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On the Accuracy of Numerical Differentiation
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Abstract— The ability to control a system is often enhanced
by feeding back the derivatives of sensor signals, such as
estimates of velocity and acceleration when only position is
measured. Within this context, signal differentiation must be
performed causally, that is, using only current and past data
and with minimal computational latency. This paper formu-
lates causal differentiation as a sampled-data input-estimation
problem, where the plant is a cascade of integrators. Adaptive
input estimation based on retrospective-cost optimization is
considered, where the innovations from the Kalman filter is
used to drive the online adaptation. Using backward-difference
differentiation (BDD) as a baseline comparison, high-gain
observers (HGO) with bilinear discretization and retrospective
cost input estimation (RCIE) are applied to harmonic signals
under various noise levels for single and double differentiation.
These methods are then applied to experimental position data
of a small rover for estimating its velocity and acceleration.
Neither method uses information about the noise statistics, and
no analog or digital filtering is used for noise suppression.

I. INTRODUCTION

As exemplified by PID control [1], [2], it is often of
great benefit to be able to use the derivative of a sensor
measurement as part of a feedback control law. Unfortu-
nately, differentiation corresponds to an unbounded operator,
which has unbounded gain; this property is evident in the
fact that the derivative of small-amplitude high-frequency
noise may have arbitrarily large amplitude. In practice,
differentiation is typically performed by combining low-
frequency approximate differentiation with lowpass filtering
for noise suppression. The required shape of the filter is
typically determined manually based on the characteristics
of the sensor noise.

Within a digital context, numerical differentiation can
be viewed as an approximation of “analog” differentiation,
where the goal is to obtain a discrete-time signal that
approximates the “analog” derivative for the given sam-
ple rate. A constraint on discrete-time differentiation for
control-system applications is the fact that only data up to
the present time can be used to compute the derivative;
we call this causal numerical differentiation. For exam-
ple, backward-difference differentiation is causal, whereas
central-difference and forward-difference differentiation are
not. Causal differentiation avoids the need for future data,
which entails latency and thus may degrade performance and
potentially lead to instability.
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Given the importance of causal numerical differentiation,
it is not surprising that substantial effort has been devoted
to this problem. One of the earliest approaches to numerical
differentiation is given in [3], where the problem is posed
in terms of an integral equation, whose solution entails
regularization. An extension of this approach based on
total-variation regularization is given in [4], and numerical
comparisons are given in [5]. This approach uses data from
the entire interval and thus is not suitable for causal nu-
merical differentiation. Motivated by the goal of developing
alternatives to traditional observer design, an interpolation
approach with a moving window is used in [6], [7], where
the derivatives of the interpolating basis functions are used
to approximate the derivative of the given function. The
accuracy of this approach was shown to improve as the data
window size increases, albeit at a cost of latency.

In order to estimate velocity and acceleration from camera
data, ten numerical differentiation algorithms are compared
in [8]. Although many of these algorithms performed well
on experimental data, most of the techniques are based on a
window involving both past and future data and thus entail
latency when used for online applications.

In [9], an nth-order derivative is viewed as the input to a
linear system whose output is the signal data. A high-gain
observer is used to approximate the derivative of the output.
To enable discrete-time implementation, the observer is then
discretized using various methods including zero-order hold
and bilinear transformation. Motivated by nonlinear feedback
control, iterated integrals are used to represent lowpass filters
in [10] and [11]. This technique enables computation of
derivatives of arbitrary order with minimal latency.

An alternative approach to causal numerical differentiation
is based on sliding-mode control. The extensive literature on
this approach is reviewed in [12] with connections to the
robust exact differentiator and the super-twisting algorithm.
Online parameter adaptation is considered in [12] to provide
adjustable tuning as the characteristics of the signal change.
Further extensions of this approach are developed in [13].
The approach in [14] uses multi-objective optimization to
select parameters that minimize the loss function to maintain
the faithfulness and smoothness of the estimate.

