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Demystifying Enigmatic Undershoot in Setpoint Command Following

MOHAMMADREZA KAMALDAR, SYED ASEEM UL ISLAM, JESSE B. HOAGG, and DENNIS S. BERNSTEIN

ne of the most striking phenomena in systems and

control theory is initial undershoot, where the initial

direction of the response of a system to a step input
or setpoint command is opposite to the direction of the
asymptotic response. As mentioned in “Summary,” initial
undershoot represents a fundamental limitation on the per-
formance of a control system, and it has potentially serious
consequences, especially when the initially “wrong” direc-
tion violates constraints on the output of the system. For
example, in motion control applications, such as robotics
or autonomous vehicles, initial undershoot may result in a
collision. In any event, initial undershoot is an intriguing,
visual example of a system-theoretic phenomenon that occurs
in electrical, mechanical, and cyberphysical systems, and
it is one of the many deleterious effects of nonminimum-
phase zeros on the achievable performance of feedback
control systems [1]-[3].

The study of initial undershoot has an interesting and
somewhat convoluted history. According to [4], initial under-
shoot is discussed in [5] (in Japanese) for single-input, single-
output (SISO) continuous-time systems, where it is shown
that initial undershoot occurs if and only if the system has
an odd number of real zeros that are greater than zero. This
result is later reported by many researchers for continu-
ous-time systems, including [6]-[11]. In [12] and [13], initial
undershoot is investigated for transfer functions that arise in
process control. The results of [5] are extended to multiple-
input, multiple-output continuous-time systems in [4], where
itis shown that initial undershoot is not directly related to the
transmission zeros of the transfer function matrix.

Initial undershoot also occurs in discrete-time systems.
This case is discussed in [14] and [15], where it is stated
without proof that initial undershoot occurs if and only if
the discrete-time system has an odd number of real zeros
that are greater than one.

Although initial undershoot occurs in the discretized
dynamics of sampled-data systems, the situation is more com-
plicated due to the fact that the zeros of a sampled-data system
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depend on the poles and zeros of the underlying continuous-
time system as well as the sample time [16], [17, p. 63]. In addi-
tion, a discretized plant with sufficiently small sample time
may possess sampling zeros, although these are negative [17, p.
64], [18]. The relationship between the zeros of the discretized
plant and the zeros of the continuous-time plant is, therefore,
significantly more complicated than the exponential map,
which relates the poles of the discretized plant to the poles
of the continuous-time system independently of the zeros.
Despite this complication, the step response of a sampled-
data system is simply a sampled version of the step response
of the continuous-time system. Therefore, under sufficiently
fast sampling, the discretized system has initial undershoot if
and only if the continuous-time system has initial undershoot,
and, thus, the number of real zeros greater than one in the dis-
cretized system is odd if and only if the number of real zeros
greater than zero in the continuous-time system is odd.

Summary
I t often occurs in practice that the response to a step input
or setpoint command moves initially in a direction that
is opposite to the direction of the asymptotic response. In
many real-world applications, this phenomenon—called
initial undershoot—presents a fundamental limitation on
control system performance. Although the basic mecha-
nism responsible for initial undershoot, namely, an odd
number of real, positive zeros, is well understood, it is sur-
prising that, as the setpoint changes, initial undershoot may
appear or disappear for the same plant dynamics. The goal
of this tutorial note is to investigate the causes of this puz-
zling phenomenon. In particular, for setpoint command fol-
lowing with a changing setpoint, this article shows (spoiler
alert) that the internal state when the setpoint changes
determines the presence or absence of initial undershoot.
Complete proofs for both initial and delayed undershoot in
both continuous time and discrete-time systems are given
to make the article self-contained and useful for students
and instructors of systems and control theory.
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Under sufficiently fast sampling, the zeros of a dis-
cretized system are approximately equal to e“T where
z; are the zeros of the continuous-time system. Moreover,
under sufficiently fast sampling, all of the sampling zeros
are negative. Therefore, under sufficiently fast sampling,
the number of positive zeros of the continuous-time system
is equal to the number of real zeros greater than one in the
discretized system. This observation is given in Theorem 9.
On the other hand, under sufficiently slow sampling, the
discretization of a strictly proper system with nonzero dc
gain does not have initial undershoot and, thus, as stated in
Theorem 10, has no real zeros greater than one.

An extension of initial undershoot is the phenomenon
of delayed undershoot (also called inverse response), where,
at some time after the onset of a step input or setpoint
command, the direction of the system response relative
to the initial response is opposite to the direction of the
asymptotic response relative to the initial response. Ini-
tial undershoot can thus be viewed as an extreme case of
delayed undershoot, where the “delay” is zero. Since oscil-
latory systems typically exhibit delayed undershoot, how-
ever, this phenomenon cannot be tied solely to the zeros
of the system [19]. Nevertheless, the existence of at least
one real zero greater than zero is a sufficient condition for
delayed undershoot, which is consistent with the fact that,
if the step response has initial undershoot, then it also has
delayed undershoot.

Having established the fundamental mechanisms under-
lying initial and delayed undershoot, this article focuses
on the puzzling situation where, during the operation of a
closed-loop system with a changing setpoint command, the
response may exhibit initial undershoot in certain instances
but not others. Surprisingly, this can occur despite the fact
that the plant is unchanged, and there are no external dis-
turbances. The main contribution of this article is to investi-
gate the underlying cause of this “enigmatic” undershoot. In
particular, this article shows that initial and delayed under-
shoot are not determined solely by the transfer function of
the forced response of the system but, rather, depend on a
modified transfer function that depends on the initial state
of a realization of the plant. Examples 4 and 12 in this article
show that a nonzero initial state may induce initial under-
shoot in a plant whose forced response alone does not have
initial undershoot, and vice versa. Within a control system
context, where a setpoint command plays the role of a step
input, it turns out that, if the internal state converges after a
change in the setpoint, then the initial and delayed under-
shoot behaviors are consistent for each new setpoint. If, how-
ever, the setpoint command changes before the internal state
converges, then the initial or delayed undershoot behavior
may change depending on the internal state when the set-
point command changes. Since, in practice, the internal
state is unknown, initial or delayed undershoot may occur
without explanation. The main contribution of this article is,
thus, to demystify enigmatic undershoot.
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PRELIMINARIES FOR CONTINUOUS-TIME
SYSTEMS

Consider the continuous-time system

Fe(t) = Acxe(t) + Beil, M
yc(t)=CCXC(t)+Ecil, (2)

where for all =0, x.(t)eR" is the state, y.(t)eR is the
output, and ##€R is a nonzero step input. The matrices
(A¢, B, Ce, Ec) are assumed to be a minimal state-space
realization of the transfer function

Ge(s) 2 Ce(sI — A)"Be + Ee. 3)

Note that Gc() = E-.
Throughout this article, G¢(s) is assumed to be asymp-
totically stable, SISO, and of the form

Ne(s) _
Dc(s) —

(s—2z1)--- (s~ zm)

(s=p1)-(s—pn)’

where n>1, n2m=>=0, K#0, and z,...,.zo.€C and
p1,...,pn € C are the zeros and poles of Gc(s), respectively.
Since (A, B¢, Cc) is controllable and observable, the polyno-
mials N. and D. have no common roots. Let d=n—m=0
denote the relative degree of G.(s). Note that G.(s) is
strictly proper, thatis, d > 0, if and only if E. =0, and Gc(s)
is exactly proper, that is, d =0, if and only if Ec = K. If Gc(s)
is exactly proper, then Ge(s) = Ge(s) — E. is the strictly proper
part of Gc(s), which is given by

G(s)=K @

Nc(s)
Dc(s)

Nc(s) — Dc(s)

Ge(s)=K RO (5)

~K=K

Since N. and D. have no common roots, it follows that
N¢:—D. and D. have no common roots, and, thus, there is
no pole-zero cancellation in (5). Furthermore, N. — D. and
N. have no common roots, and, thus, the zeros of Gc(s) are
different from the zeros of G.(s). If Gc(s) is strictly proper,
then G.(s) = G(s).

For all t >0, the step response of (1) and (2) with a pos-
sibly nonzero initial state x.(0) is

%m:QWmmHL%RWM%Jm+au ©)
Hence,
Yc(0) = Cexc(0) + Eit. (7)
If x.(0)=0 and E. =0, then y.(0)=0.
Definition 1

The response y.(t) given by (6) has initial undershoot if there
exists t1 > 0 such that, for all t € (0,t1),

[ye(®) = ye(0)][yc(o0) = ye(0)] <O. ®)
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Definition 2
The response y.(t) given by (6) has delayed undershoot if
there exists t > 0 such that (8) holds.

The distinction between initial undershoot and
delayed undershoot (Table 1) is explained in “Initial
Undershoot Versus Delayed Undershoot.” Note that
if y.(t) has initial undershoot, then y.(t) has delayed
undershoot. However, Example 6 shows that the con-
verse is not true. Moreover, if y.(o)=1.(0), then y. has
initial and delayed undershoot. The special case y.(0)=0
is worth noting.

Proposition 1
Assume that y.(0)=0. Then, y.(t) has initial undershoot
if and only if there exists t1 > 0 such that, for all t € (0,t1),

Ye(B)ye(o0) =0. O

In addition, y.(t) has delayed undershoot if and only if
there exists t > 0 such that (9) holds.
The following observation is immediate but worth noting.

Proposition 2
Let a € R. Then, y.(t) has initial undershoot if and only
if yc(t)—a has initial undershoot. In addition, y.(t) has
delayed undershoot if and only if y.(t) —a has delayed
undershoot.

~
TABLE 1 A summary of continuous-time definitions and
results.

- y

Definition 1 Initial undershoot

Definition 2 Delayed undershoot

Proposition 1 Initial undershoot with the zero initial state

Proposition 2  Shift-invariance property of initial and

delayed undershoot

Proposition 3 Application of Proposition 2 for exactly

proper systems

Proposition 4 | aplace transform of yc(t) — yc(0)

Proposition 5 Asymptotic value yo(oc) of yo(t)

Proposition 6  First nonzero right-sided derivative of yc(t)
att=0

Proposition 7 |nitial sign of y.(f)

Initial undershoot with the zero initial state
using relative degree

Proposition 8

Theorem 1 Initial undershoot with the zero initial state
using zeros
Theorem 2 Initial undershoot with a nonzero initial state
Theorem 3 Delayed undershoot
Theorem 4 Lower bound on the maximum deviation of
ye(t) from yc(0)
\_ J

Proof
For all t =0, define yc.q(t) = y.(t) — a and note that

[ycror(t) - ]/c,a(o)][yc,a(oo) - ]/c,a(o)] = [yc(t) - ]/C(O)][]/C(OO) - ]/C(O)]~
(10)

Hence, (8) is satisfied if and only if

[Yea(®) = Yeu (O] [Yeu(0) = Yea(0)] = 0. O

Proposition 2 shows that initial undershoot is preserved
under an arbitrary, constant offset of the step response. The
following result views E.ii as a constant offset of the step
response of the strictly proper part of G¢(s).

