrospective Perfor-
mance Variable

Consider the strictly proper, discrete-time dynamic compensator

ne ne
U = Z Py + Z Qi xVr—i (12)

i=1 i=1
where k>0, u, € R™ is the requested control, n. is the con-
troller window length, 3, € R>, and Q;y, ..., Onk € R™ !y and
Pig, ..., P, x € R™ are the numerator and denominator con-
troller coefficient matrices, respectively. For convenience, a
“cold” startup is assumed, where Q,, ..., O, 0> P15 Pu_os
U_p .o u_y,and y_, , ..., y_; are defined to be zero, and thus

uy = 0. The controller (12) can be written as

Up = ¢c.k00,k (13)
where
Up_1 T
per 2| | @1, e RN (14)

Ve-1

y k—n,

is the controller regressor, Iy, 2 pom(m + 1,), and the controller
coefficient vector is defined by
ec.k £ VeC[ Pl,k e Pnc‘k Ql.k an.k] € RIH“ (15)

In terms of q, the controller (12) can be expressed as

up = Ger(@)x (16)
where
Nei(@) = Q1aq" ™'+ -+ +0k (17
D.y(q) £1,q% — Py q"'— - =P, ; (18)
Gei(@) = DG (@Nc(q) (19)

The signal y;, is constructed from z;, y;, and ry. In the simplest case,
Yr = Zx, Whereas, when additional measurements are available,
yi =[zI yI'|". Alternatively, feedforward action can be included
by setting 5, = [zl rT']". More generally, the components of y,
can be arbitrary, fixed linear combinations of the components of z;,
Vi, and r. Fixed, nonlinear functions of z;, y;, and r; can also be
included in y;; however, this is outside the scope of this paper.
Next, define the filtered signals

ug i 2 Ge(q)uy (20)

bex £ G @ i 2n

where, for startup, u;; and ¢y are initialized at zero and thus are
computed as the forced responses of Eqs. (119) and (120), respec-
tively. Unless specified otherwise, the same filter initialization is for
all filters in the subsequent development. The g X m filter G;(q) has
the form

Gr(q) £ De(q)™'N¢(q) (22)

where
Ne(@) £ Neoq™ + Ne @'+ oo N, (23)
Di(q) £1,q" + D q" '+ -+ +Dy,, (24)

ng is the filter window length, and Nyg,...,Ng, € R and
D¢y, ..., Dy, € R? are the numerator and denominator coeffi-
cients of G;(q), respectively.

Equivalently, Egs. (20) and (21) can be written as

Usp = —DUf‘k + NUk (25)
¢tk = —DPp + NO (26)
where
Ug k-1 U
U 2| 1 |eRm, U2 e R+Dm(27)
UF f—n; Uk—n,
¢f.k—l ¢c k
q)f i A : c Rn,-qxlgc’ ch ‘ A c R(’1f+1)m><[gc
¢f.k—nf ¢c,k—n|-

(28)
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1>

N
D

[Nf,O Nf.nf]ERqX’"(”"“),
[Dry -+ Dpy ] € RO 29)

1>

Next, in order to update the controller coefficient vector (15),
define the retrospective performance variable

21(0.) & 7 — (ug g — e ibe) (30)

where z; is given by Eq. (7) and 6, is a generic variable for opti-
mization. Note that u¢; depends on u; and thus on the current
controller coefficient vector €, ;. The retrospective performance var-
iable Z;(6,) is used to determine the updated controller coefficient
vector 0 ;4 by minimizing a function of Z; (6,.). The optimized value
of Z; is thus given by

2kOc k1) = 2k — (e — Db r1) (31

which shows that the updated controller coefficient vector 6, ;. is
“applied” retrospectively with the filtered controller regressor ¢y ;.
Furthermore, note that the filter G¢(q) is used to obtain ¢y ; from ¢,
by means of Eq. (21) but ignores past changes in the controller
coefficient vector, as can be seen by the product ¢ ;0.4 in
Eq. (31). Consequently, the filtering used to construct Eq. (31)
ignores changes in the controller coefficient vector over the window
[k — ng, k]. The effect of the actual time dependence of 0, ; is analyzed
in later sections.
Using Egs. (25) and (26), Eq. (30) can be expressed as

2k(0) = 7 + D(Ugp — P 40) — N(Uy — D 40.) (32)

In the case where G¢(q) is a finite-impulse-response (FIR) transfer
function, and thus D = 0, it follows from Eq. (32) that

2(6.) =z —NU, + N®_ 6, (33)
To account for the control effort, define

a0 2 | 7500 | e (34)

where the performance weighting E, € R?? is nonsingular, and
E, € R js the control weighting. If E,, = 0, then all expressions
involving E,, in Eq. (34), as well as in all subsequent expressions, are
omitted, and r; = 0. Using Eq. (30), it follows that Eq. (34) can be
expressed as

Zc‘k(gc) = yc,k - ¢fc,k€c (35)

where

Ve A |:Ezzk - Ezuf,k] € R+ , ¢fc ' A |: _Ez¢f,k ] c IR(qurl)xI@C

0r><l _Eud)c,k
(36)
Using Eq. (34), define the retrospective cost
k
Te0) 2 2610 2e,1(0c) + (0 = 0c0) P4 (O — O0)  (37)
i=0

and note that
Zc,k(ec)rzc.k(ac) = 2k (ec)rRzzk(gc) + 9Z¢ZkRu¢c.k9c (38)
where R, 2 ETE, € R?4 is positive definite and R, £ ELE, €

R™™ is positive semidefinite. For all k > 0, the minimizer 6, .,
of Eq. (37) is given by the RLS solution [22]

Pc,k+] = Pc,k - Pc.kgbt]"c,k(ltﬁrrl + ¢fc,ch‘k¢géyk)_l¢fc‘ch.k (39)

Oc i1 = Ocs + Pesr1 Pt Gk — PiciOc ) (40)

Using the updated controller coefficient vector given by Eq. (40), the
requested control at step k 4 1 is given by

Upr1 = Pejr10c k41 41)

Although 6. can be chosen arbitrarily, 8., = 0 is chosen in all
examples in order to reflect the absence of additional modeling
information. Finally, P. o = pol,, , where p o € (0, ) is a tuning
parameter.

B. Decomposition of the Retrospective Performance Variable

This subsection shows that the retrospective performance variable
can be decomposed into the sum of a performance term and a model-
matching term. A more restrictive version of the results in this section
is given in [34]. For simplicity, this section focuses on the case
where 7, £ z;.

Because the optimized controller coefficient vector is time depen-
dent, the retrospective performance variable defined by Eq. (30) must
be modified to ignore the time dependence of 6, ;. To do this, the
terms ug — ¢y 0. in Eq. (30) are replaced by a filtered version of
uy — ¢ 0. in which the controller coefficient vector is constrained to
be 0. ;.| over the filtering window. By defining

1 (6:) 2 up — e e (42)

the filtered signal ii¢; (6. 441) is given by a fixed-input-argument
(FIA) filter with input i, (6. ;1) as defined in Appendix B. In
particular, i (6, ;) is defined to be the output of the FIA filter

gk (Oc 1) = G(Q)ity 0. 757 43)

which ignores the change in the argument 6., of i, over the
interval [k — ng, k] in accordance with retrospective optimization.
Note that, by the definition of FIA filtering, the filtered signal
itg 1 (0. 1+ 1) is a function of the time-dependent controller coefficient
vector 6, ;1. Equivalently, Eq. (43) can be written as

Up p(Oc jr1) = _Dgl',k + NU O x41) 44)

where

'Zf.k—l (ec,k)
Upe 2 : € R,

';f.k—nf (ec.k—n(Jrl)

i (0c)
= R(anrl)nz (45)

Ux(6.)

ﬁk—nf (Hc)
Using Eq. (43), the definition Eq. (30) of z;(6,) is replaced by

Zextk Oc i) = 2 — i (Oc 1) (46)

Using Eqgs. (42), (44), and (45), it follows that Eq. (46) can be written
as

ZextkOck1) = 2% + Dﬁf,k =NUg =Dy Ocpr1)  (47)

Note that the difference between z;(6. ;) given by Eq. (32) and
Zextk (O x+1) given by Eq. (47) is because Uy, — ®¢ 0, in Eq. (32) is
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replaced by L7f1k in Eq. (47). Hence, Zey (0. x+1) is not generally
Zk(Oc x+1)- However, if, for all k, 6., = 0, then i (0. 411) =
Uk — ¢c.kac» and thus zext.k(ec,kJrl) = 21\(90)

The following result presents the retrospective performance-
variable decomposition, which shows that the retrospective perfor-
mance variable is a combination of the closed-loop performance and
the extent to which the updated closed-loop transfer function from
Ui (0. 14 1) to z; matches the filter G¢(q). Henceforth, G(q) is called
the rarget model because it serves as the target for the closed-loop
transfer function from 7, (6. ;) to z;.

Proposition 1: Assume that, for all k > 0, y; £ z;, and G4(q) and
G;(q) are strictly proper. Then, for all k£ > 0,

éexl.k(gc,kJrl) = Zopp.k(ac‘kJrl) + Ztmp‘k(gc,k+]) (48)

where the one-step predicted performance zopp i(6c441) and the
target-model matching performance zipp x (6 x+1) are defined by

Zoppk Ocis1) & 5zw.k+l (@) (Vk - Evy - Eg[w(t)]) 49)

ZumpiOcs1) 2 [Ceainn(@ - Ge@ |6, 557)  (50)

and

Canicri@ 2 [1, + EG@Gexn @] 6D

Gk (@ 2 =q"[I, + EGy(@Ges (@] EGu(@D; L, (@)
52

Proof: It follows from Eqgs. (49) and (51) that
Zopp,k(gc‘kJrl) =TIr— Evk - Eg[w(t)]
- EGd (q)Gc,k+l (q)zopp,k (ec.k+l) (53)

Furthermore, defining the FIA filter output (see Definition 8 in
Appendix B)

ZmptOcics1) 2 Gk (i (0, 77) (54)
it follows from Egs. (52) and (54) that
Zimpk Oc k1) = —EGa(@Q) D}, (@ q™ i (0, 157)
— EGy(qQ)G 1 (@ Zamp kO k1) (55)

Now, replacing q"< i, (6, ) with #y ., (8 x41) in Eq. (33) yields

c.k+1

Ztnlp,k(‘guk+l) = _EGd(q)D;}(+1(q)’Zk+nc (ec,k+l)
—EGy(DGCe 41D Zumpk Ocir1)  (56)

Combining Egs. (53) and (54) yields

Zopp.k (90,k+1) + Ztmp,k(ec.k+1)

= 1 = Evy = EGw(1)] = EGo(@) D}y 1 (@it (O 11

— EG4(q)G i+1(q) [Zopp.k (Oc k1) + Zimp.k (ec.k+l)] 67

Next, replacing k with k + n. in Eq. (42) and setting 6, = 6. ;1
yields

ﬁk+nc (gc,kJrl) = Ujqpn, — ¢c,k+nﬂc,k+1 (58)