The present paper considers the problem of causal nu-
merical differentiation as an input-estimation problem. In
input estimation, the input to a linear system is assumed
to be unknown, and the measured output of the system is
used to estimate the input of the system [15]-[28]. When
the dynamics of the system consist of a cascade of one or
more integrators, the estimates of the input provide estimates
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of one or more derivatives of the output signal. Since, like
state estimation, input estimation is an online technique,
this approach is suitable for causal numerical differentiation.
However, the works in [15]-[28] do not consider adaptive
input estimation. Adaptive input estimation is considered
in [29], where the input estimation is combined with state
estimation based on the discrete-time Kalman filter. The
adaptive input estimator uses retrospective cost optimization
to provide an estimate of the input for use by the Kalman fil-
ter. The error metric for adaptation is given by the estimation
residual, that is, the innovations.

The goal of the present paper is to compare the accu-
racy of retrospective cost input estimation (RCIE) given in
[29] and the high-gain observer (HGO) given in [9] for
causal numerical differentiation in the presence of noisy
measurements. For simplicity and clarity, the numerical
study in this paper considers harmonic signals corrupted
by Gaussian white noise. For each input signal, backward-
difference numerical differentiation provides a baseline for
performance comparison. The present paper also applies the
different methods to the position data of a small rover to
estimate its velocity and acceleration.

II. RETROSPECTIVE COST INPUT ESTIMATION

Retrospective cost input estimation (RCIE) [29] can be
applied to MIMO linear time-varying systems. The objective
in this paper is to use RCIE for differentiation, and for the
purpose of differentiation, it is enough to consider SISO
linear-time invariant systems. Hence, the RCIE algorithm is
summarized here within the context of SISO LTI systems.

Consider the linear discrete-time system

Tht1 = ASUk + Bd + Dlwk, (1)
yr = Cxp + Davy, (2
where k is step, xp € Rl= is the unknown state, d, € R
is the unknown input, wi € R is standard Guassian white
process noise, i € R is the measured output, and v, € R is
standard Guassian white measurement noise. The matrices
A € Rexla) B € Rex1 Dy € Rex ¢ € R, and
A
D5 € R are assumed to be known. Define V] = DlD? and
A . .
Vo = D2D2T . The goal is to estimate dj and x.

A. Input Estimation

Consider the Kalman filter forecast step

Tt k1 = AZdak + Bdy,, 3)
Yo,k = CTse ks €]
2k = Yie,k — Yk (5)

where oz?;.C is the estimate of di, Tqax € R!= is the data-
assimilation state, T 3 € R!= is the forecast state, and z;, €
R is the innovations. The input-estimation subsystem of order
n. given by

dp = zc: Pidi_i + zc: Qi kZh—is (6)
i—1 i=0

where P; ; € R and @); ;; € R, is used to obtain czk. RCIE
minimizes zj41 by updating P; ;, and Q; . The subsystem
(6) can be reformulated as

di = ®y0s, )
where the regressor matrix ®; is defined by

D, é [(ik71 dkfnc Zk Zkfnc] S RIXl97 ®)

the coefficient vector 6y, is defined by

A T
Ok = [P1x Pk Qok Qn.x] €R", (9
and [y 2 2ne + 1. In terms of the forward shift operator q,

(6) can be written as

dr = G, (@) 2k, (10)

where
Gpla) £ D31 (@N;, ,(a), (11)
Dy, (@) S q" — PLaq™ "t~ = Py i, (12)

A _
Ny, x(@) = Qorq™ + Q1kq"™ Y 4+ Quoe (13)

Next, define the filtered signals

A N .
Os 1 = Gep(q)Pr,  dii = Grr(q)di. (14)

Note that Gy, is a filter of window length ny > 1. Further
details of the filter G, are given in the subsection II-C.
Define the retrospective performance variable

A A ~ ~
Zee,ie(0) = 2 — (di ) — Pr 1), (15)

where the coefficient vector 6 € R denotes a variable for
optimization, and define the retrospective cost function

k
Je(0) 23" 2L ((O)R.2eci(B) + 67T Ry®:6

0
+ (0 —00)"Ro(0 — 6o), (16)

where R, € R is positive, Ry € R is nonnegative, and
. .. . A
Ry € Rle*le is positive definite. Define Py = R, '. Then,

for all £ > 0, the cumulative cost function Ji(#) has the
unique global minimizer 65,1 given by the RLS update

Pyy1 = P, — PLOFT,.8,. Py, (17)
Op+1 = O — PL@LT (3 + ©i6y), (18)
where
e & (R 4+ & Pdf) ™, @) 2 [(I;j;f] .19
~ A Zk—d\ﬂk ~Ao |R, O
el B2l 0 @