Proposition 3
Let xc(0) € R". Then, y.(t) has initial undershootif and only
if yc(t) — Ecut has initial undershoot. In addition, y.(t) has

Initial Undershoot Versus Delayed
Undershoot
he following example illustrates the distinction between
initial and delayed undershoot.

Example S1
Consider the continuous-time transfer functions

—(s=1)
(s+1)°%’

_ (=12
T (s+ 1)

Geo(s) = (S1)

Ge(s) (S2)
Assuming that the free response is zero, the unit step re-
sponses y.(t) of (S1) and (S2) have, respectively, initial and
delayed undershoot, as shown in Figure S1. &

Ve (D)

—G,in (S1)
——G,in(S2)

FIGURE 1 In Example S1, the unit step responses y.(t) of (S1)
and (S2) have, respectively, initial and delayed undershoot.
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delayed undershoot if and only if y.(t) — Ecit has delayed
undershoot.

In view of (6), Proposition 3 shows that, for all initial
states x.(0), the presence or absence of initial undershoot
is independent of the value of E.. Hence, there is no loss
of generality by setting Ec=0 in (2), that is, by replacing
the exactly proper transfer function G.(s) with its strictly
proper part Ge(s). This observation is further justified by
the following result, which shows that the Laplace trans-
form of y.(t) — y<(0) does not depend on E..

Proposition 4
Let y.(t) be the step response of (1) and (2) given by (6). Then,
L{ye(®) = ye(0)} =Ge(s) (1

where

Ge(s) = Ce(sI — Aoy [ Acxe(0) + Bl. 12)
Proof
Subtracting (7) from (6) and taking the Laplace transform
yields

L{ye(t) = ye(0) } = Ce(sT— A "xc(0) + CC(SI—AC)’lBC%
—%chC(O)

= Ce(s1= A9 [xe(0)+Be |- L Cexe(0)

= Celsl = A [xe(0)+B L - L (sT- A9 2 (0)]

=Ce(sI-A) [ LB+ Lacx0)]

The situation is different, however, for the case of the non-
zero initial state since, as shown by (6), the effect of x.(0) is not
equivalent to a constant offset of y.(t). Examples 4 and 6 show
that initial undershoot or delayed undershoot may occur for
some initial states but not others. The following result, which
follows from the final value theorem [20, p. 15], [21], provides
an expression for the asymptotic value y.(oc) of yc(t).

Proposition 5
Ye(oo) = }1_m y<(t) exists and is given by

Ye(00) = im Ge(s)it = Ge(0) it = K Il\)jczgg (13)
In view of (8), Proposition 5 implies that if
Ge(0)it = Cexc(0) + Ecit (14)

then y.(t) has initial undershoot. In particular, in the spe-
cial case where x.(0) =0, Proposition 5 implies that if

G:(0)=E,, (15)
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then y.(t) has initial undershoot. However, Example 4
shows that the converses of these statements are not true.

INITIAL UNDERSHOOT FOR CONTINUOUS-TIME
SYSTEMS WITH ZERO INITIAL STATE
For the case of zero initial state, this section provides
a necessary and sufficient condition for initial under-
shoot in terms of the zeros of the strictly proper part
Ge(s) of Ge(s). The following section considers the
case of the nonzero initial state.

The right-sided derivative of y.(t) at t =0 is given by

, NR T c t — Y 0
yc(o*') 2 1}%1% (16)
Since yc is continuous, it follows that
’ . ’ . . c(t + 6) - c(t)
ye(0%) = limy.(H) = lim lim Y SIS (17)

Likewise, for all i€{1,2,3,..
derivative of y.(t) at t =0 by

.}, define the ith right-sided

+\ a diyc(t)
yl(07) = ltlxo drt

(18)

The following result, which follows from the initial
value theorem [22, p. 816], concerns the first nonzero right-
sided derivative of y.(t) at t =0.

Proposition 6

Assume that Gc(s) is strictly proper and x.(0) = 0. Then, for
allie{1,...,d—1}, y?(0% = lims'Ge(s) it = 0. Furthermore,
y9 (0" =lims'Ge(s)t=Ki.

Proposition 7

Assume that Gc(s) is strictly proper and x.(0)=0. Then,
there exists f1 > 0 such that, for all t € (0, t1),
sign y.(t) = sign y(0*) = sign Kii. (19)

Proof

Note that, for all t >0, y(t) is a finite sum o(t) of sinusoi-
dal and exponential functions; this sum is the real-analytic
extension of y.(f) to R. Using Proposition 6, it follows that
forallteR,

o (1) i
o(t)=o(0)+ Z (O)t
-n+ 3 S yOIE 5 St
i:d+1 L
Kt = a0t
= + ——,
d! i:;l i!
where, as t — 0,
o O-(i) 0 # ]
Z §| ) — O(ti+1).
i=d+1 :
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Therefore, as t — 0,

O'(t)— Kut +O(td+l)
Thus, as t0,

—gd
ye(y=KIE 4 o,
Hence, there exists t1 > 0 such that, for all t (0, f1), (19) is

satisfied. O
The following result follows from Propositions 1 and 7.

Proposition 8
Assume that x.(0)=0, and let d>1 denote the relative
degree of Ge(s). Then, the step response y.(t) of Ge(s) has
initial undershoot if and only if

YO0 [ye(o0) — Ect] 0. (20)
Proof
Since y.(t) — E.it is the step response of Ge(s), Propositions 1
and 7 imply that y.(t) — Ecii has initial undershoot if and
only if (20) is satisfied. Thus, Proposition 2 implies that y.(t)
has initial undershoot if and only if (20) is satisfied. a

Theorem 1

Assume that x.(0) = 0 and G¢(0) # E.. Then, the step response
Ye(t) of Gc(s) has initial undershoot if and only if Ge(s) has
an odd number of real zeros greater than zero.

Proof
First, consider the case where E. =0; thatis, G.(s) is strictly
proper. Thus, Propositions 5 and 6 imply that

YOOyl = Kt e

1)

Since G(0)#0, it follows that N.(0)# 0. Moreover, since
Gc(s) is asymptotically stable, every real root of D. is negative.
Therefore, using Lemma SI (see “Determining the Sign of a Poly-
nomial”), it follows from (21) that

Sign[ygd)(OJr)]/C(oo)] = sign(KZ 2 gcggg )

—1)7 0)

(_1) 7D (0)
(_1 7Ne(0)

-1)°
where 7,() is the number, counting multiplicity, of real
roots greater than a € R of the polynomial p. Thus,
¥ (0")yc(c0) <0 if and only if 7zx.(0) is odd. Therefore,
Proposition 8 implies that y.(t) has initial undershoot if
and only if 7zn.(0) is odd, that is, if and only if Gc(s) = Ge(s)
has an odd number of real zeros greater than zero.

Next, consider the case where E. # 0. Since y.(t) — E.it
is the step response of the strictly proper transfer function
Ge(s), it follows that y(t) — Ecii has initial undershoot if

=sign

— sign — (_1)7[Nc(0)’

and only if Ge(s), has an odd number of real zeros greater
than zero. Thus, Proposition 3 implies that y.(t) has initial
undershoot if and only if Ge(s) has an odd number of real
zeros greater than zero. O

The following example (Table 2) illustrates Propositions
5-8 and Theorem 1.

Example 1
Let x.(0)=0 and # =1, and consider the transfer function

—200(s — 1)

GO = G DG +2) 636+ )

22)

which has exactly one real zero greater than zero. Hence,
Theorem 1 implies that y.(t) has initial undershoot.
To show this more directly, Proposition 6 implies that

y(07) = 1limsG.(s) =0, 23)
Y09 =1ims*Ge(s) =0, (24)
y&(0") = lims’ Ge(s) = —200. (25)
Alternatively,
_ Ge(s) }
ye(t)= { 5
{L 3 4
12 3(s+1) 2(s+2) 3(s+3)
5
12(s +4)
1 2 3,2 4 3,5
—100( 36 +2€ 3¢ +126 ), (26)
and thus,
YO () = 100(% 37 4 4o — %e"”), 27)
y® (1) =-100(% e+ 6e - 1207 + %e*‘“), 28)
yO () = 100(%5* —12¢7% + 36~ — 8—3?5‘“). (29)
( )
TABLE 2 A summary of continuous-time examples.
- v
Example S1 Distinction between initial and delayed
undershoot
Example 1 Initial undershoot with the zero initial state
Example 2 Initial undershoot for a two-link planar system
Example 3 Zeros of exactly proper systems
Example 4 Initial undershoot with a nonzero initial state
Example 5 Delayed undershoot
Example 6 Delayed undershoot
Example 7 Application of Theorem 4
Example 8 Initial undershoot in setpoint command
following
Example 9  Enigmatic undershoot in setpoint command
following
G J
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It follows from (27)—-(29) that y(0")=y®(0*)=0 and
yP(0")=—200, as shown in (23)-(25). Figure 1 shows the
unit step response y.(t) of (22). Note that, as implied by
Proposition 7, for all sufficiently small ¢ >0, signy.(t)=
signy(0*). Moreover, Proposition 5 yields yc(cc)=
lim;~ wye(t) = lims-0Gc(s) = G(0) = 25/3, as shown in Fig-
ure 1. Since y¥(0%)y(00) <0, it follows from Proposition 8
that y.(t) has initial undershoot. ¢

Determining the Sign of a Polynomial

Lemma S1
Let p(X) = Bax"+ -+ + B1x + Bo be a nonzero polynomial with
real coefficients; assume that B,# 0; let o € R; assume
that p (o) # 0; and let 7, () be the number, counting multiplic-
ity, of real roots of p greater than «. Then,
signp () = (— 1) sign Bn. (S3)
Proof
Let o4,..., 0z, denote the real roots of p that are greater than
a; let p1,..., po denote the real roots of p that are less than «;
and let &1, &4, ..., &, & denote the nonreal complex roots of p,

where £ denotes the complex conjugate of £ € C. Note that
n = zp(ct) + 0+ 2r. Define

p1(X) = (x—=01)- (X = Orp(@),
pa(X) = (X —p1) - (x — pu),
pa(x) = (x = &) (x = 1) (x= &) (x = &),

and note that

signp1(a) = sign(ar — o1) -+ sign(a = O z,@) = (=)™, (S4)

signpz(a) = sign(ae — p+) -+ sign(o — po) = 1, (S5)

signps(a) = sign[(er — a1)?+ b3]--- signf(c — a,) >+ b?]= 1, (S6)

where, forall i =1, ..., r, ai = Reéi and b; = Im¢&;. Thus, since
p(a) =pi(a)p2(a)ps(c) Bn, it follows from (S4)—(S6) that
signp (a) = (signp+ (@) (sign pz (@) (sign ps (a)) sign Bn = (— 1)
sign Bn. |

Replacing x by — x in Lemma S1 yields the following result.