Hence, using

ne ne
d)c.k+ncec,k+l = E Pi.k+luk+nc—i + E Qi¢k+lzk+nc—i
i=1 i=1

it follows from Eq. (58) that

i=1

ne ne
Upyn, Oc k1) = Upyn, — Z Pigp1Uhyn—i — Zl Qi kt12k4ne—i
i (59)
Using Egs. (17) and (18), note that Eq. (60) can be written as
Uign, (Ocsg1) = Depr1 (@ug = Ne g1 (@) 2y

which can be combined with Eq. (57) to obtain

ZappA,k (Gc,k-H) + Z~tmp,k (ec.k+l)

= 1y — Evg — EGlw(1)] — EGy(Q)uy + EG4(q)Ge jq1(@) 2k

= EGy(@)Gt1(@)Zopps(@eisn) + Zumps G|

(60)
Using Eqgs. (6) and (7), it follows from Eq. (60) that
(g + EGa(@)Ge 1 (@) [ 2opp Ok + Fump O )]
=y + EGy(0)Gert1()zx (61)
which implies that
2k = Zoppk (Oc it 1) + Zimpk Oc kr1) (62)

Next, substituting Eq. (62) into Eq. (46) yields
2exl,k(6c.k+l) = anp‘k(ec.kJrl) + Etmp.k(ac.k+l) - ’Zf,k(ec.kJrl) (63)

Hence, substituting Eqs. (43) and (54) into Eq. (63) and using
Eq. (50) yields

ZoxikOcist) = Zoppa@eir)) + Guioyr (@0, z77)
= Gi(Q)u (0, 77)
= 2ok Oeicr1) + | G (@) = Gr@) | (0, 57)
= Zoppk (Oc k1) + Zimp k (Oc k1)

In the case where y, = z;, y;, and u; are scalar, that is,
l, =q=p=m=1,Egs. (31) and (32) have the form

Dy(q) D s41(q)

G., - 64
i@ = O Derm (@ + ENg@Nogm @ Y

~ —q"EN4(q)
G.s - 65
a1 (W = O Derm @ T ENg@ N @ )

where
A Nd (q)

G = 66
a(q) D) (66)

C. Analysis of the Retrospective Performance-Variable Decomposition
Assuming E, = I, E, = 0, and using Eqgs. (34) and (48), it follows
from Eq. (37) that
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k
TeOcii) = Y 2 (Ocis)2i(0cis1)
i=0
+ (00,i+1 - OC,O)TPc_,(l)(ec,i+l - ec,O) (67)
In the case where p.  is large, using RLS to minimize Eq. (67) yields

2kOci41) =0 (63)

Furthermore, it is observed numerically and shown in Example 1 that
using RLS to minimize Eq. (68) yields

Zextk Oc k1) ~ 2 (Oc kr1) (69)
which, using Eq. (48), implies that
Zopp.k (Ocie41) + Ztmpk (Oc 1) = 0 (70)
that is,
Zoppk (Oc k+1) R —Zimp k (Oc k1) (71)
The following example illustrates this property.

Example 1: Minimization of Zex (0c x+1) and its decomposition
for a SISO system. Let

G, (s) = 100(s . 10)(s + 8) 72)

(s + 11)(s* — 0.65 + 900)
and, for 7, = 0.01 s/step, let G4(q) denote the ZOH discretization
of G, (s). Assume that the w is matched, thatis, G, (s) = G, (s),and
let wy ; be zero-mean, Gaussian white noise with standard deviation
1. For disturbance rejection with nonnoisy measurements, that is,
with r, = 0 and v, = 0, adaptive control is applied with E, = 1,
E,=0,E=1,

~1.1628
Gi(q) = —0.9988“1(172)

Open loop

Closed loop

e) £ (s)
= s . .
=
2 O
R —
a [\ =~ 4
& 107 4 === G400
= .15 | | |
0 /4 /2 3n/4

Frequency (rad/step)

(]
~

n, =16, and p. o = 10. Figures 4f and 4h show that, for all
0.04 <1 0.7, zopp s (Oc k1) and zypp (0 x11) have large magni-
tudes and approximately sum to zero. In particular, Fig. 4h shows

|Z0pp,k + Ztmp.k'
opp.k tmp,k
|Zopp.k| + |Ztmp &l

which is small when zqp, ( (6 411) and Zymp (6 4+1) have large
magnitudes with opposite signs, and close to 1 when zopp 1 (0c k1)
and Zymp (0 x+1) have small magnitudes. Figure 4g shows that

G_;400(q) and G¢(q) have similar frequency responses, and thus
the controller update promotes matching between the closed-loop

transfer function G; ;. 1(q) and the target model G¢(q).

Next, in order to compare Z; (6. 4 1) and Zey (0. 41 1) for the case
where G¢(q) is infinite-impulse-response (IIR), the simulation is
repeated with

(q - 1.1628)

Gi(q) = —0.9988 1 =)
f(@ ¢’ +0.1q + 0.01

Figure 5 shows that the error between Z; (6 x+1) and Zey ko, ) 1S
less than 10~ for all . _

Proposition 2: Assume that 6, £ lim;_, 0. 41| exists and ¢ 4|
is bounded. Then limy_, o, (6. 411) = 0.

Proof: Equations (14) and (42) imply that

ﬁk(ecJH—l) = ¢c,k(00,k - 6c.k+1)
Defining @ = Sup;sg Omax (Pc 1), it follows that
”izk(gc,kJrl) ” < Omax (¢c,k) ”90,1( - ac‘k+1 ”
< allfex = Oc pril

where o,,,, denotes the maximum singular value. Hence,

lim ([ (Oc 1) || < alim [0 = Oc 1 || = O
k—o0 k—o0

’_ |Zext,k — Zopp,k — zt]llp,k‘ ‘

! ! !

T T

|Zopp. + Ztmp k| ‘

1 1

|Zopp.k +Ztmp k|
[Zopp, |+ |2tmp,i |

1 1 1

0 1 2 3 4
h) t(s)

Fig. 4 Example 1: a) open- and closed-loop responses; b) |Zex¢ x — Zopp,k — Ztmp,x| < 3.01 X 10~ for all ¢, confirming Eq. (48).
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Fig. 5 Example 1: For an IIR G;(q), a) shows the absolute value of the
retrospective cost variable and its extension, and b) shows the absolute
error between the retrospective cost variable and its extension.

Proposition 5 and Eq. (30) suggest that the convergence of 6, ;
implies that zyp, (6. 1+1) converges to zero, as illustrated in Fig. 4g.
Therefore, Eq. (71) implies that |zqpp (6.)| =0, and thus, if 6,
converges, then the one-step predicted performance |y, (0] is
small. This mechanism underlies the convergence of RCAC in Fig. 4
to a stabilizing controller that rejects the unknown disturbance. Note,
however, that the convergence of 6., and the consequent conver-
gence of it (0, y41) to zero do not imply that zyyy, (0 x+1) converges
to zero. In fact, Example 5 demonstrates that a poor choice of G¢(q)
may Cause Zmp k (Oc k+1) to diverge while 6, ; converges.

D. Feasibility of G;(q)

The following definition concerns the case where there exists a
controller parameter vector that exactly matches the transfer function

G.iis1(Q) to Gy(q).
Definition 1: Assume that, for all k>0, y, =z € R9.

Then, Gi(q) € R(q)fop is feasible if there exists 6, =
vec[P; -+ P, 0O 0,1 € R such that
G.a(@) = Gi(q) 73)

where

Gui(@) 2 a1, + EGy(@)Ge@ | EGy@D.@™ (74

Proposition 3: For all k > 0, assume that y, = z;, y;, and u; are
scalar. Furthermore, let 8, € R’ and G;(q) € R(q)prop- Then the
following statements hold: .

i) The leading numerator coefficient of G_;(q) is equal to the
leading numerator coefficient of —EG4(q).

ii) The relative degree of G,;(q) is equal to the relative degree
of G4(q). ~

iii) The zeros of G;(q) consist of the zeros of G4(q) as well as n,
zeros at zero.

Proof: Since y, = z; and u; are scalar, it follows that E is scalar
and the closed-loop transfer function (74) specializes to

~ —q"EN4(q)

which implies point (i). To prove point (ii), let d4 denote the degree of
Dy(q), and let £ > 0 denote the relative degree of Gy(q), so that
the degree of Ny(q) is dq — &. Because the degree of "< ENy(q) is
n. +dqg—¢ and the degree of Dy(q)D.(q) + ENg(q)N.(q) is

ne + dy, it follows that the relative degree of G_;(q) is &. Finally,
point (iii) follows from the fact that the numerator of Eq. (79) is the
numerator of EGy(q) multiplied by q". O

The following result, which is an immediate consequence of
Proposition 4.4, provides necessary conditions for feasibility in the
SISO case.

Proposition 4: For all k > 0, assume that y, = z;, y;, and u; are
scalar. Furthermore, let 8, € R, let G¢(q) € R(q)prop» and assume
that G¢(q) is feasible. Then the following statements hold:

i) The leading numerator coefficient of G¢(q) is equal to the
leading numerator coefficient of —EGq(q).

ii) The relative degree of G¢(q) is equal to the relative degree
of G4(q).

iii) The zeros of G;(q) consist of the zeros of G4(q), as well as n,
zeros at zero.

E. RCAC with Feasible and Infeasible G¢(q) for SISO Systems

This subsection investigates the effect of feasible and infeasible
target models on the convergence of 6, ; given by Eq. (40). For all of
the examples in this and the following subsection, let G, (s) be given
by Eq. (72), and, for T, = 0.01 s/step, let G4(q) denote the ZOH
discretization of G, (s). In particular,

0.9988(q — 1.1628)(q — 0.7393)

G =
a(@) = = 0.9048)(q? — 1.905q + 0.994)

(80)

with Assume that w is matched, thatis, G, (s) = G,,(s), and let wy ; and vy
be zero-mean, Gaussian white noise with standard deviations 1 and
- 0.01, respectively. For various choices of the target model G¢(q), the
A ne _ ne—l_ ... _ p y g £(q
D@ =19 Piq e 73 following examples consider disturbance rejection with noisy mea-
surements with r, =0, E, =1, E, =0,and E = 1.
No(q) 2 0,q" '+ - +0,. (76) Example 2: Feas_ible Q,~(q). A linear—qgadratic—Gaussian (LQG)
controller G| o (q) is designed for G4(q) given by Eq. (80) using the
MATLAB command lqg with Q,, = I4 and Q,, = I4. The LQG
Ge(q) = D' (q)N(q) an controller
Nigs(@)
~ 4 LQGVU
Definition 2: Let 6 ; be given by Eq. (40), and G ;; . (q) be given by Cas(@ Dy o(q) D)
Eq. (65). Then the asymptotic feasibility distance is
is used to construct
foo £ lim sup”Gzﬁ,k(q) - Gf(q)”oo (78) n
o Giroc(q) = —a'Ns@ (32)
. o " Dy(q)Droc(4) + Na(@)Nrga(q)
For the SISO case, the following result identifies several features of
G (q) that are determined by G4(q). The corresponding closed-loop target model is given by
—0.9988q°(q — 1.1628)(q — 0.7393)
Gf.LQG(q) = (83)

(q — 0.8878)(q — 0.2118)(q% — 1.199q + 0.3738)(q> — 0.0926q + 0.1148)
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alie Bouad 2,

— Open loop
10-2 — Closed loop

c) t(s)

g -12» Ciao ]
= === G100
o 201 1
= -30p, ‘ ‘ ‘ 1
b)
g 9 1
2 of & :
= = = = G.i,1000

0 /a /2 3/ .
d) Frequency (rad/step)

Fig.6 Example 2: a) open- and closed-loop responses; b) frequency response of Gy, (q) and G 1000(Q); €) [ Zopp, k| and | Z¢mp « |5 d) frequency response of

Gi(q) and G z,1000(q)-

Note that Eq. (83) is feasible by construction. Since Gy 1o(q) is
feasible, Proposition 3 implies that its leading numerator coefficient
—0.9988 and relative degree 1 are the same as those of —EG4(q)
and that its zeros 0, 0.7393 and 1.1628 are the zeros of G4(q) as well
as n =3 zeros at zero. Next, adaptive control is applied with
Gi(q) = Gi106(Q), peo = 107, and n, = n = 3. Figure 6d shows

that 52,;_1000 (q) and G¢(q) have similar frequency responses, which
is consistent with the fact that Gy | o (q) is feasible. Moreover, Fig. 6b
shows that G j900(q) and Grog(q) have similar frequency
responses, which suggests that the adaptive controller approximately
converges to the LQG controller.