Using the updated coefficient vector given by (18), the
estimated input at step k + 1 is given by replacing k by
k + 1 in (7). We choose 0y = 0, and thus dy = 0.
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B. State Estimation

In order to estimate the state xj, Ttk given by (3) is used
to obtain the estimate x4, 1 of x) given by the Kalman filter
data-assimilation step

Tdak = Tic,k + Kda,k2k, (21)

where the state estimator gain Kg, . € R’ is given by
T T -1

Kaap = =P xC (CPC™ 4+ Va) ™, (22)

the data-assimilation error covariance Py, 1 € Rl=*l= and
the forecast error covariance I j, € Rl=*l= are given by

Pya = (I + KaakC) Pr i, (23)

Pt g1 = APga AT + V1 + Vi, (24)

vyhere Vk é B var (dk — Cik)BT —|-xi{ cov (Ik — Tda, k> dk —
dk)BT + B cov (:Ck — xda,kadk — dk)AT, and Pf’o = 0.

C. The Filter G¢
We choose Gr ;(q) to be the FIR filter

ng

Gt r(q) = ZHi,k$7 (25)
i=1
where, for all k¥ > 0,
CB, E>i=1,
H,2{ C ﬁzk,j B, k>i>2, (26)
0, - i >k,

and A 2 A(I + Kq,,0).
III. CAUSAL NUMERICAL DIFFERENTIATION

In this section, the methods of performing causal' numer-
ical differentiation using RCIE, high gain observer (HGO)
and backward-difference differentiator (BDD) are explained.
A. Differentiation using RCIE

Since the objective is to use RCIE as a differentiator, the
system given by (1) and (2) is modeled as the discrete-time
equivalent of an integrator. Thus, the measured output y(t)
is an integral of the unknown input d(t) or, in other words,
the unknown input d(t) is the derivative of the measured
output y(t). Hence, by applying RCIE and reconstructing d
from the estimates cik, we are estimating the derivative of the
measured output y. Note that the concept of process noise is
not applicable when the system is modeled as an integrator.
Hence, for the rest of this paper, it is assumed that w = 0,
and thus D; = 0.

Consider the n-th order integrator dynamics

& = A+ By™, y=C, (27)
A [ I,_ A | 0¢p
A =2 (n—1)x1 n—1 :| ., B = |: (n 1)><1:| ., (28
1 0 O1xno) 1 1 (28)
A
Cr=[1 Oixm-n], (29)

IThe estimation of the derivative of y;, uses the data y;, and hence the
estimation of the derivative of yj starts at step k. This implies that the
estimate of derivative of yj, is available only at step k + 1 and thus there
is a delay of one step in the estimation.

where z,y € R, and y(™ is the n-th derivative of y. The
discretization of (27) using zero-hold results in the discrete-
time state space model given by

Aqxy + de;i"), yr = Crag,

Ts
M By 2 / M Bdr, (31
0

Th+1 (30)

>

Aq

where xj, = x(kTy), y 2 y(kTy), y,(cn) 2 y™ (kT,), and
T, is the sampling time. Setting A = Aq, B = By, and
C = Crin (1) and (2), and applying RCIE gives an estimate
(g™ = cf) of (™. Note that Ag = 1,Bq =Ty, and C; = 1
in the case of single differentiation, and

1 T 112
Aqg = {0 1}, By = {ZTJ’ Cr=1[1 0] (32

in the case of double differentiation.

B. Differentiation using HGO

The discrete-time implementation of casual differentiation
using HGO was done in [9] and the same is explained here.
A state space model for a high-gain observer designed for
the system represented by (27) is given by