Lemma S2

Let p(x)=Bnx"+ -+ B1x+ Bo, where B,#0, be a nonze-
ro polynomial with real coefficients; let o € R; assume that
p (o) # 0; and let v, (a) be the number, counting multiplicity, of
real roots of p less than a. Then,

signp (o) = (= 1)@ sign B,. (S7)

Note that (S3) and (S7) imply that
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Example 2

Consider the planar two-link system shown in Figure 2,
where p1 is the point where the first link is connected to the
fixed horizontal plane, p: is the point where the first link is
connected to the second link, ¢1 =, =0.5 m are the length
of the links, m1=m2=10kg are the masses of the links,
c1=10kgm’/rad and c;=2kgm?’/rad are the damp-
ings at the joints, k1 = 5N'-m/rad and k> =1N-m/rad are

I I I
\ \ \
\ \ \
100 + I I I
\ \ \
\ \ \
T o ‘ ‘
= \ |
\ \ \
~100 |P(@)>0 |p(@) <0 p(e)>0 |p(c) <O
() =3 1m() =2 | mp(a) = 1 1 jgy(@) = 0
| | |
0 2 4 6
o

Example S2. p(a) versus o. The red stars show
the real roots of p.

par zp(o) = sign%,

=1)"p(@)

parvp(a) = signiﬁn )

(S8)
(S9)

where “par” denotes parity. Note that (S8) and (S9) provide ex-
pressions for the parities of 7, () and v, (a) that do not require
knowledge of the roots of p.

Example S2

Let p(x) 2—2x°+ 24x* — 90x°® + 120x2 — 88x + 96, and note that
p(0)=96,p(8)=—-60,p(5)=156, and p(7) =—1500. Thus, it
follows from (S8) that

par 7,(0) =—1, parzp(3) =1, (S10)
par 7p(5) =—1, parz,(7)=1. (S11)
In fact, since roots (p) = {2, 4, 6, £ 7}, it follows that
7p(0) =3, 7mp(3)=2, (812
7p(d) =1, 7mp(7)=0, (S13)
which implies (S11). Figure S2 shows p(a) versus o. ¢
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the stiffnesses of the joints, and 61 and 6> are the angles
from the fixed horizontal plane to the links. Let u1 and
1> denote the external torques applied to joints p1 and p»,
respectively. The linearized equation of motion about the
equilibrium [61 62 61 6]" =0 is given by

¢l p o 0 1 0 e [0 0
6l | 0 0 0 1 el |0 0 [ul
6|7 [-514 171 1029 343 |[6:|"| 069 —1.03|lusl)
6] L8o1 -377 17.83 ~1.03 274

—7.54116,
(30)

See [23] for more details. The transfer function from w1 to
6, is given by

—1.03(s + 0.4) (s — 2)
(5 +16.34) (s + 0.52) (s2 + 0.985 + 0.49)’

Gou(s) = 3D
which has exactly one real zero greater than zero. Note that
[23] shows that, for a two-link system, the linearized trans-
fer function from u1 to 62 has exactly one real zero greater
than zero, regardless of the values of the parameters. Theo-
rem 1 thus implies that the unit step response y.(t) of (31)
with the zero initial state has initial undershoot, as shown
in Figure 3. ¢

In the case where x.(0) =0, Theorem 1 provides neces-
sary and sufficient conditions for the existence of initial
undershoot. Although G.(s) may be either strictly proper
or exactly proper, this necessary and sufficient condition
concerns the strictly proper part Ge(s) of Ge(s). In the case
where Gc(s) is exactly proper, Gc(s) has n zeros, and Ge(s)
has m <n zeros. This leads to the question as to whether
or not the presence or absence of initial undershoot can be
directly characterized in terms of the zeros of Gc(s) rather
than indirectly in terms of the zeros of Ge(s). The following
example investigates this question.

Example 3
Let E. be a nonzero real number, and let G.(s) be the trans-
fer function

2 —
yE o B (Ec+Ds+aE—1

_ s—1
Gels)= (s+2)7

(s+2)?

©2)

whose strictly proper part has exactly one real zero greater
than zero. Furthermore,

_(s—z1)(s—22)
Ge(s) = G+27 , 33)
where, for Ec #0,
2= —4Ec—12—Ev12Ec+1 ) (34)
2o = —4Ec—1;Ev12Ec+1 . 35)

Therefore, if Ec € (—oo, —1/12), then z1 and z2 are complex
conjugates, whereas if E.=-1/12, then z1=2z>=4. Fur-
thermore, as E. increases from —1/12 to zero, z1 and z2

depart from four in opposite directions, with limg.oz1 =1
and limg.j0z2 = co. Finally, as E. increases from zero to oo,
z1 decreases from one to —2, and z, increases from —oo
to —2. Therefore, although the strictly proper part of Gc(s)
has exactly one real zero greater than zero, G.(s) may have
zero real zeros, exactly two real zeros less than zero, exactly
one real zero greater than zero, or exactly two real zeros

8t
= 4 0
< \
0
0 2 4 6 8 10

t(s)

FIGURE 1 Example 1. The unit step response of (22). Note that
y"(©0" =0 and y?(0*)=0. However, y¥(0%)<0, and thus, for
all sufficiently small t > 0, yc(t) <O0. Furthermore, since the as-
ymptotic response is yc(o0) =25/3 >0, yc(t) has initial undershoot.
Alternatively, since G:(s) has exactly one real zero greater than
zero, y.(t) has initial undershoot.

FIGURE 2 Example 2. A two-link planar system.

6, (rad)

t(s)

FIGURE 3 Example 2. For the two-link system shown in Fig-
ure 2, the transfer function in (31) has exactly one real zero
greater than zero, and thus, the unit step response 02 of (31) has
initial undershoot.
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greater than zero. Therefore, the zeros of an exactly proper
transfer function cannot be used to infer the presence or
absence of initial undershoot. ¢

INITIAL UNDERSHOOT FOR CONTINUOUS-TIME
SYSTEMS WITH A NONZERO INITIAL STATE

For the case where the initial state is not necessarily zero,
this section provides a necessary and sufficient condition
for initial undershoot in terms of the zeros of Ge(s) defined
by (12). The following result is a consequence of Theorem 1
and Propositions 2 and 4.

Theorem 2

Assume that x.(0) € R" and G(0) # 0, where G(s) is given by
(12). Then, the step response y.(t) has initial undershoot if and
only if G.(s) has an odd number of real zeros greater than zero.

Proof
For the realization (A, (1/it) Acxc(0) + B, Co) of Ge(s), Prop-
osition 4 implies that

Fe(t) = Acke(t) + [%Acxc(O) +Bci,
Ye(t) = ye(0) = CeXe(t),

where the internal state X.(t) € R" satisfies ¥.(0) =0. Thus,
since G.(s) is strictly proper, and G.(0) # 0, Theorem 1 implies
that yc(t) — yc(0) has initial undershoot if and only if Ge(s)
has an odd number of real zeros greater than zero. There-
fore, Proposition 2 implies that y.(t) has initial undershoot
if and only if Ge(s) has an odd number of real zeros greater
than zero. a

Theorem 2 corrects [24, Th. IIL9], where the term Gc(s) — y(0)
appears in place of G(s). Note that, if x.(0)=0, then (13)
implies that G(s) = Ge(s); otherwise, G(s) and Ge(s) may

200 |
— 0 i
@
-200 |
Xc(o)=0
-400 x;(0)=[0 20 0]7]| A
0 2 4 6

t(s)

FIGURE 4 Example 4. The response y.(t) of (36) for two initial
states. With x.(0)=0,Ge(s)= Go(s) has exactly one real zero
greater than zero, and, thus, y.(t) has initial undershoot, whereas
with xc(0)=[0 20 0], Gc(s) has no real zeros greater than zero,
and thus, y.(t) does not have initial undershoot.
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have different zeros, as demonstrated by the follow-
ing example.

Example 4
Let

_ 100(s —1)(s —3) (s + 6)

Ge(®) s+2) '

(36)

which has a minimal realization (A, B, Cc, 100), where

—6 -3 2 )
Ac=|4 0 0| Bc=|0], (37)
01 0 0
Ce=5[-400 —825 250 (38)
Note that
Gu(9) = Gue) — 100 = 4006+ 854) (s~ 029) )

(s+2)° !

and thus, d =1. Let #=1, and consider the step response
yc(t) with the two initial states x.(0) = 0, and x.(0) =[020 0]".
Note that, for x.(0) =0, (12) implies that G<(s) = Ge(s). Thus,
for x.(0)=0, Gc(s) has exactly one real zero greater than
zero, whereas for x.(0) =[020 0], (12) implies that

2025(s + 7.12) (s + 1.42)

Ge(s) = 4(s+2) ’

(40)

which has no real zeros greater than zero. Theorem 2
implies that y.(t) has initial undershoot with x.(0) =0, but
it does not have initial undershoot with x.(0)=[0 20 0]", as
shown in Figure 4. ¢

DELAYED UNDERSHOOT FOR

CONTINUOUS-TIME SYSTEMS

For the case where the initial state is not necessarily zero,
this section provides a sufficient condition for delayed
undershoot in terms of the zeros of Gc(s) defined by (12).

Theorem 3

Let x.(0) € R", define Gc(s) by (12), assume that G.(0) #0,
and assume that G(s) has at least one real zero greater than
zero. Then, the response y.(t) has delayed undershoot.

Proof
Let z1 € (0, ) be a real zero of Gc(s). Proposition 4 implies
that

[ e e = ye(O)1de = Ge(zn) =0, (1)
where, since Gc(s) is asymptotically stable, and z1 >0,
the integral is convergent. Since e >0 for all t=0,
(41) implies that there exist t1>0 and t»>0 such that
Ye(t1) = yc(0)>0 and yc(t2) —y.(0) <0. Moreover, since
G<(0) # 0, Propositions 4 and 5 imply that yc(cc) — yc(0) # 0.
Therefore, (8) is satisfied with either t =t; or t =t». O
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The following example shows that the sufficient condi-
tion given by Theorem 3 is not necessary.