Example 3: Robustness to infeasible G¢(q). To investigate the
robustness of the feasible target model Eq. (83), the target model is
chosen to be various infeasible perturbations of the feasible target
model given by

Gi(q) = aneGrLoc(@) (84)
1
Gi(q) = qa?Gf,LQG(q) (85)

—0.9988q°3(q — 1.1628)(q — ayp)

Gi(q) =

The suppression metric g, is defined as the ratio of the root-mean-
square of the last 1000 subinterval steps of the open-loop response
and the closed-loop response in dB. The case g, > 0 corresponds to
disturbance suppression relative to the response of the open-loop
system. Simulations where either g, < 0 or the output of the closed-
loop system diverges are indicated as failures.

To investigate the closed-loop performance with an off-nominal
target model, ajnc, Orp, amp, and anyp are varied from their
nominal values, and RCAC is applied with n, =n =3, p.o =
1000, for 0 <t < 20 s. Figure 7 shows that the adaptive controller
can be applied with the target models (84-87), where o nc, ayp, and
anvp are off-nominal. In particular, Fig. 7 shows the suppression
metric g, and asymptotic feasibility distance f,, for target models
with various sources of infeasibility. Figures 7a and 7e show g, and
f o, respectively, for Eq. (84), where ajnc € [—0.5, 6], which shows
that infeasibility due to the sign of the leading numerator coefficient
of the target model causes failure. However, the adaptive controller is
robust to infeasibility due to the magnitude of the leading numerator
coefficient of the target model. Figures 7b and 7f show g, and f,
respectively, for Eq. (85), where agp € {0, 1, 2, 3}, which shows that
infeasibility due to the relative degree of target model causes failure.
Figures 7c and 7g show g, and f,, respectively, for Eq. (87), where

(86)

(q — 0.8878)(q — 0.2118)(q — 1.199q + 0.3738)(q> — 0.0926q + 0.1148)

—0.9988q°(q — anyp)(q — 0.7393)

Gi(q) =

which reflect uncertainty in aj nc, @rp» Amp,> and anyvp, respectively.
Note that Eqs. (84—87) are equal to Eq. (83) for the nominal values

(q - 0.8878)(q — 0.2118)(q? — 1.199q + 0.3738)(q% — 0.0926q + 0.1148)

(87)

app € [—1.2, 1.2], which shows that the adaptive controller is robust
to infeasibility due to an incorrectly modeled MP zero in the target

ane = 1, arp = 0, avp = 0.7393, and anmp = model. However, note that the adaptive controller fails when an MP
1.1628, respectively. zero of G4(q) is replaced with a positive NMP zero in the target
J‘— n 053520550 10005500,
— 1 > 1 " ,.—Jk" 1 1
A5 i i | i i
s 1 1 1 1
S 1 1 1 1
0 1 1 1 1
a) b) ©) d
30 i 1 1
1 1 1
3 20 1 1 1
AL : ; l‘ A ﬁl' *\:\,,.
0 _:_I 1
0 6 0 1 2 -1 0 1 1 1.2 1.4
e) QLN f) agrp g) ap h) anmp

Fig.7 Example 3: For G;(q) given by Eqgs. (84-87), a-d) show g, and e-h) show f . The dashed lines indicate nominal values of a; x¢, @rp, @\p, and

anvp; the shaded regions indicate values for which g, < 0.
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model. Figures 7d and 7h show g, and f,, respectively, for Eq. (87),
where anyp € [0.9, 1.5], which shows that the adaptive controller is
robust to infeasibility due to an incorrectly modeled NMP zero in the
target model. Note that the adaptive controller fails when ayyp < 11in
the target model (87), that is, when the NMP zero in the feasible target
model (83) is replaced with an MP zero. <o

F. Construction of G;(q) for SISO Systems

Example 3 shows that RCAC can reject disturbances with an
infeasible G;(q) as long as G¢(q) shares certain properties with
—FEGy(q), as described by the following definition.

Definition 3: Assume that EG4(q) is SISO, and let G¢(q) be a
proper SISO transfer function. Then G;(q) is quasi-feasible if the
following statements hold:

i) The leading numerator coefficients of G;(q) and —EG4(q) have
the same sign.

ii) G¢(q) and —EG4(q) have the same relative degree.

iii) G¢(q) and —EG(q) have the same NMP zeros.

Note that a quasi-feasible target model may be feasible; however,
most quasi-feasible target model are infeasible

Definition 4: The nominal target model is the minimal-order,
quasi-feasible FIR target model whose leading numerator coefficient
is equal to the leading numerator coefficient of —EG4(q).

Note that the nominal target model is uniquely defined. Further-
more, the nominal target model may be feasible; however, in most
cases, the nominal target model is infeasible The rationale for choos-
ing the nominal target model to be FIR is the fact that the target
location for each closed-loop pole is the center of the open unit disk.
For details, see [20]. Note that the nominal target model for —EG4(q),
with G4(q) given by Eq. (80), is

1.1628

Gralq) = —0.9988 1~ e (88)

The following example investigates the efficacy of the nominal target
model when the required modeling information is uncertain.

Example 4: Robustness to perturbations from the nominal target
model. To investigate the robustness of the nominal target model, first
consider the case where G(q) given by Eq. (88). Figure 8 shows the
suppression metric g, and the asymptotic feasibility distance f, for
this choice of target model, marked with the vertical red dashed lines.

Next, the target model is chosen to be a perturbation of the nominal
target model given by the off-nominal target models

which reflect uncertainty in o nc, Orp, and anyp, respectively. Note
that Egs. (89), (90), and (91) are equal to G;,(q) for the nominal
values apnec = 1, agp = 0, and anyp = 1.1628, respectively. To
investigate the closed-loop performance with an off-nominal target
model, oy nc, arp. and anyp are varied from their nominal values,
and adaptive control is applied with n, = 10, p., = 1000, for
0 <t <20 s. Figure 8 shows that the adaptive controller can be
applied with the target models Ginc(q) and Gynyp(q), Where
o nc and anyp are off-nominal.
Example 4 suggests that G;(q) can be constructed as

Nz —_— .
Gi(a) = =G 7“:1(1(3 A 92)

where G, @, ;, N,, £, are the leading numerator coefficient, all NMP
zeros, number of NMP zeros, and relative degree of EG4(q), respec-
tively. Note that the minus sign in Eq. (92) is due to the minus sign
in Eq. (7).

Example 5: Unmodeled NMP zeros and the retrospective perfor-
mance-variable decomposition. Let G¢(q) = —(0.9988/q), which
has the same leading numerator coefficient and relative degree as
—EG4(q); however, it does not have the NMP zero of Gy(q).
Adaptive control is applied with E, =1, E, =0, E =1, n, = 16,
and p.o = 1000.

As shown by Examples 1 and 2, the minimization of the retro-
spective performance variable z; (6, ;) leads to matching between

5“”(“ (6..x41) and G¢(q). Figure 9h shows that this is what happens
for this example as well. Because Eq. (65) has an NMP zero at
1.1628 rad/step and G¢(q) does not, the optimization attempts to
cancel this NMP zero using the denominator of Eq. (65). This results
in a controller pole at the NMP zero as shown in Fig. 9g, which results
in a hidden instability, demonstrated by the lack of divergence of |z;|
and the exponential divergence of |u,|, as shown in Figs. 9e and 9a,
respectively.

Additionally, as shown in Fig. 9b, the spectral radius of
D,(qQ)D.(q) + N,(q)N.(q), which is the denominator polynomial
of all closed-loop transfer functions, converges to a value greater than
1, which shows that all the closed-loop transfer functions are unsta-
ble. However, since Gy(q) is asymptotically stable, and |z;| and
i3 (0. 4+ 1) remain small, it follows from Eq. (46) that Zey ; (0 x11)
remains small, as shown in Fig. 9d. This in turn implies that
Zoppk (Oc k+1) R —Zimp k (O x+1), Which can be seen in Fig. 9f. <

G. MIMO Example
To investigate the role of the target model G¢(q) in MIMO case,

Gi(q) = aineGry 89
1@ = aincGra(@) 9 note that the closed-loop transfer function from r, to y; is given by
Gi(q) = ~0.9988 4 ;21 1028 90) G (@) = [T, + Ga()Ge(@)]™ Ga(a)Ge (@) (93)
= Ga(@ll,, + Ge()Ga(@)]"'Ge(@) %4
q — anmp
G = —0.9988 ——— 91 _
@ ¢ on ~ GG, + Ga(@Ge(@)] ©5)
10 i i N
) ! !
= 5 % M
& , ,
0 ) A i 1 1
a) b) ¢)
o [
] ]
£ 5y I I
WAV A, N, ¥ ! | . | e |
8.8 0.9 1 1.1 1.2 1.3 0 2 3 1 1.2 1.4
d) arNc € QRD f) anmp

Fig.8 Example4: For G;(q) given by Egs. (89-91), a—c) show g, and d-f) show f ... The dashed lines indicate nominal values of @y n¢, @rp, and ayyp; the

shaded regions indicate values for which g, < 0.
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Fig.9 Example 5: a) open- and closed-loop responses; b) spectral radius of D, D, + N, N.;h) ||’G~Z,;,kJr 1(q9) — G¢(q) || > coded by color for the stability of

Gzzi,k+1 (Q)'

assume that G4(q) and G.(q) have full normal rank, and consider the
definitions and propositions in Appendix A. Note that, if G4(q) is
square, then Proposition 8 implies that CZ(Gy, G..) and CZ(G,, G4)
are both empty. Alternatively, consider the case where p # m, and
thus G4(q) in Fig. 2 is rectangular. Note that both products G4G. €
R(q)%es and G.G,4 € R(q)2xm appear in Eqs. (93-95). In particular,
in the case where m > p, G.(q)G4(q) is up-squared, and thus
CZ(G,, Gy) is empty, whereas G4(q)G.(q) is down-squared, and
thus CZ(Gy, G.) may be nonempty. On the other hand, in the case
m < p, G4(q)G.(q) is up-squared, and thus CZ(Gy, G.) is empty,
whereas G.(q)G4(q) is down-squared, and thus CZ(G., G4) may be
nonempty. As shown in the next example, cascade zeros of the down-
squared loop transfer function may be cancelled by RCAC.