& = Acolt + Beoy, 9 = Cot, (33)
A A
Aco = A1 — HCy, Co= [O(n—l)xl Infl} ) (34)
T
Bo=H2 | 22 = Qo (35)
e &2 en

where ¢ is a small positive parameter, and oy, o, ..., Qp

are constants chosen such that the polynomial

A _

p(s)=s"+ars" '+t as+a,  (36)

is Hurwitz. The transfer function from y to ¢ is given by

G(s) = Co(sI — A; + HCY) ' H = D5*(s)Na(s), (37)
where
D¢ (s) 2 ongn 4 are" 1" a,_es +ay, (38)
e 28" L o 18+ aps
ase™ 3" oy qest + aps?
A
Ng(s) = : - (39)
Oén_158n71 T+ sn72
ansn—l
Let
N FR . 1T
&=[21 @& 7 (40)
A A~ A ~Aln— T
7= [y(l) e g 1)] 41)
Since
I _ . oon—2 11T 42
E%G(s) [s s s (42)
it follows that, for all i = 1,...,n—1, §(?) is an approxima-

tion of y(*). Let the discrete-time observer state space model
obtained by using bilinear transformation on (33) be

Zpt1 = AdoTr + Baoyk: Uk = Coli- 43)
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Thus, the implementation of (43) gives the estimates

C. Differentiation using BDD

The single derivative backward-difference differentiator is

AzZ—1
s = . 44
Gsa(z) T2 (44)
The double derivative backward-difference differentiator is
A (z—1)
G = — 45
dd (Z) (Tyz)? 45)

IV. NUMERICAL EXAMPLES

In this section, numerical examples are given to illustrate
the accuracy of RCIE and HGO as differentiators. BDD will
be used as a baseline for comparison. Note that the examples
will deal with discrete-time signals only.

Example 4.1: Differentiation in the Absence of Noise.

In this example, it is assumed that there is no output noise,
and hence v = 0. Let the measured output be y;, = sin(0.2k).

Single Differentiation (SD): In the case of RCIE, let n, =
I,ng=6,Ry =10"3I3,R; =10"° R, =1,V =10"%*In
the case of HGO, let n = 3 in (27), (28), and (29), let a; =
3,2 = 3, az = 1. Note that choosing n = 3 gave slightly
better estimate of the first derivative as compared to choosing
n = 2. The parameter ¢ is chosen as the value between 0.01
and 2 that gives the lowest root mean square error (RMSE)
between the estimated values and the true values. Figure 1
compares the signals estimated by SD/RCIE, SD/HGO, and

~(1
02K] @ _yk) SD/BDD
— 'yk) SD/RCIE
01 5 - SD/HGO | ]
0’ ) - true signal ;
|
-0.1 A
0.2 L at . L N . . A . . SZam.
10 20 30 40 50 60 70 80 90 100 110 120
(step)
2L ) ]
0.18 il

@\(l

SD/BDD
~(1

)
0.16 == 15" . SD/RCIE
=)
)

1

0.14 ( - SD/HGO
- true signal
0.12 ‘ ‘ ‘ : : :
60 61 62 63 64 65 66 67 68
k (step)

Fig. 1. Example 4.1 Single Differentiation. (a) The signals estimated by
SD/RCIE and SD/HGO follow the true first derivative y(l) after about 20
steps, whereas the signal estimated by SD/BDD follows y(!) without a
transient period. (b) A zoomed view of plot (a). At steady state, SD/HGO
is more accurate than SD/RCIE and SD/BDD.

Double Differentiation (DD): 1In the case of RCIE, let
ne =18, nf =4, Ry = 1071[37,Rd = 1076,Rz =1,V=
107°. In the case of HGO, let n = 4 in (27), (28), and (29),
let a; = 8,0 = 24, ag = 32, ay = 16. Note that choosing
n = 4 gave slightly better estimate for the second derivative
as compared to choosing n = 3. The parameter ¢ is chosen
in the same way as chosen for single differentiation. Figure

:
0.04 s 52 DD/BDD
0.02 == 15" - DD/RCIE |/ |
7% - DD/HGO
0 ( ) _ true signal ]
signal
-0.02f 1
-0.04 1
10 20 30 40 50 60 70 8 90 100 110
(step)
0.04f 1
0.03f 1
e 77(2)
0021 - DD/BDD i
== 15 . DD/RCIE
0.01 7? - DD/HGO
0 ( ) _ true signal
‘ ‘
80 85 90 95
k (step)

Fig. 2. Example 4.1 Double Differentiation. (a) The signal estimated by
DD/HGO follows the true second derivative 3(2) after about 20 steps, the
signal estimated by DD/RCIE follows y(z) after about 50 steps, and the
signal estimated by DD/BDD follows y(2) without a transient period. The
signal estimated by DD/HGO has large oscillations in the transient period.
(b) A zoomed view of plot (a). At steady state, DD/HGO is more accurate
than DD/RCIE and DD/BDD.