Example 5
Consider the transfer functions
_ s+0.1
GO = G aT 95 +4=19) “2)
GC(S):(S—1+J1)(S—1—J1) 43)

(s +2)° !

and let x.(0)=0. Note that (42) and (43) have no real zeros
greater than zero, but the unit step responses y.(t) of both (42)
and (43) have delayed undershoot, as shown in Figure 5. ¢

The next example shows that the presence or absence of
delayed undershoot depends on the initial state.

Example 6
Let
~2000(s —1)(s — 2)
Ge(s)= —(s T2y , 44)
which has a minimal realization (A, B, C.), where
-6 —3 -1 64
Ac=[4 0 0| Be=|0]|, 45)
0 2 0 0
Ce=-L[500 —375 125]. (46)

16

Let #=1, and consider the response y.(t) with the initial
states x.(0) =0 and x.(0)=[0 20 0]". Note that for x.(0) =0,
(12) implies that Gc(s) = Gc(s), which has exactly two real
zeros greater than zero, whereas for x.(0)=[0 20 0]", (12)
implies that

437.5(s +0.29 + J4.2) (s + 0.29 — 74.2)
(s +2)° !

Ge(s)= 47)

which has no real zeros greater than zero. Thus, Theo-
rem 3 implies that y.(t) has delayed undershoot (but not
initial undershoot) with x.(0)=0, as shown in Figure 6.
For the case where x.(0)=[0 20 0]/, Gc(s) has no real
zeros greater than zero, and Theorem 3 is not applicable.
Nevertheless, y.(t) does not have delayed undershoot
with x.(0)=[0 20 0]", as shown in Figure 6. ¢

The following result provides a lower bound on the
maximum deviation of y.(f) from y.(0) in the direction that
is opposite to the asymptotic direction. This result general-
izes [3, Corollary 1.3.6] to the case where y.(0) is not neces-
sarily zero and yc(co) is not necessarily one.

Theorem 4

Let x.(0) € R", define Gc(s) by (12), assume that G(0) #0,
and assume that G.(s) has at least one real zero greater
than zero, namely, z1. Furthermore, define 6. > 0 by

o JYe(0) = mini=oye(t), ye(o0) > ye(0),

°T {maxtzoyc(t) - yc(O), yc(OO) < ]/C(O)r (48)

which is the maximum deviation of y.(t) from y.(0) in the
direction opposite to the asymptotic direction. Finally, let
&5 >0, and define

te = inf{t > 0:|ye(f) — ye(oo)| < &} 49)
Then,
[ye(o0) ~ ye(0)| & _
ezﬂs -1 — 6C’ (50)
Proof
Proposition 4 implies that
[T e ye®) - ye()1dt = Gtz =0, (1)

G, in (42)
100 G in (43)
0
0 L
0 2 4 6 8

t(s)

FIGURE 5 Example 5. The unit step responses y(t) of (42) and
(43). Although (42) and (43) have no real zeros greater than zero,
yc(t) has delayed undershoot for both transfer functions.

400

200 +

Ye(t)
o

—200

—400 |

FIGURE 6 Example 6. The response y.(t) of (44) for two initial states.
With x:(0)=0, Go(s)=Ge(s) has exactly two real zeros greater
than zero, and y. has delayed undershoot. With x.(0)=[0200]’,
Ge(s) has no real zeros greater than zero, and y.(t) does not have
delayed undershoot.
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where, since G.(s) is asymptotically stable and z1 >0, the
integral is convergent. Furthermore,

fo = e [ye(t) — ye(0)]dt = fo “e [y (t) — ye(0)] dt
+ ft e [ye(f) — ye(0)]dt,

which, combined with (51), implies that

/ts " e ye(t) — ye(0)] dt = — fo Yo [ye(t) — ye(0)]dE.  (52)

Since Gc(0)#0, Propositions 4 and 5 imply that either
Ye(00)>1¢(0) or yc(o00) <yc(0). In the case where y(o0) > yc(0),
(52) implies that

o —zit — b =zt
f,s e ye(t) — ye(0)] dt < 5 fo eidt

_ Sc(1—eh)

Z1 63)

Moreover, since ye (t) = yc(oc) — &5, for all t =1, it follows
that

A e [ye(t) — ye(0)]dt = [ye(00) — ye(0) — &4] ft Fentdt

[y (o0) — yc(0) — gsle™"

= = . (54)
Combining (53) and (54) yields
Ye(@) = ye(0) = &5 _ |yeloo) — y(O) —es _
et —1 et —1 -
In the case where yc(o0) <yc(0), (52) implies that
°© ot _ > _ ts —z1t
fts e ye(t) — ye(0)]dt = —6¢ [O et dt
_ S -1)
== (55)
T
50 - ————— e e et
| |
% £5=25
251 Y e
| |
|
€ o L
> I
| |
o5 L
| |
o ——— G,in (57)
-50 b —— G,in (58)| {
I I L L L
0 1115 2 3 4 5

t(s)

FIGURE 7 Example 7. The unit step responses of (57) and (58),
each of which has exactly one real zero at one. Since (57) has
slower dynamics than (58), (50) implies that, for a given ¢s, the
lower bound for §. in the case of (57) is smaller than the lower
bound for §. in the case of (58).
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Moreover, since yc(f) < yc(oo)+ &, for all t=t,, it follows
that

/A " e [ye(t) — ye(0)]dt < [ye(o0) — Y (0) + &4] ft Ferntdt

_ [yC(OO) - ]/c(O) + &] Paats ‘

Z1

(56)
Combining (55) and (56) yields

Ye(0) — ye(o0) =& _
ezm _ 1

v c(ooz;y_c(lo N=e: 5. O

In addition to providing a lower bound on &, Theo-
rem 4 implies a relationship between the transient and
asymptotic performances of dynamic systems that have
delayed undershoot. The following example demonstrates
one application of Theorem 4.

Example 7
Consider the transfer functions

-200(s 1)

Gele) =g 3y 7)
 600(s—1)

) =G 2676)’ (58)

both of which have exactly one zero at one. Let t=1 and
xc(0)=0, and note that, for both (57) and (58), Proposition 5
implies that y.(c0) = 50. Moreover, note that (57) has slower
dynamics than (58). Let &s =25, and define & and t; by (48)
and (49), respectively. Consider the unit step responses of (57)
and (58) shown in Figure 7. For (57), ts =1.5s, which [using
(50)] implies that 6. >7.18. The lower bound on &. is conser-
vative by a factor of about 3.8, as shown in Figure 7, where
8c =~ 27. Similarly, for (58), ts =~ 1.1 s, which [using (50)] implies
that §.>12.47. The lower bound on §. is conservative by a
factor of about 3.8, as shown in Figure 7, where . = 48. Since
(57) has slower dynamics than (58), (50) implies that, for a given
&, 6c has a smaller lower bound for (57) than for (58). ¢

SETPOINT COMMAND RESPONSE

WITH INITIAL UNDERSHOOT

In a control system application, a setpoint command is
a step input. A setpoint command is specified at start-
up and may change during operation. When the setpoint
command changes, the closed-loop system has a possi-
bly—and almost always—nonzero internal state due to
the internal states of the plant and controller. As shown
by Examples 4 and 6, the presence or absence of initial
and delayed undershoot depends on the initial state.
The setpoint response of the closed-loop system thus
depends on the internal state when the setpoint changes;
this state may be unknown to the system operator. Fig-
ure 8 shows a block diagram of the basic servo loop for
the continuous-time system (1) and (2), where r(f) is the
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command, e(t) =r(t) — y.(t) is the error, and Cc(s) is the
continuous-time controller.

To demonstrate the effect of a changing setpoint, con-
sider the time-varying step input

in t€l0,t),
il(t)z 7% tE[t1, fz),

i3 t €[tz ),

39

where t, > t1 > 0 are such that X.(f1) ~ 0 and xc(t2) ~ 0. Set-
ting to = 0 and using (12), define, for i € {1, 2, 3},

Geifs) = Ce(sT — A [ﬂliAcxc(tH) + BC]. ©60)
Note that
Ge1(s)=Ce(sI — A" [L_%Acxc(O) + Bc]
= Ge(s) + ﬂilcc(sz — A) " Acxc(0). 1)

Moreover, since Xc(f1) = Acxc(f1)+ Beit1 =0, it follows that
Acxc(tl) = _Bcill, and thus,

Gea(s) = CelsI — A [L_%Acxc(tl) + Bc]
- Ayt _ i
~ Ce(s] — AJ) Bc(l I )

- Gc(s)(l - Z—;) ©2)

Similarly, since Xc(t2) = Acxc(t2) + Beit2 = 0, it follows that
Acxc(tZ) = —Bcﬂz, and thus,

Gea(s) = CelsI — A)™ [L_%Acxc(tz) + Bc]
~ _ Ayl _ iy
~ Ce(s] — AJ) Bc(l b )

- _
- Gc(s)(l B ) ©63)
Note that Gc2(s) and Ges(s) have the same zeros as G(s).
However, the zeros of G.1(s) may be different from those
of Gc(s). The following example illustrates these observa-
tions.

Example 8
Let
_ 4=
Ge(s)= G+27 (64)
which has the minimal realization
—4 =2 2
Ac:[ 2 0 ], Bc=[0], Cc=[-2 1]. (65)

Furthermore, let it1 = 10, i1, = 20, 113 =10, t1 =10, and > = 20,
with the initial condition x.(0) =[5 5]". Since G.(0) =1, Prop-
osition 5 implies that yc(oc)=13, and, if t2>t1>0, then
yc(t1) =~ i1, and yc(fz) = il2. Thus, if t2 > 1 > 0, then ic(h) ~0,

and X(t2) = 0. Note that (61) yields Ge(s)=3/(s +2), which
has no real zeros greater than zero. Thus, Theorem 2 implies
that, at t =0, y.(t) does not exhibit initial undershoot, as
shown in Figure 9. However, since (62) and (63) imply that
Gea(s) and Ges(s) have the same zeros as Ge(s), and Ge(s)
has one real zero greater than zero, Theorem 2 implies
that, at t=10s and t=20s, y.(f) exhibits initial under-
shoot, as shown in Figure 9. &

Example 8 shows that, as long as the internal state of the
system converges after each setpoint command, the initial
and delayed undershoot are independent of the setpoint com-
mand. However, what happens if the setpoint changes before
the internal state converges? The following example shows
that, if the setpoint command changes before the internal state
converges, then transitions to the next setpoint at different
times may be inconsistent, that is, undershoot may occur in
one instance but not in the other. This is enigmatic undershoot.