Example 6: Cancellation of an NMP cascade zero. Consider G, ()
and G, (s) given by Egs. (3) and (4) with

[-80 0 0 0 -1.8 135 -085
0 -20 0 0 1.02 -0.22 -1.12
A= . B=
-80 0 —10 —40 0.13 -059 253
|80 0 40 -10 071 -029 1.66
[0
1
B, = (96)
0
K
[ 131 -087 079 -833
C__—1.26 218 -133 —6.45]’ D=0 O

and T, = 0.01 s/step. Note that A is asymptotically stable. Let
(A4, By, C4, Dy) be a minimal realization of G4(q). The objective

is to reject the effect of a white, zero-mean, Gaussian disturbance on
both components of y; =[yix y24]7, and thus E = I,. For
Eqgs. (96) and (97), EG4(q) has no transmission zeros and no NMP
channel zeros. Let w; ; and vy be zero-mean, Gaussian white noise
with standard deviations 1 and 0.001, respectively. Using the Markov
parameters H, = CyqBy and H, = C4AyBg4 of G4(q), let

G =-——-— (98)
q

This choice of G¢(q) ensures that u, is not restricted to a subspace of
R™, where m = 3, as shown in [35]. With G¢(q) given by Eq. (98)
and p.y = 10°, E, = I, E, = 0, n. = 20, Fig. 10 shows that a
controller pole cancels an NMP cascade zero of (Ggy, G s09) at
1.168 rad/step, which causes the control u; to diverge. Note that
G4(q)G, 509(q) does not have a transmission zero at 1.168 rad/step
due to pole-zero cancellation, and thus the zero at 1.168 rad/step is
an evanescent NMP zero of (Gy, G, 509). <

IV. Online Identification Using Recursive Least Squares

This section investigates the performance of RLS for online,
closed-loop identification. The goal is to estimate key features of
the open-loop transfer function —EGy(q) from u; to z; needed to
construct G¢(q), which, as shown in Sec. III, serves as the target
model for 5‘.ﬁyk(q). Because closed-loop identification may lead to
biased estimates, open-loop identification is also considered in order
to provide a baseline comparison.

A. Recursive Least Squares-Based Identification

In this subsection, RLSID is used to identify EG4(q). The transfer
function EG4(q) from u, to y,; is given by



Downloaded by UNIV OF MICHIGAN on January 12, 2022 | http://arc.aiaa.org | DOI: 10.2514/1.G005778

ISLAM ET AL. 1743

0.02

O EZ(Gq4,Gesm) O\%( = 0
X pole(G.s09) x -\ -0.

o
N
N
w
N
[¢]

) t(s)

Fig. 10 Example 6: a) EZ(G4,G. 509) and controller poles, where an NMP element of CZ(G4,G s09) is cancelled by a controller pole. b,d) Closed-loop

response; ¢,e,g) all components of u; diverge; f) 6, .

EGy(q)=(,q"+Fq" "'+ +F,) " (Goq"+G1q" '+ --- +G,)

99)
where Gy, ...,G, €R™ and Fy,...,F, €R?PY are the
numerator and denominator coefficients of the transfer function,

respectively.

Consider the sampled-data identification architecture shown in
Fig. 11, which is based on Fig. 2.

Since E is known, y,; = Ey; can be computed internally by
RLSID. Furthermore, at each step k, the requested control input u;,
and the measurement y; are assumed to be available. To identify
EG4(q), a model of the form

n n
Yok = — Z Fikyep-i Z E (100)
i=1 i=0

is fit to data where 5 is the RLSID window length, and
Gojs--- Gy €ERP™, and Fyy, ..., F, € R™? are numerator
and denominator coefficient matrices that are to be estimated.

Next, note that Eq. (100) can be written as

Yok = PmiOmi (101)

where

- a7
—Vzk-1

bk A | “Vak—y ®I, € R%%lon, (102)
. u
L Uk—n
Hm,k = VECI:Fl,k ce Fr/,kG(),k s G”’k:l (S Rlem (103)

is the model coefficient vector, and Iy = nq> + (7 + 1)gm. The
model-output error is defined by

Znk(Om) £ Yok = PO (104)

RLSID

Fig. 11 Online identification using RLSID.

where 0,, is an argument for optimization of the form
0, 2 vec[F1 o F,Gy e G,,] € R (105)

Next, to apply RLSID, note that the minimizer 6,,,,; of the
quadratic cost function

k

T0m) 2 20 i(0m) 21 (On) + Oy = Oun0) Pl (O — Or)
i=0

(106)

is given recursively by

Pm$k+1 = Pmﬁk - Pm,k¢;7;1,k(lq + ¢m,kPm,k¢£1,k)_1¢m,kPm,k (107)

Omitt = Omi + P15 x ok = PmiOmi) (108)

Note that 6,,, = 0 is chosen to reflect the absence of additional
modeling information, and Py, = piol;, , Where pyo € (0, )
is a tuning parameter. As shown by Example 7, the regularization
term (6, — O 0)” Prlo(0m — O ) in Eq. (106), which is a required
feature of RLS [36-39], causes the estimates to be biased. Although
the regularization-induced bias can be minimized by choosing p,, o to
be large, it cannot be entirely avoided. The RLSID model at step & is
given by

EGq(q) £ (1,q" + Frq™+ - +Fr/,k)_1(G0,kq,7+ o +Gyp)
(109)

Unless stated otherwise, for all of the examples in this paper RLSID is
applied with a strictly proper model, which is enforced by removing
u; and G ; from the definitions (102) and (103), respectively, and
redefining ly = ng(q + m).

B. Relative Degree and Leading Numerator Coefficient of SISO
Systems

In the case where u; and y,; are scalar, the transfer function
EG4(q) from u; to y,; can be expressed as

ENq4(q) Goq"+ -+ +G,
Dy(@) q"+Fiq"'+ .-+ +F,

EGq(q) = (110)

where n is the order of EGy4(q), and Gy, ...,G, €R and
Fy,...,F, €R are numerator and denominator coefficients,
respectively. The leading numerator coefficient of Eq. (110) is the
leftmost nonzero coefficient of ENy(q), and the relative degree of
Eq. (110) is & £ deg D4(q) — deg EN4(q). Note that G is leading
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numerator coefficient of EGy4(q), and, in the case where & > 1,
G() == Gf—l =0

C. Numerical Examples

For all of the examples in this section, let G, (s) be given by Case
1 in Table 1, and let G4(q) denote the ZOH discretization of G(s)
with T, = 0.03 s/step, and EG4(q) is a SISO 12th-order transfer
function with an NMP zero at 1.4901 rad/step. Furthermore, G, =
G, = G, =0 and G3 = 0.2972, and thus the relative degree of
EGy(q) is 3 and G; is its leading numerator coefficient. To assess
the ability of RLSID to estimate the relative degree and leading
numerator coefficient of EGy(q), G,; and G; are compared for
i = 1,2, 3. Furthermore, to assess the accuracy of the estimate of
the NMP zero of G4(q), the smallest distance d, ; between the zeros
of the RLSID model and the NMP zero of EG4(q) is computed at
each step. To assess the accuracy of open- and closed-loop identi-
fication, let = 12, which is the order of EG4(q). Each example in
this section involves 100 trials for 0 < ¢ < 1000 s.

Example 7: Open-loop RLSID with no disturbance, no sensor
noise, showing regularization-induced bias. Let the input u; of
G4(q) be zero-mean, Gaussian white noise with standard deviation
1, and let w;; = 0 and v; = 0. To demonstrate the effect of regu-
larization, RLSID is applied to the input-output data with two choices
of p,.0, namely, p,,o = 107 and p,, o = 10*, where p,, o = 1073
and p,, o = 10* correspond to large and small regularization, respec-
tively. A detailed treatment of regularization-induced bias in RLS is
found in [40]. The averaged results from 100 trials are shown in
Fig. 12. As shown in Fig. 12, the errors in the estimates of the first
three numerator coefficients and the NMP zero are larger for trials

ISLAM ET AL.

Example 8: Open-loop RLSID with disturbance and sensor noise.
Let the input u;, of G4(q) be zero-mean, Gaussian white noise with
standard deviation 1; letand p,,, o = 10*. To demonstrate the effect of
disturbance and sensor noise, RLSID is applied to the input-output
data, with w;, =0, vy =0, and with w;;, v, being zero-mean,
Gaussian white noise with standard deviations 10,1, respectively.
The averaged results from 100 trials are shown in Fig. 13. As shown
in Fig. 13, the errors in the estimates of the first three numerator
coefficients and the NMP zero are larger for the trials with disturb-
ance and sensor noise present. &

Example 9: Closed-loop RLSID with LQG Control. To demon-
strate the effect of closed-loop control, RLSID is applied to the input-
output data for open- and closed-loop scenarios. In particular, for
open-loop simulations, u; is zero-mean, Gaussian white noise with
standard deviation 1, and for closed-loop simulations u;, is given by
an LQG feedback controller designed using the MATLAB command
lqg with Q,,, = Q,,, = I,3. Let w; ; and v; be zero-mean, Gaussian
white noise with standard deviations 0.05 and 0.005, respectively. For
RLSID set py, o = 10*. The averaged results from 100 trials are
shown in Fig. 14. As shown in Fig. 14, the errors in the estimates
of the first three numerator coefficients and the NMP zero are larger
for closed-loop input-output data relative to open-loop input-output
data. <

V. Data-Driven Retrospective Cost Adaptive Control

This section describes DDRCAC [41], which combines RLSID
with RLS-based adaptive control (RLSAC). The online identification
uses RLS to fit an IIR model based on data y,; and u; collected
during closed-loop operation. At each step, the identified IIR

with larger regularization. < model is used to construct a time-dependent target model Gy ;(q).
10° 10° 10°
- "o -1
O 10 S 10 = Pmo =107 \ 107
L | 1072} |= Pmo=107° =
& o3 -2
S 10°® & 10—3”/' 10
0 10_4 0 1 2 3 0 1 2 3
10 10 10 10 10 10 10 10 10
» b 20 o 20
Fig. 12 Example 7: Regularization in RLSID. Averaged a) estimation errors for Gy, G,; b) estimation error for G;; and ¢) d, ;. The accuracy of the

identification is poor when the regularization is large.
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Fig.13 Example 8: Disturbance and sensor noise in RLSID. Averaged a) estimation errors for Gy, G,; b) estimation error for G3; and ¢) d, ;. Disturbance

and sensor noise degrade identification accuracy.
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Fig.14 Example9: Closed-loop RLSID. Averaged a) estimation errors for G, G,; b) estimation error for G3; and c) d, ;. The closed-loop identification

accuracy is poor compared with open-loop identification.
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In particular, G¢ ;(q) is constructed as an FIR filter whose numerator
is chosen to be the numerator of the latest identified IIR model. Note
that this online technique for constructing Gy ;(q) is a variation of the
offline technique described in Sec. III, where G¢(q) was constructed
using only the NMP zeros of EG4(q). This approach avoids the need
to compute NMP zeros during online operation and can be used in the
MIMO case, where the numerator of the RLSID model is a g X m
polynomial matrix. This target model is then used by RLSAC to
update the coefficients of an IIR controller. For DDRCAC, both RLS
implementations use VREF, as given by the following result [23].
Proposition 5: Forall k > 0, let y, € RS, ¢, € R5%4, 4, € (0, 1],
and define p; £ [1%_, 4;. Let ) € R%, and let Py € Rl be pos-
itive definite. Furthermore, for all £ > 0, denote the minimizer of

k
Ji(6) & Z& (i = ¢:0)" (i — $:0) + pr(0 — 65)" P5' (6 — 6p)
i=0 Pi

(111)

where 6 € R/, by 6, 2 argminJ,(6). Then, for all k > 0, 6, is
6eR'
given by

~ 1 - 1 - _ _
P = ZPk _Zpkgbl(/lkll; + P Pi Py (112)

Opr1 = O + Priadl Gk — i0p) (113)

For RLSID and RLSAC, a technique for specifying 4, is given later in
this section.

A. Recursive Least Squares-Based Identification

To identify EG4(q), an IIR model of the form Eq. (100) is fit to
data. Since E is known, y_; = Ey, can be computed internally by
RLSID. Using Proposition 6, for all £ > 0 the model coefficient
vector 8, , is updated recursively using

1

Pogy1 = ﬂpm.k
m,

1
- Tkpm,kgbzx;_k(/lm,qu + ¢m.kPm,/<¢£1,k)_l¢m.kPm.k
m,

(114)

Omit1 = Omi + Prir1PE kot = PrniOmid) (115)

where ¢y, , and 0, ; are given by Egs. (102) and (103), respectively,
and P, o € RlonX!on is positive definite. The RLSID model atstep k is
given by
EGai(q) = (I, q" + Fiq" '+ - +F, )" (Goxq"+ -
- +Gyi) (116)

B. Recursive Least Squares-Based Adaptive Control
Define the strictly proper dynamic compensator

ug £ satg (e k0 ) (117)

where ¢, and 6., are given by Egs. (14) and (15), respectively. The
definition (117) represents an IIR controller whose output is saturated
componentwise by the scalar saturation function sat; defined by

(118)

A )X ;] < i,
t- i) = . _ _
satg, () { sign(x)u;, x| = u;

Next, define the filtered signals

ug = Gei(Q)uy (119)

brx 2 Ger(Qper (120)

where, for startup, ug; and ¢y are initialized at zero and thus are
computed as the forced responses of Eqs. (119) and (120), respec-
tively, and where G¢;(q) is the time-dependent target model con-
structed using the updated numerator coefficients G 41, - - - » Gy k11
of the model (100). In particular,

i] 1
Gra(@ 2 =) Gips p (121)
i=0

which has the same form as Eq. (92) except that Eq. (121) is time
varying, generalizes to MIMO systems, and includes all of the zeros
of EG4(q). In the case where ¢ = m = 1, it follows from G, =-
-+= Gg_1x = 0and G¢; = G that Eq. (121) and —EG4(q) have the
same leading numerator coefficient and relative degree. Note that, at
each step k, the numerator of Eq. (121) is chosen to be the numerator
of Eq. (116). If there exists k > 0 such that Gy =---= G, =
Ogxm- then G 1(q) is chosen to be

Gf,k(q) £ _1q><m (]22)
The retrospective performance variable is defined to be
20(0c) £ 7 — ug + ¢e0e (123)

Using Egs. (121) and (122), Eq. (123) can be expressed as

2:(0.) 2 73 = N Uy + Ny @ 16, (124)
where
N, 2 [~1xn0 -+~ 0], Gosy1 == Gp =0,
¢ [=Gok+41 -+ —Gyiq1]. otherwise

(125)

Ny € R<0Dm i and ¢, are given by Egs. (27) and (28) with
ng = n, respectively, and G iy 1, ..., Gy 11 € R?" are the numer-
ator coefficients of the RLSID model. Note that, by performing the
RLSID update at step k before the RLSAC update, it follows thus the
estimated numerator coefficients Go g, ..., G, 41 are available
for constructing N, at step k.

Next, define the controller cost variable

E 2(6.)
Eud)c,kgc
EAu (¢c‘k6c - uk)

zex(0:) 2 € Retn+n (126)

where the performance weighting E, € R?*Y is nonsingular and
E,e R E,, € R?™ are the control weighting and control-
move weighting, respectively. If £, = 0 and E,,, = 0, thenr; =0
and r, = 0, respectively, and all expressions involving E, and E,,
are omitted from Eq. (126), as well as from all subsequent expres-
sions. Note that

ZCA,k(Hc)TZc.k(ac) = ék(gc)Tszk(ac) + ag-(:bz-,kRuqbc,kac

+ (e 0 — u)" PL i Rautbe k(P rbc — uy)
(127)

where R, 2 ETE, € R?% is positive definite, and R, £ ETE, €
R™m Ry, 2 ET Ea, € R™™ are positive semidefinite.

Using Proposition 6, for all k£ > 0 the controller coefficient vector
6.« is updated recursively using
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1
Peyi = EPC.,(
- tPC‘k¢£:,k(lc‘k1q+r|+r2 + ¢f°‘kPC~k¢ch.k)_ld’fc,kpc,k
(128)
Ocit1 = Ock + Peri 1P, ek = Prerbes) (129)
where
_Ezzk - E,N, U,
Ve.k £ 0 € R+t
L —Epqttr
[-EN®.,
Prek £ —E, ek € R@+ri+r)Xlg, (130)
| —Esudex

and P, € Rle>le. is positive definite.

For all of the examples in this paper, 6,, ; and 6, ; are initialized as
0, and thus Eq. (122) is invoked at startup. This assumption reflects
the absence of additional prior modeling information; however, ,, ;
and @ ; can be initialized based on any available modeling informa-
tion. To initialize RLSAC and RLSID, P, = p ! lo, and P, =
Peol,  are chosen, where, for convenience, p.o > 0 is a common
tuning parameter.

C. Data-Dependent Variable Rate Forgetting
For data-dependent VRE, set

1

Ank = (131)
T+ ee@mprye - am) e Gmpegye -+ )]
Ak = ! (132)
ok 1 + Se(zkf‘r(p ey Zk)l[e(zkf‘rdﬁ ey Zk)]
where
A % ;(:k—r” x;'rxi
e(Xp—gyr- s Xp) = -1.2 (133)
% {'(:k—'td xthi

“1” is the step function that is O for negative arguments and 1 for
nonnegative arguments, and ¢(0, ...,0) £ 0. In Eqgs. (131-133),
e >0, 0 < 7, <14 are numerator and denominator window lengths,
respectively. If the sequence x;_.,, ...,x; iS zero-mean noise,
then the numerator and denominator of Eq. (133) approximate the
average standard deviation of the noise over the intervals [k — 7,,, k]
and [k — 74, k], respectively. In particular, by choosing 74 > 7,,
it follows that the denominator of Eq. (133) approximates the
long-term-average standard deviation of x;, whereas the numerator
of Eq. (133) approximates the short-term-average standard deviation
of x;. Consequently, the case e(x;_,,, ..., X;) > 0 implies that the
short-term-average standard deviation of x; is greater than the long-
term-average standard deviation of x; plus a threshold of 0.2. The
function e(x;_;,, ..., x;) used in VRF suspends forgetting when
the short-term-average standard deviation of x; drops below 1.2 times
the long-term-average standard deviation of x;. This technique
thus prevents forgetting in RLSID and RCAC due to zero-mean
sensor noise with constant standard deviation rather than due to the
magnitude of the noise-free identification error and command-
following error.

A list of parameters to be selected for DDRCAC is presented in
Table 2.

Table 2 Tuning parameters that need to be selected for DDRCAC

Parameter Description Selection

n Model window length Integer > 1 (1-10)

ne Controller window length Integer > 1 (2-40)

E, Control weighting scaled m X m identity

Ep, Control move weighting scaled m X m identity

u Control saturation-limit vector ~ 95% actuator saturation limit
Initial RLS covariance scaling

Peo for RLSAC and RLSID Peo>0

€ Forgetting parameter 0<e<1(0.001-0.2)

Tps T4 Forgetting window lengths Integers 74>,

(z, € [1-400], 74 ~37,)

D. Numerical Examples
This subsection demonstrates DDRCAC, which uses no prior
knowledge of EG4(q) and thus, in particular, no prior knowledge
of the leading numerator coefficient, NMP zeros, or relative degree of
EGg4(q). Unless stated otherwise, all of the examples in this sub-
section use the same tuning parameters, namely, p.o = 10°, n = 4,
n.=20,E=1,E,=1,E, =0.1,E;, =0,e = 0.001, 7, = 200,
74 = 600, and u = 1. Furthermore, for all of the examples in this
section 7, £ z;. As in Sec. IV.C, the ability of RLSID to estimate the
leading numerator coefficient and relative degree of EGy(q) is
investigated by comparing the first £ numerator coefficients of the
RLSID model and EG4(q). For all of the examples in this subsection,
RLSID and RLSAC are applied with a strictly proper RLSID model
and target model, respectively, which is enforced by removing u, and
Gy from the definitions (102) and (103), respectively, redefining
lg, = nq(q + m) and
N, 2 {[_qumo O]’ GO,k+1 =
k [-Gis+1 --+ —Gyes1l.  otherwise

= G;],k = 07

(134)

where N, € R7™,
Example 10: Interaction between RLSID and RLSAC. Let

100(s — 10)(s + 30)

G =
u(s) (S+ ]())(52—]05"‘ 1000)

(135)

which is unstable and NMP, and, for T, = 0.01 s/step, let G4(q)
denote the ZOH discretization of G,(s). Then the NMP zero,
leading numerator coefficient, and relative degree of Gy4(q) are
1.1056 rad/step, G; = G; = 1.079, and & = 1, respectively. Let
wy; = 0, and let v, be zero-mean, Gaussian white noise with stan-
dard deviation 0.001.