Example 9

Consider the servo loop shown in Figure 10, where u(t) is the
control, y(t) is the measured output, and e(t) = r(t) —y(¢t) is
the error, where the setpoint command r(t) is given by

10, 0=t<30,

r(t) =120, 30<t<33, (66)
25, 33<t<60.
) ~e) | oy U0 ) g [O

FIGURE & The basic servo loop for the continuous-time system (1)
and (2).

t(s)

FIGURE 9 Example 8. The response of (64) with the time-varying
step input (59). Although (64) has one real zero greater than zero,
yc(t) does not exhibit initial undershoot at t =0 due to the non-
zero initial state. However, at both times t =10s and t =20 s, the
state has converged, and, thus, yc(t) consistently exhibits initial
undershoot.
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The dynamics are given by the unstable transfer function

B et VI
Gl = 5=2)6+3) (©7)
which has the minimal realization
-1 3 1
AC:[ 5 0], BCZ[O]’ C.=[-1 —05]. (68)

The initial condition is x.(0) = 0. The Matlab commands Kal-
man and LQI are used to obtain a linear quadratic Gaussian
controller that includes an integrator. The transfer function of
the controller is given by

_ —26.86(s +3)(s +0.07)
Guels) = 55+ 8.18) (s + 0.95) * (69)
which has the minimal realization
-7.88 —4.30 —1 2.69
Ac=|-045 —-1.22 0 |, B.=|245|, (70)
0 0 0 1
C.=[-4.19 -596 —1]. (71)

The initial condition is ¥.(0) = 0. The transfer functions
Gu(s) and Gy (s) from r to u and from r to y, respectively,
are given by

—26.86(s +0.07) (s — 2) (s + 3)*
(s+3.34)(s+3)(s +2.04)(s +1.58) (s + 0.16)”

Gu(s) = (72)

I—- Kalman

Filter — u
HHE-

Integral:
LQG Controller

FIGURE 10 Example 9. A servo loop for integral linear quadratic
Gaussian (LQG) control of the unstable system (67).

50
T
I
s 251 T S ———
) A i L .
200 | ' ' I [ . ' ]
S i
0
L L Il | L L
0 10 20 30 40 50 60

FIGURE 11 Example 9. The setpoint command following with integral
linear quadratic Gaussian control for the unstable system (67). At
t =0, u(t) exhibits initial undershoot, whereas y(t) does not. Next,
at t =30's, u(t) exhibits initial undershoot, whereas y(t) does not.
Finally, at t =33 s, neither u(f) nor y(t) exhibits initial undershoot;
however, both u(t) and y(tf) have delayed undershoot.
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26.86(s +0.07)(s + 1) (s +3)

Grrl8) = 5T338) 5+ 3) (5 + 2.048) (5 + 1.58) (s + 0.16)° 7O
Note that
Ac B.C| 0
Gu~| —BcCe Ac |Bc|, (74
0 C.|0
Ac  B.C| O
Gy~ —BcCe  Ac |Be|, (75)
Cc 0|0

with the internal states xu(f) = x,(t) = [xc(t) Xc(H)T]".
Using (12), for i € {1, 2, 3}, define

. _ Ac BLC\™
Gt 210 Efste| e, 1)
e "ld)
i _Bccc Ac urd Bc !
. Ac  B.Co\!
Gyr,i(s) - [CC 0](515 h _BCCC Ac ])
x(l Ac BcCe ,+[0]>
i _BCCC Ac xym BC ! (76)
where
F210, 12220, 3225, 77)
Xur = ny,l = 0, Xur,2 = x_n/r,Z = .Xur(30),
Xur,3 = Xyr3 = Xur (33). (78)
Since xur,1 = xyr,1 = 0, it follows that
Gur,l (S) = Gur(s), Gyr,l (S) = Gyr(S). (79)

Since, in addition, Gu(s) has exactly one real zero
greater than zero, and Gy (s) has no real zeros greater
than zero, Theorem 2 implies that, at t =0, u(t) exhib-
its initial undershoot, but y(tf) does not, as shown in
Figure 11.

Next, at t = 30 s, the setpoint command r(f) changes from
10 to 20. The states of the system and controller at t = 30 s are

xc(30)=[0.02 —20.28]", x.(30)=[14 —5.41 —87.24],
(80)

which imply that

Guna(5) ~ %Gm(s), Gura(s) = %Gw(s). 81)
Thus, since Gu(s) has exactly one real zero greater than
zero, and Gy (s) has no real zeros greater than zero, Theo-
rem 2 implies that, at t =30s, u(f) exhibits initial under-
shoot, but y(t) does not, as shown in Figure 11.

Finally, at t = 33 s, the setpoint command r(t) changes from

20 to 25. The states of the system and controller at t = 33 s are

xc(30)=[—3.61 —58.26]", x.(30)=[23.96 —28.96 —105.52]",
82
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which imply that

—5.37(s — 1.73) (s — 0.088) (s> + 65 + 9) 83
(s+3.34)(s+3)(s+2.04)(s +1.58) (s + 0.16)” 83)

—0.09(s — 50.77) (s + 3) (s + 1) (s — 0.08)
(5+3.34)(5+3) (5 +2.04) (s + 1.58) (s + 0.16) °

Gur/3 (S) =

Gyr,S (S) =

(84)

Thus, since both Gur3(s) and Gy3(s) have exactly two real
zeros greater than zero, Theorem 2 implies that, at t =33 s,
neither u(t) nor y(f) exhibits initial undershoot; however,
in this case, Theorem 3 implies that both u(t) and y(t) have
delayed undershoot, as shown in Figure 11. ¢

PRELIMINARIES FOR DISCRETE-TIME
SYSTEMS
Consider the discrete-time system

Xdk+1 = AdaXar+ Bail,

85)

Yd k= Caxax+ Eait, (86)

where, for all k=0, xqx € R" is the state, yax € R is the out-
put, and it € R is a nonzero step input (Table 3). The matri-
ces (Ag, B4, Cy4, Eq) are assumed to be a minimal state-space
realization of the transfer function
Ga(z) = Cd(ZI—Ad)_IBd-l-Ed. 87)

Note that G4 (oc) = Eq.

Throughout this article, Ga(z) is assumed to be asymp-
totically stable, SISO, and of the form

Na(z) _
Da(z) ~

(z—21)-(2—2m)

(z=p1)--(z—pn)’

Ga(z) =K (88)
where n>1, n=2m=0, K#0, and zi,...,zn€C and
p1,....,pn € C are the zeros and poles of Ga(z), respec-
tively. Since (Ad, Ba, Ca) is controllable and observable,
the polynomials N4 and D4 have no common roots. Let
d = n—m = 0 denote the relative degree of G4(z). Note that
Ga(z) is strictly proper, thatis, d > 0, if and only if E4 =0,
and Ga(z) is exactly proper, that is, 4 =0, if and only if
Eqa= K. If Ga(z) is exactly proper, then Ga(z) £ Ga(z) — Eq
is the strictly proper part of Ga(z), which is given by

Nd(Z) Nd(z)—Dd(Z)
Dy(z) Dy(z) )

Ga(z) =K -K=K (89)
Since N4 and D4 have no common roots, it follows that
Na—Dg4 and Dg4 have no common roots, and, thus, there is
no pole-zero cancellation in (89). Furthermore, N4 — D4 and
N4 have no common roots, and thus, the zeros of Ga(z) are
different from the zeros of Ga(z). If Ga(z) is strictly proper,
then Ga(z) = Ga(2).

For all k=0, the step response of (85) and (86) in the
presence or absence of the possibly nonzero initial state
Xd,0 is given by

k=1 )
Yd k= CdAléxd,o + Z CaAN V" 'Bait + Eqit.

i=0

90)

Hence,

Ydo = Caxao+ Eail. 1)

If x40=0and Eq4 =0, then y4,0=0.

Definition 3
The response ya given by (90) has initial undershoot if there
exists k1 = 1 such that, for all k € [0,k1 —1],

Yak=Ydo, 92)

and

Yd i = Yd,0)Yd,0 — Yd,0) < 0. 93)

Definition 4
The response yar given by (90) has delayed undershoot if
there exists k1 = 1 such that (93) holds.

Note that, if y4x has initial undershoot, then yq« has
delayed undershoot. However, Example 14 shows that

C D
TABLE 3 A summary of discrete-time and sampled-data
definitions and results.

. Y

Definition 3 Initial undershoot

Definition 4 Delayed undershoot

Initial undershoot with the zero initial
state

Proposition 9

Proposition 10  Shift-invariance property of initial and

delayed undershoot

Proposition 11 Application of Proposition 9 for exactly

proper systems
Proposition 12  The z-transform of y4x — ya,.0
Proposition 13  Asymptotic value yq.- Of yax
Proposition 14  First nonzero value of yax

Initial undershoot with the zero initial
state using the relative degree

Proposition 15

Theorem 5 Initial undershoot with the zero initial
state using zeros

Theorem 6 Initial undershoot with a nonzero initial
state

Theorem 7 Delayed undershoot

Theorem 8 Lower bound on the maximum deviation
of yax from yao

Theorem 9 Initial undershoot under sufficiently fast
sampling

Theorem 10 Initial undershoot under sufficiently slow
sampling

G J
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the converse is not true. The special case y40=0 is
worth noting.

Proposition 9
Assume that ya0=0. Then, yar has initial under-
shoot if and only if there exists k1 =1 such that, for
all ke [0,k1],

yak =0, 94)

and

YakYde < 0. 95)
Furthermore, yqx has delayed undershoot if and only if
there exists k1 = 1 such that (94) holds.

The following observation is immediate but worth not-
ing. The proof is similar to the proof of Proposition 2.

Proposition 10

Let o € R. Then, yar has initial undershoot if and
only if yar—oa has initial undershoot. In addition,
yax has delayed undershoot if and only if yar—a has
delayed undershoot.

Proposition 10 shows that initial undershoot is preserved
under an arbitrary, constant offset of the step response. The
following result views Eqil as a constant offset of the step
response of the strictly proper part of Ga(z).

Proposition 11

Let x40 € R". Then, yqr has initial undershoot if and
only if yar— Eait has initial undershoot. In addition,
yax has delayed undershoot if and only if y4x— Eait has
delayed undershoot.

In view of (90), Proposition 11 shows that, for all initial
states x40, the presence or absence of initial undershoot
is independent of the value of E4. Hence, there is no loss
of generality by setting Eq = 0 in (86), that is, by replacing
the exactly proper transfer function Ga(z) with its strictly
proper part Ga(z). This observation is further justified by
the following result, which shows that the z-transform of
Yak—Yao does not depend on Ea.