For command following with r;, = sin 0.237;k, control is applied
using an LQG controller designed for (Ay, By, Cy, D4) augmented
with a model of the harmonic command, using the MATLAB com-
mand lqg, with weights Q,,, = Q,,, = I¢. Figures 15a and 15c show
the response and control u; for the LQG controller, respectively.
RLSID with VRF given by Eqs. (114) and (115) is used for closed-
loop identification with the time-invariant LQG controller, as shown
in Figs. 15¢ and 15h. In this case, the leading numerator coefficient
and NMP zero of G4(q) are estimated poorly, as shown by Figs. 15g
and 15h.

Next, adaptive control is applied with = 10, where Figs. 15k and
15m show that, at #~ 0.1 s, the leading numerator coefficient is
correctly estimated, but the estimate of the NMP zero of G4(q) is
erroneous. The initially poor RLSID model at 7 = 0.1 s results in a
poor, infeasible target model, which induces a large transient response
in y,; and u; for 0 <t <1 s. The additional persistency of this
transient response, however, facilitates subsequent identification of
the NMP zero of G4(q) at # = 0.85 s, as shown in Fig. 15g. Note
that 0, , is converged for ¢ > 0.41 s, and thus the time-dependent
target model is also converged. With the converged time-dependent
target model, Fig. 15g shows that RLS with VRF facilitates further
adaptationof 6, ; fort > 0.41 s,and 6, ; is converged forz > 1 s. This
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Fig.15 Example 10: RLSID with LQG yields biased estimates of G, and the NMP zero of G4 (q); for adaptive control, the biases in (k) and (m) are smaller.

The vertical dashed lines denote the settling times of 0,, ;, and 0 ;.

example thus illustrates mutually beneficial interaction between
RLSID and RLSAC. <

Example 11: RCAC, DDRCAC, and 7;(6.. ;1) decomposition. Let
G, (s) be given by Case 2 in Table 1 with Ty = 0.01 s/step. To avoid
numerical issues arising from the need for multiple discretized sys-
tems, the disturbance w; is assumed to be constant within each
sampling interval [kT, (k + 1)T). Because G, (s) is lightly damped,
high-precision arithmetic is used to compare the left- and right-hand
sides of Eq. (48).

For disturbance rejection, let r;, = 0, and let w; and v, be zero-
mean, Gaussian white noise with standard deviations 0.1 and 0.001,
respectively. Three scenarios are considered, namely, i) RCAC with
the nominal target model

~1.107
Gi(q) = —0.153%

which assumes knowledge of the true leading numerator coefficient,
NMP zeros, and relative degree of EG4(q); ii) RCAC with the off-
nominal target model

~12
G(q) = —0.35(‘1(172)

where the leading numerator coefficient is erroneous by a factor of
2.29 and the NMP zero is erroneous by a factor of 1.08; and
iii) DDRCAC. RCAC is applied with n. =20, E, = 0.1, E, =1,

and p. = 10°, which are identical to the tuning parameters for
DDRCAC specified above.

The first, second, and third columns of Fig. 16 correspond to
scenarios (i), (ii), and (iii), respectively. Note that the closed-loop
performance degrades significantly due to the use of the off-nominal
target model. However, with no prior knowledge of the system
dynamics, DDRCAC achieves closed-loop performance similar to
RCAC with the nominal target model.

Figure 17 shows the RLSID coefficients 8, ;; the true and esti-
mated leading numerator coefficients G, and G, respectively; the
VREF factors A, 4, A ; and the closest distance d, ; between the zeros
of the RLSID model and the NMP zero of EG4(q). Note that RLSID
approximates the leading numerator coefficient, NMP zero, and
relative degree of EG4(q), and thus the time-dependent target model
(121) approximates the nominal target model. <

Example 12: Effect of sensor noise and p. . Let G, (s) be given by
Case 3 in Table 1 with 7, = 0.01 s/step. Then the NMP zeros,
leading numerator coefficient, and relative degree of G4(q) are
11.106 & 0.106,} rad/step, G = 0.128, and ¢ = 3, respectively.
Hence, G; = 0, G, = 0, and G;; = G3 = 0.128. The time-depen-
dent target model (121) has the same leading numerator coefficient
and relative degree as —EG4(q), and is thus equal to the nominal
target model, if Gy =+ = G;_; x = 0 and G;; = Gg.

Let r, =0, let w;; be Gaussian white noise with standard
deviation 0.1 and mean 0.5, and consider three scenarios, where v,
is zero-mean, Gaussian white noise with standard deviations 0.001,
0.01, and 0.1; these scenarios correspond to the first, second, and
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Fig. 16 Example 11: Columns 1-3 correspond to RCAC with the nominal target model, RCAC with an off-nominal target model, and DDRCAC. The

performance of DDRCAC is similar to the performance RCAC in column 1.
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Fig. 17 Example 11: a) RLSID coefficients 6, ; ; b) identified and true
leading numerator coefficients, G, ;, and G, respectively; c) forgetting
factors Ay, x and A ; for RLSID and RLSAGC, respectively; d) d ;.

third columns of Fig. 18, respectively. The measurement signal-to-
noise ratio (SNR) is defined to be the ratio of the root-mean-square of
the last 1000 subinterval steps of y; to the root-mean-square of the
last 1000 subinterval steps of v;. Note that the suppression metric g
decreases as SNR increases.

Next, to investigate the effect of p_ , three disturbance rejection
scenarios with r;, = 0 are considered, where p, ¢ is 10, 102, and 10°;
these scenarios correspond to the first, second, and third columns
of Fig. 19, respectively. Note that, although the transient response
of identified numerator coefficients increases with p. o, the level of
asymptotic disturbance suppression is largely insensitive to the
choice of p 4. ¢

Example 13: Example 6 revisited using DDRCAC. As shown in
Example 6, the control of nonsquare MIMO systems using RCAC
can cause the creation of NMP cascade zeros of (Gq4, G ) that are
cancelled by poles of G ;, leading to the divergence of u;. DDRCAC
isapplied with E,, = 0, and thus the tuning parameters are identical to
the RCAC tuning parameters in Example 6. As in Example 6, Fig. 20
shows that the controller gives rise to NMP cascade zeros. However,
unlike Example 6, these NMP zeros are not cancelled by the con-
troller, and thus u; does not diverge. <

Example 14: Time-varying relative degree and NMP zeros with
abrupt and smooth transitions. Let w; ; and v; be zero-mean, Gaus-
sian white noise with standard deviations 0.1 and 0.01, respectively,
and r, = 0. Let G (s), G,(s), and G5(s) be given by Case 1, Case 2,
and Case 3 in Table 1, respectively, with minimal realizations
(A1, B, C1.Dy), (A3, By,Cy,D;), and (A3, B, C3, D3), tespec-
tively. Furthermore, at each intersample time step t = (k/10)T, let
G, (s) be given by Egs. (1) and (2) with

A1) 2 (A3, A1, A5 1), B, (1) = B(1) £ {(B,. By, B3, 1),

C(1) ££(C,,C,,C3.1),  D(1) £1£(Dy, Dy, D3, 1) (136)
M, t <10 s,
M,, 10<t<15s,
f(M17M2!M3’[) £ t—10
M2+(M2—Ml) 3 s 15<ZS205,
M;, t>20s
(137)

Note that, at + = 10 s the relative degree of the discretization of
Eq. (136) changes from 1 to 3, and during 15 < ¢ < 20 s, the dynam-
ics of the discretization of Eq. (136) smoothly transition from a single
real NMP zero at 1.1078 rad/step to a pair of complex NMP zeros
at {1.106 £ 0.106;} rad/step.

Figure 21 shows that the adaptive controller rejects the disturbance
despite the unknown, abrupt, and smooth transitions in the dynamics
Eq. (136). Note that in Fig. 21f, G is equal to G, for t < 10 s
and equal to G3 for ¢ > 10 s. Furthermore, note that G¢_; x, G«
are undefined for 1 <10 s, and are thus plotted for > 10 s in
Fig. 21d. <

VI. Adaptive Flight Control

In this section, DDRCAC is applied to several flight-control
problems, namely, i) roll control of a hypersonic aircraft with an
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Fig.18 Example 12: Columns 1-3 correspond to v; with standard deviations 0.001, 0.01, and 0.1. The insets in (m), (n), and (o) show the full range of the
transient response.
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Fig. 19 Example 12: Columns 1-3 correspond to p. g = 10, p. o = 10%, p. o = 10°. The inset in (o) shows the full range of the transient response.
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Fig. 20 Example 13: Example 4.7 revisited using DDRCAC. Unlike Example 4.7, no NMP cascade zeros are cancelled by the controller.
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Fig.21 Example 14: Disturbance rejection for Eq. (136). The relative degree changes from 1to3at¢ = 10 s, and, during ¢ € [15,20] s, the discretization
of Eq. (136) transitions from one real NMP zero to two complex NMP zeros.

unknown transition from MP to NMP dynamics, ii) pitch-rate control
of a flexible aircraft, iii) flutter suppression, and iv) normal-accel-
eration control a nonlinear planar missile. For consistency in apply-
ing DDRCAC, an exactly proper model structure is used for RLSID
for all of the examples in this section. Furthermore, the signal-to-
noise ratio (SNR) between y; and v; is computed for all of the
subinterval steps of each example. Note that the first three examples
are linear, whereas the last example is nonlinear.

Example 15: Roll control of a hypersonic aircraft with an unknown
transition from MP to NMP dynamics. Consider the linearized lateral
dynamics of a hypersonic aircraft [42-44], given by Egs. (1) and (2)
with

-0.0771 0.269 —-0.9631 0.0397
AQ) N Z(t,-25.6,—108.8) 0.0218 0.0995 0
N ,
£(t,0.6160,0.4107) 0.0376 —0.2687 0

0 1 —0.4202 0.0058
~0.0002
2.519
B(1) = B, (1) £ (138)
£(t,-0.0222, —0.0665)
0

C2[0 0 0 1] D =0,
a, <80 s,

£(t,a,b) 2 a+l;()80(b—a), 80 <1< 100s, (13
b, t>100s

where the components of x(f) 2 [f(r) p(t) 7(1) ¢@)]" are
sideslip angle in rad, body x-axis angular velocity in rad/s, body z-
axis angular velocity in rad/s, and roll angle in rad, and the dynamics
transition from MP to NMP. Note that, in the case of full-state feed-
back, thatis, C = I, Egs. (138) and (139) possess no zeros and thus
no NMP zeros. For this example, however, output feedback is
assumed, and thus Eqs. (138) and (139) may have NMP zeros. In
addition, the measurements of the roll angle ¢b(¢) are assumed to be
noisy. The roll-angle command is given by

10sin 0.287(k deg,
12sin0.217k deg,

t<250s,
250 <1< 400 s,

re =4 —10 deg, 400 <t <450 s, (140)
10 deg, 450 <t <500 s,
—10 deg, t>550s

which is a harmonic signal that abruptly changes frequency, followed
by a sequence of step commands. The instantaneous poles and zeros
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Fig. 22 Example 15: Instantaneous a) continuous- and b) discrete-time
poles and zeros of the hypersonic aircraft during the transition from 80 to
100 s. The details of the transition are assumed to be unknown.

of EG,(s) and EG4(q) as functions of 7 are shown in Figs. 22a and
22b, respectively. The dynamics (138) and (139) and their discreti-
zation transition from MP to NMP.

The signal u(t) = §,(t) represents the asymmetric deflection of
the split flaps in radians. The actuator rate-saturation and magnitude-
saturation limits are 300 deg /s and 30 deg, respectively. Let wy ;
be Gaussian white noise with standard deviation 0.01 and mean
0.02, and let v, be zero-mean, Gaussian white noise with standard
deviation 0.001. The onset, duration, and time-dependence of the
transition from MP to NMP dynamics, which occurs during
[80, 100] s, are assumed to be unknown to the control algorithm.

Adaptive control is applied with E =1, T, = 0.25 s/step,
Vi ézk, Peo=10, =12, n. =12, E, =1, E, =0, E;, =
0.1, e = 0.01, 7, = 60, 74 = 300, and u = 30 deg. The response
to the command (141) in the presence of disturbance is shown in
Fig. 23. By adapting to the unknown, changing dynamics in
80 <t <100 s, RLSID and RLSAC are able to follow commands.

1 : :
0.995} M= ” ML i |
0.99} = Aok b

0 100 200 300 400 500
i) t(s)

Example 16: Pitch-rate control of a flexible aircraft. Consider the
pitch dynamics of a flexible aircraft [45] given by

(s —0.0143)(s — 0.4) [T2L, (5% + 2;0;5 + @)

s
G, (s) = —0.417
© O (s* 4+ 2w;s + oF)

(141)

where §; = 0.0423, {, = 0.147, {3 = 0.0136, {4, = 0.0125, @, =
4.883, w, =17.79, w3=22.04, w,=23.59, {;=0.0951, {,=
0.0358, {3 =0.0374, ¢, =0.149, {5 =0.021, ¢ = 0.0136,
w; = 0.0551, w, = 1.830, w3 = 12.40, w4 = 18.03, w5 = 21.25,
and wg = 22.04. This system represents a flexible aircraft cruising at
Mach 0.6 at 5000 ft, and includes aeroelastic effects. The transfer
function (141) is lightly damped, asymptotically stable, and MP. This
transfer function relates the elevator deflection &, in degrees to the
pitch rate ¢ measured at the cockpit in rad/s. The actuator rate-
saturation and magnitude-saturation limits are 300 deg /s and
30 deg, respectively.

Assume that G,(s) = G, (s) and let w;; and v; be zero-mean,
Gaussian white noise with standard deviations 0.1 and 0.001, respec-
tively. The pitch-rate command is

4 deg/s, 1<30s,
0 deg/s, 30<r<60s,
—4 deg/s, 60<t<90s,
re = (142)
0 deg/s, 90<r<120s,
4 deg/s, 120<t<150s,
0 deg/s, t>150s

For this example, the adaptive controller is configured for command
feedforward by defining

St [Z"} (143)

T

Adaptive control is applied with Ty = 0.1 s/step, E =1, p.o =
104, =38, n.=30, E,=1, E, =0, E, =0.01, £ =0.02,
7, = 60, 74 = 240, and u = 30 deg. The response to a sequence

(deg)

E2

3 (deg)

P (deg/s)

5 . : : :
&
_5 1 1 1 1
0 100 200 300 400 500
h) t (s)

Fig.23 Example 15: Response of the lateral dynamics of a hypersonic aircraft to harmonic and step commands with an unknown transition from MP to

NMP dynamics, which occurs within the shaded regions.
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Fig. 24 Example 16: Response of the flexible aircraft to a sequence of pitch-rate step commands.

of step commands in the presence of zero-mean, Gaussian white-
noise disturbance is shown in Fig. 24. <

Example 17: Flutter suppression. Consider the Benchmark Active
Control Technology (BACT) for Active Control Design Applications
[46,47], which represents a wind-tunnel mounted wing that can
translate vertically and pitch, and has a trailing edge flap as a control
surface, as shown in Fig. 25. Various control techniques have been
used to demonstrate flutter suppression in BACT [48-52]. The BACT
model incorporates a vertical spring and damper to model vertical
aerodynamic forces, as well as a rotational spring and damper to
model aerodynamic torques.

Accelerometers mounted on the leading and trailing edges of the
wing measure the leading-edge normal acceleration ay g and trailing-
edge normal acceleration atg, respectively. The flutter-suppression
objective is to drive a;g and atg to O using the control surface
deflection dt, in the presence of turbulence. Second-order actuator
dynamics and a second-order Dryden wind turbulence model are
included in BACT. The disturbance w, ; represents the input to the
second-order Dryden wind-turbulence model. BACT is an eighth-
order, two-output-one-input, continuous-time, unstable, NMP, linear
time-varying system with direct feedthrough, whose state-space
matrices are functions of the freestream velocity Uy. For this example
the freestream velocity is varied as

300 ft/s, 1<2s,
Uy =14 300+ 25(r—2) ft/s, 2<t<6s, (144)
400 ft/s, 1>6s

The onset, duration, and time-dependence of the change of free-
stream velocity, which occurs during [2, 6] s, are assumed to be

gy l /
OtE 4
Fig. 25 Example 17: BACT wing. Leading- and trailing-edge acceler-
ometers measure a;p and ayg. The wing can plunge and pitch. The
actuator is a trailing-edge control surface with deflection dyg.

unknown to the control algorithm. The details of BACT are found
in [47].

Let w, ; and v; be zero-mean, Gaussian white noise with standard
deviations 1 and 0.05, respectively. Adaptive control is applied with
T, =002s/step, E=1,, 522z, rp,=[0 0]', pco =100,
n=2n=12, E,=1,, E, =1, Ey, =0, ¢ =0.01, 7, =40,
74 = 200, and u# = 12 deg. The open- and closed-loop responses
to a zero-mean, Gaussian white-noise disturbance are shown in
Fig. 26. As noted in Fig. 26, the signal-to-noise ratio between the
sampled noisy acceleration measurements and the sensor noise is
approximately 13 dB. Therefore, the root-mean-squared level of the
sensor noise is approximately 23% as large as the root-mean-squared
level of the acceleration measurements. <

Example 18: Normal-acceleration control of a nonlinear planar
missile. Consider a tail-controlled interceptor missile, which is
equipped with a strapdown accelerometer placed d, meters forward
of the center of mass of the missile, where the distance d, is unknown.
The missile [53—-55] considered in this paper represents a missile in
planar flight whose dynamics are given by

. 1 .
V =—[fq(Cxqcosa+ Cy,sina) + T cosa — mg siny]
m

1
+ de sin(a)CZ§5 (145)
m
. 1 . . -
a= W[fd(CZa cosa — Cy,sina) — T'sina + mVg + mg cosy|
1
+ ——facos(a)Cyzs6 + w (146)
mV
. d _ d
G =-—Fa(Cpa + Crqq) ++—faCpus6 (147)
Iy, Iyy
. 1 . . _
y = M_V[fd(cx” sina — Cz,cosa) + T'sina — mg cosy|
1
———facos(a)Cysd (148)
mV
h = Vsiny (149)

where arguments of 7 are omitted for brevity, V (¢) is the missile speed
in m/s, T is the thrust in N, g is the acceleration due to gravity in
m/s?, a(t) is the angle of attack in rad, g(f) is the y-axis angular
velocity in rad/s, y(f) is the flight-path angle in rad, A(r) is
the altitude in m, 5(¢) is the applied fin angle in rad, fq = 1pV(1)2S
is the dynamic force in N, p(f) = p(h(¢)) is the air density in kg/m?
at an altitude /(¢) m given by the International Standard Atmosphere
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Fig. 26 Example 17: Open- and closed-loop responses of a; i and ayg. The freestream velocity U, is varied in the shaded region.

Fig. 27 Example 18: (f ,l;) and (f B,IEB) are Earth-fixed and body-fixed
unit vectors, 4 is the fin deflection, « is the angle of attack, V is the missile
velocity vector, y is the flight-path angle, and @ is the pitch angle.

model, S is the reference surface area in m2, d is the reference length
in m, m is the mass of the missile in kg, and I,y is the moment of
inertia of the missile relative to its center of mass and around a
transverse axis in kg - m?. The angles a, 7, 6, and & are shown in
Fig. 27. The values of the aerodynamic coefficients and parameter
values are given in Tables 3 and 4, respectively.

Note that the aerodynamic coefficients are nonlinear functions of
the missile speed V(#), angle of attack a(t), and the local speed of
sound a,, which depends on the altitude A (f).

The applied fin angle 6(¢) is related to the requested fin angle u;, =
6,(kT,) by means of second-order actuator dynamics with natural
frequency 150 rad/s, damping ratio 0.7, and magnitude and rate

Table3 Aerodynamic coefficients

Aerodynamic
coefficient Value Unit
Cxa —0.3005 -
C \%4 _
7a 9.717(3 - 2)(1 —31.023alal + 19.373a3
aA'
Cote 2.922 (38‘/ - 7)a - 64.015a|a| + 40.4400° T
aX
Cys ~1.948 S
Cus —11.803 S
Cuq —1.719 s

a is the angle of attack in rad, V is the missile speed in m/s, and a;, = ag(h) is the local
speed of sound given by the Internal Standard Atmosphere model at the altitude .

limits 30 deg and 500 deg /s, respectively. The gravity-corrected
normal acceleration measured by an accelerometer placed at a dis-
tance d, forward of the center of mass of the missile is given by

n, = fd(/'tCZa - :uyCMa - :uyCMqé) + fd(ﬂcza _:uyCMé)& (150)

where y = (1/m), and p, = (dd,/I,,). A noisy measurement y, =
n,(kTg) + vy, of the normal acceleration n,(?), is used by the con-
troller. The output equation (150) shows that there is a direct feed-
through of the applied fin §(¢) to the normal acceleration used by the
controller.

For this example, the adaptive controller is configured for
command feedforward by defining

iké[ﬂ (151)

where the normal-acceleration command is r, = 100sin0.025k'2 m/s2.
Let wy; and v, be zero-mean, Gaussian white noise with standard
deviations 0.01 and 0.1, respectively. Furthermore, let V(0) =
985.7 m/s, a(0) = 0 rad, g(0) = 0 rad/s, y(0) = (n/4) rad, and
h(0) = 3000 m. Adaptive control is applied with 7 = 0.05 s/step,
E=1,po=10,n=4,n=4E =1,E, =0, Ey, = 0.005,
e =0.5,7, = 20,7y = 60,andu = 30 deg. The command-following
response of the nonlinear planar missile is shown in Fig. 28. After
an initial transient, the command-following error is less than 5 g. Note
that, starting with no prior knowledge of the nonlinear dynamics
(145-149), the adaptive controller converges to a controller that facili-
tates command following.

Table4 Parameter values for the
nonlinear planar missile

Parameter Value Unit
m 204.0227 kg
I, 247.4366 kg - m?
g 9.81 m/s?
S 0.0409 m?

d 0.2286 m

T 1000 N
d, 0.5 m
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Fig. 28 Example 18: Normal-acceleration command-following response of the nonlinear planar missile.