Proposition 12
Let ya be the step response of (85) and (86) given by (90). Then,

Z{yd,k —Ydo} = Gd(Z) Z_ﬂl ’

: %6)

where

Ga(@) = Ca(al = Ag) [+ (Aa+ Dxao+ Ba| ©97)

Proof
Subtracting (91) from (90) and taking the z-trans-
form yields
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Z{yd/k —ya,0} = zCa(zl — Aa) -1 x4,0+ Ca(zl — Aq) -
B zZ z
d72-1 z-1

=2zCq(zl — Ad)71 [Xd,o + Ba %] - ﬁCdXd/o

Caxd,o

=2Ca(zl — Ad) ™" [Xd,o + Bq 2 E 1

- 1 T (zI—Ad)Xd,o]
= 2Ca(el — Ad) ' [Ba- "+~ (Aa+ D]
— 6 zil
= Ga(a) 24 O

The situation is different, however, for the case of the
nonzero initial state since, as shown by (90), the effect
of x40 is not equivalent to a constant offset of yax.
Examples 12 and 14 shows that initial undershoot or
delayed undershoot may occur for some initial states
but not others.

The following result, which follows from the discrete-
time final value theorem [20, pp. 139], provides an expres-
sion for the asymptotic value vd, of ydx.

Proposition 13
Yo = ]{im Yak exists and is given by

. _ _ 1) _
wm=y§GJmu:G4Du=KgﬁSu 98)

In view of (93), Proposition 13 implies that if
Ga(1)ut = Cqxa,0+ Eqil, 99)

then y4x has initial undershoot. In particular, in the special
case where x40 = 0, Proposition 13 implies that if
Ga(1) = Eq, (100)

then yax has initial undershoot. However, Example 12
shows that the converses of these statements are not true.

INITIAL UNDERSHOOT FOR DISCRETE-TIME
SYSTEMS WITH ZERO INITIAL STATE
For the case of the zero initial state, this section provides a
necessary and sufficient condition for initial undershoot in
terms of the zeros of the strictly proper part Ga(z) of Ga(z).
The following section considers the case of a nonzero ini-
tial state.

The following result, which follows from the initial
value theorem [25, p. 119], concerns the first nonzero value
of the step response yax.

Proposition 14

Assume that G4(z) is strictly proper and x4,0 = 0. Then, for
allie{l,...,d =1}, ya;=lim:-.z'Ga(z)it = 0. Furthermore,
Yaa = lim._«z'Ga(z) &t = Ki.
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Proposition 15

Assume that x40=0, and let d>1 denote the relative
degree of Ga(z). Then, the unit step response y4x of Ga(z)
has initial undershoot if and only if

(ya,d— Eait) (Y4, — Eait) < 0. (101)

Proof

Since yax — Eafl is the step response of Ga(z), Propositions
9 and 14 imply that yax — Eqit has initial undershoot if and
only if (101) is satisfied. Thus, y4 has initial undershoot if
and only if (101) is satisfied. a

Theorem 5

Assume that x40 = 0 and Ga(1) # Ed4. Then, the step response
Yak of Ga(z) has initial undershoot if and only if Ga(2) has
an odd number of real zeros greater than one.

Proof
First, consider the case where Eq = 0, thatis, Ga(z) is strictly
proper. Thus, Propositions 13 and 14 imply that

_ w22 Na(1)
YddlYde = K Da(l)"

(102)

Since Ga(1) # 0, it follows that Na(1) # 0. Moreover, since
Ga(z) is asymptotically stable, every root of D4(z) is con-
tained in the open unit disk. Therefore, using Lemma S1, it
follows from (102) that

. . N4 ) — 1)@
sign (Ya,aYd,e) = 51gn(1<2u2 #8) = 518“%

_ 1 Ng(1)
-1°
where 7,() is the number, counting multiplicity, of real
roots greater than o € R of the polynomial p. Thus, yax has
initial undershoot if and only if zn,(1) is odd. Therefore,
Proposition 15 implies that yq4« has initial undershoot if
and only if zn,(1) is odd, that is, if and only if Ga(z) = Ga(z)

has an odd number of real zeros greater than one.

Next, consider the case where Eq # 0. Since yax— Eail
is the step response of the strictly proper transfer function
Gd(z), it follows that yax— Eaqii has initial undershoot if
and only if Ga(2) has an odd number of real zeros greater
than one. Thus, Proposition 11 implies that yax has initial
undershoot if and only if Ga(z) has an odd number of real
zeros greater than one. O

The following example (Table 4) illustrates Propositions
13-15 and Theorem 5.

=sign = (=1)™®

Example 10

Let x40 =0 and # = 1, and consider the transfer function

-3(z—-2)

Gl = 0Dz -02) - 03)z—04)

(103)

which has exactly one real zero greater than one. Hence,
Theorem 5 implies that y4x has initial undershoot.

To show this more directly, Proposition 14 implies that

Ya1 = 1limzGa(z) = 0, (104)
ya2=1limz*Ga(z) = 0, (105)
Yas = 1imz’Ga(z) =—3. (106)
Alternatively,
LG
- 2G5
_ 21 10 105.6 675 , 10929  533.3
=2 Tt o0 202 T 205 =04
0, k=0,
=110+105.6(0.15"") — 675(0.2°"") P
+1092.9(0.3"1) — 533.3(0.4" 1), -
(107)

It follows from (107) that y4,1 = y4,2 =0, and 4,5 =—3, asshown
in (104)—(106). Figure 12 shows the unit step response of (103).
Note that Proposition 13 yields limi-«ydar=1im:.1Ga(z) =
Ga(1)=9.92, as shown in Figure 12. Thus, since ya,4yd, <0,
Proposition 15 implies that y4 has initial undershoot. ¢

In the case where x40 =0, Theorem 5 provides neces-
sary and sufficient conditions for the existence of initial
undershoot. Although Gad(z) may be either strictly proper
or exactly proper, this necessary and sufficient condition
concerns the strictly proper part Ga(z) of Ga(z). In the case
where Ga(z) is exactly proper, Gd(z) has n zeros, and Ga(z)
has m < n zeros. This leads to the question as to whether
or not the presence or absence of initial undershoot can be
directly characterized in terms of the zeros of Ga(z) rather
than indirectly in terms of the zeros of Ga(z). The follow-
ing example investigates this question.

Example 11
Let Eq be anonzero real number, and let Ga(z) be the trans-
fer function

TABLE 4 A summary of discrete-time and sampled-data A
examples.

Ao v
Example 10 Initial undershoot with the zero initial state
Example 11 Zeros of exactly proper systems
Example 12 Initial undershoot with a nonzero initial state
Example 13 Delayed undershoot
Example 14 Delayed undershoot
Example 15 Application of Theorem 4
Example 16 Initial undershoot for a sampled-data system
Example 17 Initial undershoot for a sampled-data system
Example 18 Initial undershoot for a sampled-data system

_ J
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2
_ Eaz +zz—2’ (108)

z—2
=£=<4
Gd (Z) 22 E d 2
whose strictly proper part has exactly one real zero greater
than one. Furthermore,
Gal(z) = (109)

7

(z—2z1)(z—22)
ZZ

where, for Eq # 0,

_ —1+/1+8Eq

2Es (110)

Z1

_ —1-y/1+8Eq

2E, (11D

Z2
Therefore, if Eq € (—oo, —1/8), then z1 and z2 are complex
conjugates, whereas if Eq=—1/8, then z1=2z>=4. Fur-
thermore, as Eq increases from —1/8 to zero, z1 and 2z
depart from four in opposite directions, with limgs0z1 =2,
and limgsi0z2 = oo. Finally, as Eq increases from zero to
oo, z1 decreases from two to zero, and z, increases from
—oo to zero. Therefore, although the strictly proper part of
Ga(z) has exactly one real zero greater than one, Ga(z) may
have zero real zeros, exactly two real zeros less than one,
exactly one real zero greater than one, or exactly two real
zeros greater than one. Therefore, the zeros of an exactly
proper transfer function cannot be used to determine the
presence or absence of initial undershoot. ¢

INITIAL UNDERSHOOT FOR DISCRETE-TIME
SYSTEMS WITH NONZERO INITIAL STATE

For the case where the initial state is not necessarily zero, this
section provides a necessary and sufficient condition for ini-
tial undershoot in terms of the zeros of Ga(z) defined by (97).

T T
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\
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FIGURE 12 Example 10. The unit step response of (103). Note that
y41=Yy42=0. However, since y43<0, and the asymptotic re-
sponse is Y4 =9.92> 0, it follows that yq« has initial undershoot.
Alternatively, since Gu(z) has exactly one real zero greater than
one, yqx has initial undershoot. Note that the dotted lines are pro-
vided only to help visualize the initial undershoot.
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The following result is a consequence of Theorem 5 and
Propositions 10 and 12.

Theorem 6

Assume that x40 € R" and Ga(1) # 0, where Ga(z) is given
by (97). Then, the step response yqx has initial undershoot
if and only if Ga(z) has an odd number of real zeros greater
than one.

Proof
For the realization (Ag, (1/i1)(Aq+I) x40+ Ba,Ca) of Ga(z),
Proposition 12 implies that

Xak+1 = AdXar+ [%(Ad +D)xa0+ Bd]it,
Yak—Yda0= CaXak

where the internal state Xqr € R" satisfies Xq0= 0. Thus,
since Ga(z) is strictly proper and Ga(1) #0, Theorem 5
implies that yax—y4,0 has initial undershoot if and only
if Ga(z) has an odd number of real zeros greater than
one. Therefore, Proposition 10 implies that y4« has initial
undershoot if and only if Ga(z) has an odd number of real
zeros greater than one. O

Note that, if x40 = 0, then (97) implies that Ga(z) = Ga(2);
otherwise, Ga(z) and Ga(z) may have different zeros, as
demonstrated by the following example.

Example 12
Let

_ 200(z—4)(z— 1.5)(z— 0.4)

(z—03)° ’ (112)

Ga(z)

which has a minimal realization (Aq, B4,Cq,200), where

| [900 ~540 216 64
Aa=1p55050 0 0| Ba=|0]| (113)
250 0 0
Ca=g51~1250 3965 —4746]. (114)
Note that
Go®) = Goe) — 200 = ~1000G =119 =04)

(z—0.3)° ’

and, thus, d =1. Let # = 1, and consider the step response
yax of Ga(z) withinitial states x40 = 0 and x40 = [0—25 0]".
Note that, for x4,0 = 0, (97) implies that Ga(z) = Ga(z). Thus,
for x40 =0, Ga(z) has exactly one real zero greater than one,
whereas for x40 =[0—25 0], (97) implies that

Galr) = ~20792 ((zz—_ 06.939)?’(2 —040)

(116)

which has no real zeros greater than one. Thus, Theorem 6
implies that yax has initial undershoot with x4,0=0 but
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does not have initial undershoot with x40 =[0—25 0]7, as
shown in Figure 13. ¢

DELAYED UNDERSHOOT IN DISCRETE-TIME

SYSTEMS

For the case where the initial state is not necessarily zero,
this section provides a sufficient condition for delayed
undershoot in terms of the zeros of Ga(z) defined by (97).

Theorem 7

Let x40 € R", define Ga(z) by (97), assume that Ga(1) # 0,
and assume that Ga(z) has at least one real zero greater
than one. Then, the response yq4« has delayed undershoot.

Proof
Let z1 € (1,00) be a real zero of Ga(z). Thus, Proposition 12
implies that

Zm: 21" (Yak — Yd,0) = Z_l Ga(z1) =0, (117)
k=0 z1—1
where, since Ga(z) is asymptotically stable, and z1 > 1, the
sum is convergent. Since z1¥ >0, forall k>0, (117) implies
that there exist k2 > 0 and k3 > 0 such that yar —yd0 >0
and yak — Y40 < 0. Moreover, since Gd(l) # 0, Propositions
13 and 12 imply that Y4, —ya0 # 0. Therefore, (93) is satis-
fied with either ki = k2 or ki = k3. O
The following example shows that the sufficient condi-

tion given by Theorem 7 is not necessary:.

Example 13
Consider the transfer functions
_ 30(z—0.2)
Gi(2) = 23057705z + 05+ J05) (118)
Ga(r) = 2249 (E—27)) (119)

(z—0.4)° ’

and let xq,0 = 0. Note that (118) and (119) have no real zeros
greater than one, but the unit step response ya4x of both (118)
and (119) has delayed undershoot, as shown in Figure 14. ¢

The next example shows that the presence or absence of
delayed undershoot depends on the initial state.

Example 14
Let

1000(z — 1.1)(z — 2.2)
(z—0.3)° ’

Ga(z) = (120)

which has a minimal realization (Ag,Bg4,Cq,0), where

| [900 —540 216 128
Aa==——1500 0 0| Ba=|0 ] (121)
1000
250 0 0

Ca=-L[125 —825 2420].

1= (122)

Let # =1, and consider the response yq« with initial states
xa0=0 and xq40=[30 =30 —30]". Note that for xq0=0,
(97) implies that Ga(z) = Ga(z), which has exactly two
real zeros greater than one. For x40 = [30 —30 —30]", (97)
implies that

3377.2(z + 1.11) (z — 0.76)

Ga(a) = (z—03)° '

(123)

which has no real zeros greater than one. Thus, Theo-
rem 7 implies that y4r has delayed undershoot with
x40 =0, as shown in Figure 15. Note that for the case
where x40 = [30 —30 —30]", Ga(z) has no real zeros greater

500 | RTINS ® L ZERERE LTI L IEEREIR ot -

= 0 o ]

-500 - .

’D.. o X =

—1000 | a0 ]

500 |- I S T

< 0 ]
N

5001 - ]

e Xq0=[0-25 0]7
-1000 ¢~ a0 =1 ]
0 2 4 6 8 10

k (Step)

FIGURE 13 Example 12. The response yqx of (112) for two initial
states. With x40 =0, Ga(z) = Ga(2) has exactly one real zero great-
er than one, and, thus, yqx has initial undershoot, whereas with
xa0=[0—25 0]",Ga(z) has no real zeros greater than one, and
thus, yqx does not have initial undershoot.

30 e « Ggin (118) | 1
20} 1
== N .. o
NS 10 mo s ‘e @ ¥ g 0 .0.9..0.0..0:0 001
: s °
0§ i ]
-0} ° ]

Gyin (119

.A..--o»-o--o--0---------0--.--.--.--1
K 1

= 20 o E
< o . o |
20 | i

0 4 8 1‘2 1‘6 20

k (Step)

FIGURE 14 Example 13. The unit step response yqx of (118) and
(119). Although (118) and (119) have no real zeros greater than
one, yqx has delayed undershoot.
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than zero, and Theorem 7 is not applicable. Nevertheless,
in this case, y4x does not have delayed undershoot with
x40 =[30 =30 —30]", as shown in Figure 15. o

The following result provides a lower bound on the
maximum deviation of yax from yq,0 in the direction that

is opposite to the asymptotic direction.

Theorem 8

Let x40 € R", define Ga(z) by (97), assume that Ga(1) # 0,
and assume that Ga(z) has at least one real zero greater
than one, namely z1. Furthermore, define 84 > 0 by

1000 = -
04" ]

x-. ."v‘ .
S —1000 | ]
—2000 | ]

® Xg0=0
1000 f ' - : : .
0 L PR P PP @ :
< ’. e
S —1000f . ]
—2000 - ]
E |'* x40=[30 =30 =30] |

0 2 4 6 8 10

k (Step)

FIGURE 15 Example 14. The response yqx of (120) for two initial
states. With xq0=0, Ga(z) = Ga(z) has exactly two real zeros
greater than one, and yqx has delayed undershoot, whereas with
Xa0=1[30 —30 —30]", Ga(z) has no real zeros greater than one,
and yqx does not have delayed undershoot.

200 —————+—+—— e f,.*.f_g-f-,.‘.Tﬁ'&'-'-“-&"‘"-""‘""‘*‘"""
"“.,o" i
. £=100
100 R L EEEEER PR EEEES
x l
< \
|
0% l
|
-50 l « Gyin (133) | |
| « Gyin (134)
—90 | . i
4 10 15
k (Step)

FIGURE 16 Example 15. The unit step responses of (133) and (134),
each of which has exactly one real zero at two. Since (133) has
slower dynamics than (134), (126) implies that for a given ¢s, the
lower bound for &4 in the case of (133) is smaller than the lower
bound for dq in the case of (134).
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Yd,oo = Yd,0,

. JYdo— minkzoYdk,
- Ydoo < Yd,0,

(124)
maXk=0Ydk — Yd,0,

which is the maximum deviation of y4x from yqo in the
direction that is opposite to the asymptotic direction.
Finally, let s > 0 and define

ks=min{k > 0: | yar— Y | < &}. (125)
Then,
Nam—dao]zee 5 (126)
Zf -1
Proof
Proposition 12 implies that
> 2 (Yax —ya0) = — 1 Ga(z1) =0 (127)
k=0 z

where, since Ga(z) is asymptotically stable and z1 > 1, the
sum is convergent. Furthermore,

o

ks—1 oo
2z Wak—Yao) = 2. 21" ark—Yao) + 2 21 (Yak — Yao),
k=0 k=0 k=ks

which, combined with (127), implies that

0 ks—1

Z “(yak—yao) =— Zzl (Yak—Yao).

(128)

Since Ga(1) # 0, Propositions 12 and 13 imply that either
Ydoo > Ydo O Ydeo < Yd0. In the case where Vd« > Vdo,
(128) implies that

o

z ydk—ydo)<5c221

_ S —21]“”)

12
po— (129)

Moreover, since Ydr = Yd,~ — €, for all k = ks, it follows that

i 21 (Yak = Ya0) = Ydoe = Yao — £5) Z "

k=ks
(Yoo — Yao— &)z
= 130
p— (130)
Combining (129) and (130) yields
Yao —Ydo =& _ |Ydo—Ydo | =& _
= < d4.
Z&—1 -1 d
In the case where Y4, < yd,0, (128) implies that
oc ko1
>z (Yak—ya0) =—84 2 z1F
k=ks k=0
8a(z1" " = z1)
= 131
T (131)

Moreover, since Yar < Yd,.+ &, for all k = ks, it follows that
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I =] Uy yd,k

Gd (Z) >

Cy(2)

FIGURE 17 A basic servo loop for the discrete-time system (85)
and (86).

i 21 (Yaxk— Ya,0) < Yo — Yao + €5) i zi*
K=ks K=k

_ (Yaw—Yyaot Es)kas+1

132
P 132)
Combining (131) and (132) yields
Yao—Yao =& _ |Ydo—Ydo | =& _
= < é&q. |
-1 Z8 -1 ¢

In addition to providing a lower bound on 84, Theorem
8 implies a relationship between the transient and asymp-
totic performances of dynamic systems that have delayed
undershoot. The following example demonstrate one appli-
cation of Theorem 8.

Example 15
Consider the transfer functions
_ —50(z—2)
Ga(z) = 2=05)" ' (133)
Ga(z) = —2z=2) (134)

(z—0.5)(z—0.1)"

both of which have exactly one zero at two. Let it =1 and
xd4,0 = 0, and note that for both (133) and (134), Proposition
13 implies that y4,. =200. Moreover, note that (133) has
slower dynamics than (134). Let & =100, and define &4
and ks by (124) and (125), respectively. Consider the unit
step responses of (133) and (134) shown in Figure 16. For
(133), ks = 4, which, using (126) implies that 64 = 6.67. The
lower bound on &4 is conservative by a factor of about 7.5,
as shown in Figure 16, where 84 = 50. Similarly, for (134),
ks =3, which [using (126)] implies that §4=>14.29. The
lower bound on &4 is conservative by a factor of about 6.29,
as shown in Figure 16, where 84 = 90. Since (133) has slower
dynamics than (134), (126) implies that for a given &5, 84 has
a smaller lower bound for (133) than for (134). ¢

r(t /&,Ts re >T ex

Uk

Cy(2)

ZOH

To conclude this section, note that the presence or
absence of initial and delayed undershoot depends on the
initial state, and, thus, initial and delayed undershoot in
setpoint command following for discrete-time systems
is similar to the continuous-time case. Figure 17 shows a
block diagram of the basic servo loop for the discrete-time
system (85) and (86), where rx is the command, ex £ 7k — ya
is the error, and Cq(z) is the discrete-time controller.

INITIAL UNDERSHOOT IN SAMPLED-DATA SYSTEMS
The sampled step response of a continuous-time system is
the step response of the discrete-time system obtained by
discretizing the continuous-time dynamics. This section
considers initial undershoot in the sampled-data system to
relate the zeros of the sampled-data system to the zeros of
the continuous-time system. We use zero-order-hold (ZOH)
inputs and instantaneous sampling, which correspond to
the Matlab c2d function. Figure 18 shows a block diagram
of the basic servo loop for the sampled-data system with
sample time Ts, where y.(t) is the continuous-time output,
Yax is the sampled output, r(t) is the continuous-time com-
mand, 7, is the sampled command, ex £ 7« — yax is the error,
Ca(z) is the discrete-time controller, uy is the discrete-time
control, and u(f) is the continuous-time control.