VII. Conclusions

In the presence of sensor noise and actuator magnitude and rate
limits, DDRCAC was shown to be effective for plants with a priori
unknown NMP zeros, in contrast with standard output-feedback
adaptive control methods, which are confined to MP systems.
DDRCAC was also shown to avoid cancellation of NMP squaring
zeros, which are created due to the cascade of a nonsquare system and
a controller. Using RLS with VRE, DDRCAC was found to provide
self-generated persistency, thus facilitating system identification.
Furthermore, although closed-loop identification can entail param-
eter-estimate bias, it was found that, in DDRCAC, identification and
control interact so as reduce the effect of bias. Finally, flight-control
examples showed that DDRCAC is effective for both linear and
nonlinear applications as either a standalone embedded controller
or as a simulation-based offline tuning technique for assessing
achievable performance without requiring explicit knowledge of
the underlying equations of motion.

Appendix A: Products of MIMO Transfer Functions
and Pole-Zero Cancellations
This appendix considers pole-zero cancellation in products of
MIMO transfer functions as these are present during control of
MIMO systems.
Definition 5: Let P € R[z]"*2. Then the normal rank of P is
defined by

rankP £ max rank P(z) (A1)
zeC
Definition 6: Let (A, B, C, D) be a realization of G € R(z)f)',iféz,

where A € R™". Then the Rosenbrock system matrix R4 z.c,p) €
R[z]"+x(1+h) of (A, B, C, D) is the polynomial matrix

z[-A B
Rapcp) (z) £ [ c —D] (A2)
and z, € C is an invariant zero of (A, B, C, D) if
rankR 4 p c.p)(Zo) < rankR4 p ¢ p) (A3)

If, in addition, (A, B, C, D) is minimal, then R4 3 ¢ p) is denoted
by R, and z, € C is a transmission zero of G if

rankR;(zy) < rankR (A4)

Definition 7: Let (A, B, C, D) be a realization of G € R(z)}’)‘rﬁf,z.
Then IZ(A, B, C, D) is the multiset of invariant zeros of (A, B, C, D),
and TZ(G) is the multiset of transmission zeros of G.

Definition 8: Let G, € R(z)'%2 and G, € R(z)35% with minimal
realizations (A;,B;,C,D;) and (A,, B,, C,,D,), respectively.
Define G, £ G,G,, and consider its realization

A, B\C B\D
Ap & 1 162 7 B, 2 102 ’

Chtlc DG) Dp2DiD (A3)

Then z, € Cisacascade zero of G| G,, if, counting repetitions, it is
an invariant zero of Eq. (A5) but not a transmission zero of either G,
or G,. The multiset of cascade zeros of GG, is denoted by

CZ(G1.G,) 21Z(A5. By, C12. D12) \[TZ(G/) U TZ(G,)] (A6)

Related results are found in [56,57]. Squaring is discussed in [58—
60] and used in [61] to eliminate NMP zeros. The following result
shows that cascade zeros of square transfer functions G; G, exist only
in the case /|, < [,.

Proposition 6: Let G € R(z)é‘rﬁéz and G, € R(z)f}rﬁf; with mini-
mal realizations (A, By, Cy, D) and (A,, B,, C», D,), respectively,
where A; € R"*" and A, € R"*™ and assume that G, and G,
have full normal rank. Define G, £ G,G, and consider its realiza-
tion (AS). If CZ(G, G,) is not empty, then /| < .

Proof: Suppose that[;, > I,,andletz € CZ(G, G,). Since z is not
a transmission zero of either G| or G,, G, has full column rank, and
G, has full row rank, it follows from ([62] Proposition 16.10.3) that

ZIn| _Al Bl _
rank|: ¢, _p, |~ ny + 1 (A7)
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ZIn2 - AZ BZ —
rank[ s D, |~ ny + [, (A8)
Next, note that
Z[n] _Al _BlC2 BID2
R41.812.€10.01) (2) = 0 zl,, =4 B
G D¢,  -DyD,
= N1(2)N,(z) (A9)
where
(21, —A, 0 -B, |
1\[1 (Z) A 0 ]m 0 c R[Z](n]Jranrl,)><(n|+n3+lz)
lof 0 D
(A10)
(1, 0 0 ]
Nz(Z) e 0 Zlnz —-A, B, e R[Z](”l+"2+12)><(”1+”2+I|)
L 0 C, -D; |
(A11)
It follows from Eqgs. (A7) and (A8) that
rankN(z) = rankN,(z) = n; +n, + I, (A12)
Next, Sylvester’s inequality ([62] pp. 292, 294) implies
rankN(z) + rankN,(z) — n; — n, — I, < rankN,(z)N,(z)
< min{rankN (z), rankN,(z)} (A13)
It follows from Eqs. (A9—A13) that
rankR(AIZ-B]2~C]2’DIZ)(Z) =n+m+h (Al4)

which shows that there are no values of z such that
rankR(Alz-Blz»Clzﬁlz) (z) < rankR(All-BIZvCIZvDIZ)’ and thus, z¢
CZ(G,, G,), which is a contradiction. O

Definition 9: Let G, € ]R(z)é,‘rﬁéz and G, € R(z)éﬁﬁé". Then the
product GG, € R(z)é‘rﬁé‘ is down squared if /; </, and up squared
ifl; > L.

Definition 10: Let G| € R(z)é‘,ﬁl]} and G, € R(z)&ﬁf," with mini-
mal realizations (A, By, Cy, D) and (A,, B,, C,, D,), respectively.
Define G|, £ G,G,, and consider its realization (AS5). Then z, € Cis
an evanescent zero of G;G,, if, counting repetitions, it is a cascade
zero of Eq. (AS) but not a transmission zero of G,. The multiset of
evanescent zeros of Eq. (AS) is denoted by

EZ(G/,G,) £ CZ(G,. Gy) \ TZ(Gp) (A15)

Example 19: Cascade and evanescent zeros. Consider the transfer
functions

1 1 z—1
G, (z) =m[z —1]. Gy(2) =Z(T4)[4z—6]
(A16)

which have minimal realizations (A;,B;,C;,D;) and
(A,, B,, C,, D,), respectively, where

0 0 0 -1
mé[13] &é[l 0} C,2[0 1], D;2[0 0]

(A17)

al4 0 al2 a |05 =05 al0
A2 [l oo ] o[l

(A18)

The Rosenbrock system matrices for (A,,B;,C;,D;) and
(Az, Bz, Cz, Dz) are

[z 0 0 -1
RGl(z)é -1 z-3 1 0 [,
L0 1 0
[z—4 0 2
Re (z) 2 o0 (A19)
' 05 =05 0
L 2 =3 0

which show that rankRg, (z) = rankRg, and rankRg,(z) =
rankR,, and thus TZ(G;) and TZ(G,) are empty. Next, consider
the product G, £ G,G, with the realization (AS5), which has the
Rosenbrock system matrix

z 0 2 =30

-1 z-3 -05 05 0
RapbpCobn@ =] 0 0 z—4 0 2| (A20)

0 0 -1 z 0

0 1 0 0 0

It can be shown that rankR 4 , 5,,.¢,,.0,,) (2) <1ankR4, 5, ¢,,.0,)
and rankR4, g,,.c,,.0,,) (3) <TankR4, 5. c,,.p,,)- Since TZ(G)
and TZ(G,) are empty, it follows that z = 2 and z = 3 are elements
of CZ(G/, G,). Next, consider the product of the transfer functions in
Eg. (Al16)

(z—-2)(z-3)  z-2
2(z-3)(z—-4) z2(z-4)

G12(2) £ G1(2)Gy(2) = (A21)

where the cascade zero at 3 is cancelled by a pole of Gy, and thus
z = 3 is not an element off TZ(G,). Therefore, z = 3 is an element
of EZ(G, G,). <

Appendix B: Discrete-Time Filtering

This appendix reviews notation and terminology for discrete-time
filtering in terms of the forward-shift operator q. Define the proper
discrete-time filter

G(q) £ D(q)"'N(q) (B1)

where N(q) = Noq"+ -+ +N, €R[q]”" and D(q) =1,q"+
D\q" '+ --- +D, € R[q]P*? are polynomial matrices and
det D(q) # 0.

Definition 11: The output (y;)3>_, C R? of Eq. (B1) with input

(ur)>_,, € R™ is given by the data filter
i+ Dyt oo Dy, = Noug+ -+ +Nyug,  (B2)
For convenience, Eq. (B2) is written as either
D(@)y. = N(Q)uy (B3)
or
i = G(@)uy (B4)

Example 20: Data filtering. Let N(q) = 2q + 3 and D(q) =
q? + 4q + 5, which yields the input-output difference equation
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Vi = _4yk—l — Syk_z + 2Mk—l + 3uk—Z (BS)

With the data (u,)__, = (6,7, 8) and (y)7_, = (10, 11),Eq. (B4)
yields

Yo = —4y_| - 5y_2 =+ 2M_1 + 3M_2 = -62 (B6)
y1 = —4yo —Sy_1 + 2up + 3u_; =230 (B7)
<o

Definition 8 is now extended to the case where the input u; is a
function of an independent variable x;.

Definition 12: Let Dy, ...D, € RP*P let Ny,...N, € RP*" let
Yi—n» - - -»Y—1 € R” beinitial output data, let (x;)§> _, € R", and, for
all k > —n, let u;:R" — R™. Then, the FIA sequence (y;(x)), is
given by the fixed-input-argument (FIA) filter

Vi) + Dyyiei () + -0 +DyYmn (Xkn)
= Noup(xp)+ -+ +N,u_, (xp) (B3)

where, for all k € [-n, —1], y;(x;) 2 v,

Note that, at each step k, the arguments of u;_,,, ..., u; in Eq. (B)
are fixed at the current input value x; over the interval [k — n, k]. In
contrast, the left-hand side defines the current output y(x;), which

depends on the past output values y;_, (x3_), .-, Vi1 (xx—;). For
convenience, Eq. (B8) is written as either
D(q)yx(x) = N(@ur(xz) (B9)
or
yilx) = G@)ug(xp) (B10)

As a special case, note that
U r (X)) = q g (xp) (B11)

Example 21: FIA filtering. Let N(q) =2q + 3 and D(q) =
q2 + 4q + 5, and for all k > —n, define

up(x) £ zpx + 1 (B11)
The corresponding FIA filter is thus given by

Vi) = =4y (1) = Syka (k—2) + 2(zg— 2, + 1)
+ 3z + 1) (B12)

With the data (z)0__, = (14.15,16), (x0)l_, = (19.20), and
()rl_, = (10,11), Eq. (B12) yields

yo(xo) = —4y_; =5y_5 +2(z_1x9 + 1) + 3(z_px0 + 1) = 1279
(B13)

yl(xl) = —4y0()C0) —5y_1 + 2(z0x1 + 1) + 3(Z_1X1 + ]) = -3626
(B14)

<
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