Example 16
For the continuous-time, strictly proper transfer function
_26=1)
G = 42" (135)

with xc(0) =0, Theorem 1 implies that y.(t) has initial
undershoot. Assuming ZOH with sample time Ts = 15, the
discretization of (135) is given by

—0.2600(z — 5.116)
22— 02977z +0.3679 "

Gd(z) = (136)
Since Gd(z) has exactly one real zero greater than one,
Theorem 5 implies that y4 has initial undershoot. On the
other hand, the discretization of (135) with sample time
T; = 1.5 s is given by

0.3724(z + 3.304)
22+ 0.3796z + 0.2231"

Gal(z) = (137)

which has no real zeros greater than one, and, thus, Theo-
rem 5 implies that y4r does not have initial undershoot.

u(t) Gy(s) Yel(t)

/&c Ts  Yax -

FIGURE 18 A basic servo loop for the sampled-data system with zero-order-hold (ZOH) inputs and instantaneous sampling with

sample time Ts.
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Figure 19 shows y.(t) and ya4 for both (136) and (137). This
example shows that, for a continuous-time system with a
real zero greater than zero, the discretized system may or
may not have a real zero greater than one, depending on
the sample time Ts. In particular, for sufficiently large Ts,
the sampled response may miss significant dynamics, as in
the case of aliasing. &

Example 17

For the continuous-time, strictly proper transfer function

2(s—1)(s—2)
o(s) = : 1
G = 513 +s+12) (138)
with x¢(0) =0, Theorem 1 implies that y.(t) does not have
initial undershoot. The discretization of (138) with a ZOH
and sample time Ts = 0.25 s is given by

0.1430(z — 1.228) (z — 2.123)

Cal?) = =0 4724) (2= 11562+ 0.7788)

(139)

Note that Ga(z) has exactly two real zeros greater than
one, and Theorem 5 implies that y4x does not have initial
undershoot. The discretization of (138) with sample time
Ts = 1 s is given by

—0.2968(z + 0.6255) (z — 1.554)

Gal®) = (720,098 (22 + 1164z + 03679)

(140)
which has exactly one real zero greater than one, and, thus,

Theorem 5 implies that y4« has initial undershoot. The dis-
cretization of (138) with sample time Ts = 2 s is given by

k (Sample)

0.3094 (z — 0.5385) (z — 0.5987)
(z—0.0025) (z* — 0.6185z + 0.1353)’

Ga(z) = (141)

which has no real zeros greater than one, and, thus, Theo-
rem 5 implies that y4r does not have initial undershoot.
Figure 20 shows y.(t) and yax for (139)—(141). This example
shows that, for a lightly damped, continuous-time system
with no real zeros greater than zero, the discretized sys-
tem may have zero, one, or two real zeros greater than one
depending on the sample time Ts. &

Example 18

For the continuous-time, strictly proper transfer function

2(s—1)(s—2)

G = G D +5+2)

(142)

with x¢(0) =0, Theorem 1 implies that y.(t) does not have
initial undershoot. The discretization of (142) with a ZOH
and sample time Ts = 0.5 s is given by

0.0958 (z — 6.5) (z — 1.564)
(z — 0.6065) (z% — 1.229z + 0.6065) "

Ga(z) = (143)

Since Gd(z) has exactly two real zeros greater than one,
Theorem 5 implies that y4x does not have initial under-
shoot. The discretization of (142) with sample time Ts =1
s is given by

—0.5009 (z + 1.267) (z — 2.192)
(z—0.3679) (z% — 0.2977z + 0.3679)

Ga(z) = (144)

k (Sample)

0 2 4 6 8 10 12
t(s)

(b)

FIGURE 19 Example 16. For zero initial states, (a) shows the unit step response of (135) and (136), and (b) shows the unit step response
of (135) and (137). Equation (135) has exactly one real zero greater than zero, and y.(t) has initial undershoot. Equation (136) has exactly
one real zero greater than one, and yqx has initial undershoot, as shown in (a). However, (137) has no zeros greater than one, and, thus,

Y4k does not have initial undershoot, as shown in (b).
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which has exactly one real zero greater than one, and which has no real zeros greater than one, and, thus, Theo-
Theorem 5 implies that y4r has initial undershoot. The rem 5 implies that y4r does not have initial undershoot.
discretization of (142) with sample time Ts=2.5 s is Figure 21 shows y.(t) and yax for (143)—(145). This example
given by shows that, for a continuous-time system with exactly two

real zeros greater than zero, the discretized system may

0.4486(z + 0.3108) (z +4.143) have zero, one, or two real zeros greater than one depend-

Galz) = (z—0.0821) (z* + 0.5652z + 0.0821)” (145) ing on the sample time Ts. ¢
k (Sample) k (Sample) k (Sample)
10 20 30 40 0 2 4 6 8 0 1 2 3 4 5 05

T.=025s | T,=2s | %1
| {-02
Ye(t) Ye(t)
* Vi |] o Vak || 0.3
' ' ' ' ' ' ' ~0.4
> 4 6 8 100 2 6 8 0o 2 4 6 8 10

4
t(s) t(s) t(s)
(a) (b) (c)

FIGURE 20 Example 17. For zero initial states, (a) shows the unit step response of (138) and (139), (b) shows the unit step response of
(138) and (140), and (c) shows the unit step response of (138) and (141). Equation (138) has exactly two real zeros greater than zero, and,
thus, yc(t) does not have initial undershoot. Equation (139) has exactly two real zeros greater than one, and y«x does not have initial
undershoot, as shown in (a). However, (140) has exactly one real zero greater than one, and yq« has initial undershoot, as shown in (b).
Finally, (141) has no real zeros greater than one, and yqx does not have initial undershoot, as shown in (c).

k (Sample) k (Sample) k (Sample)
0 5 10 15

t(s) t(s) t(s)

(@) (b) (c)
FIGURE 21 Example 18. For zero initial states, (a) shows the unit step response of (142) and (143), (b) shows the unit step response of
(142) and (144), and (c) shows the unit step response of (142) and (145). Equation (142) has exactly two real zeros greater than zero, and,
thus, yc(t) does not have initial undershoot. Equation (143) has exactly two real zeros greater than one, and yqx does not have initial

undershoot, as shown in (a). However, (144) has exactly one real zero greater than one, and yqx has initial undershoot, as shown in (b).
Finally, (145) has no real zeros greater than one, and yqx does not have initial undershoot, as shown in (c).

FEBRUARY 2022 « IEEE CONTROL SYSTEMS 123

Authorized licensed use limited to: University of Michigan Library. Downloaded on January 19,2022 at 12:53:17 UTC from IEEE Xplore. Restrictions apply.



The following result shows that, under sufficiently fast
sampling, the step response of the discretization of a continu-
ous-time system has initial undershoot if and only if the step
response of the continuous-time system has initial undershoot.

Theorem 9

Consider the continuous-time system (1) and (2), where
xc(0) € R". Let (85) and (86) be the discretization of (1) and
(2) with sample time Ts, where x4,0 = xc(0). Let the transfer
functions Ge(s), Ge(s), Ga(z), and Ga(z) be defined by (3),
(12), (87), and (97), respectively. Then, there exists To > 0
such that, for all Ts € (0, To], the following statements hold:

i) yax has initial undershoot if and only if y.(t) has ini-
tial undershoot.

ii) Assume that G.(0) # 0. Then, the number of real ze-
ros greater than one of Ga(z) is odd if and only if the
number of real zeros greater than zero of G.(s) is odd.

iii) The number of real zeros greater than one of Ga4(z) is
equal to the number of real zeros greater than zero
of Ge(s).

Proof
To show i) and ii), note that for all k = 0, yax = yc(kTs), which
implies that there exists To > 0 such that forall Ts € (0, To], yac
has initial undershoot if and only if y.(t) has initial under-
shoot. Thus, Theorems 2 and 6 imply that there exists To > 0
such that for all T € (0,To], Ga(z) has an odd number of real
zeros greater than one if and only if G (s) has an odd number
of real zeros greater than zero.

To show iii), note that since Ga(z) is the discretized version
of Gc(s) with sample time Ts, it follows that there exists To > 0
such that, for all Ts € (0, To], the zeros of a Ga(z) are approxi-
mately equal to ¢, where z; are the zeros of the Ge(s), and
all of the zeros introduced by sampling are negative [17, p. 64].
Therefore, there exists To > 0 such that, for all T € (0, To], the
number of real zeros greater than one of Ga(z) is equal to the
number of real zeros greater than one of G.(s). a

The following result shows that, under sufficiently slow
sampling, the response of a sampled-data system does not
exhibit delayed undershoot.

Theorem 10

Consider the continuous-time system (1) and (2), where
xc(0) € R". Let (85) and (86) be the discretization of (1) and (2)
with sample time T, where x4,0 = x¢(0). Let the transfer func-
tions Gc(s) and Ga(z) be defined by (12) and (97), respectively,
and assume that G(0) # 0. Then, there exists Tp > 0 such
that, for all T; > Ty, Ga(z) has no real zeros greater than one.

Proof

Since G.(0) #0, Propositions 4 and 5 imply that
Ye(oo) # yc(0). Without loss of generality, we consider the
case where yc() > y.(0). It thus follows that there exists
To > 0 such that, for all t = To, yc(t) > y.(0). Thus, for all
t = To, [ye(t) = yc(0)] [y (o) — yc(0)] > 0. Now, let Ts= T,
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and note that, for all k=0, yax = yc(kTs). Then, for the dis-
cretized system (85) and (86) with sample time T, it follows
that, for all k=1, (Vax —Yd,0) (Vd—Yd0) > 0, and yar does
not have delayed undershoot. Therefore, Theorem 7 implies
that Ga(z) has no real zeros greater than one. a

CONCLUSIONS AND FUTURE WORK

For the step response with a possibly nonzero initial state,
this article presented necessary and sufficient conditions
for initial undershoot in continuous- and discrete-time sys-
tems. In both cases, it was shown that initial and delayed
undershoot depend on the initial condition of the plant.
Consequently, for setpoint command following, the inter-
nal state at the time at which the setpoint command changes
can affect the presence or absence of initial or delayed
undershoot; when the state is unknown, this dependence
is enigmatic. Undershoot in sampled-data systems was
also considered, providing insight into the relationship
between the zeros of the underlying continuous-time sys-
tem and the zeros of the discretized system.

As an extension of this work, the number of sign rever-
sals (that is, zero crossings) of the step response in the case
of the zero initial state is of interest [26, p. 184]. Finally, initial
undershoot in nonlinear systems with unstable zero dynam-
ics is considered in [10] but relatively unexplored.
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