2 compares the signals estimated by DD/RCIE, DD/HGO,
and DD/BDD with the true second derivative.

Example 4.2: Differentiation in the Presence of Noise.

This example considers differentiation in the presence of
output noise. Let the measured output be y;, = sin(0.2k) +
D5y, where v is standard Gaussian white noise.

Single Differentiation: In the case of RCIE, let n. = 1,
ng=6, Rg =10I3,Rg =10 R, =1,V =102 In
the case of HGO, the parameters values are the same as they
are for single differentiation in Example 4.1. For a signal-
to-noise ratio (SNR) of 40 dB (D5 = 0.00699945), Figure 3
compares the signals estimated by SD/RCIE, SD/HGO, and
SD/BDD with the true first derivative.

02 s 1) - SD/BDD | |
. — 'yk) SD/RCIE
1] 7" - SD/HGO
0 ( ) _ true signal /i
i %
-0.1 1 4
1 J'
0.2 ‘ ‘ ‘ ‘ : ‘ ‘ ‘ ‘ ]
10 20 30 40 50 60 70 8 90 100 110 120
k (step)
02F i
()
015
01F / _71;1) SD/BDD
- 7. - SD/RCIE
0.05F 7. - SD/HGO
ok ) ( )~ true signal i

54 56 58 60 62 64 66 68 70
k (step)
Fig. 3. Example 4.2 Single Differentiation. (a) The signals estimated by
SD/RCIE, SD/HGO, and SD/BDD follow the true first derivative y(1> after
an initial transient period. SD/HGO exhibits a longer transient period as
compared to SD/RCIE. (b) A zoomed view of plot (a). At steady state,
SD/HGO is more accurate than SD/RCIE and SD/BDD.

Double Differentiation: In the case of RCIE, let n. = 18,
ng =4, Ry = 10_1137,Rd = 10_6,Rz =1,V = 107°. In
the case of HGO, the parameters values are the same as they
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Fig. 4. Example 4.2. Normalized RMSE in the estimation of the first

derivative. SD/HGO performs better than SD/RCIE and SD/BDD.

are for double differentiation in Example 4.1. For an SNR of
40 dB, Figure 5 compares the signals estimated by DD/RCIE,
DD/HGO, and DD/BDD with the true second derivative.

In order to do quantitative comparison among the different
methods, the normalized RMSE in the estimation of the
single derivative and the double derivative is plotted in
Figures 4 and 6, respectively, for SNRs in the range of 40
dB to 60 dB.

s 552 DD/BDD
DD/RCIE
7% - DD/HGO
J,E ) _ true signal

2
- gP

]

80 90 100 110

2

s 7% DD/BDD
— ) - DD/RCIE

) - DD/HGO ||
( ) _ true signal

i
Fe
it
Yi.

80 82 84 86 88 90 92 94 96 98
k (step)
Fig. 5. Example 4.2 Double Differentiation. (a) The signal estimated by
DD/RCIE follows the true second derivative y(2) after an initial transient
period. Though the signals estimated by DD/HGO and DD/BDD follow the
general trend of y(2>, they are noisy. (b) A zoomed view of plot (a). At
steady state, DD/RCIE is more accurate than DD/HGO and DD/BDD.

V. DIFFERENTIATION OF EXPERIMENTAL DATA

RCIE, HGO, and BDD are applied to experimental po-
sition data of a small rover for estimating its velocity and
acceleration. An OptiTrack camera sensor is used to collect
the position data of the rover at a sample rate of 50 Hz.
Figure 7 depicts the trajectory of the rover on the z-y plane
and the position data along the x-axis. Differentiation of the
position data along the z-axis is done to obtain the velocity
and the acceleration along the x-axis. Since the true velocity
and the true acceleration of the rover are not known, it is not
possible to evaluate the accuracy of the estimated signals.

06 — e DD/BDD | |
—o— DD/RCIE]| |

0.5 DD/HGO
0.5 ]

L i

0 045

=

o 04 ]

ks

o3 ]

© i

g 0.3

S L i
0.25

2 ‘.‘.‘H
02k Rl S S
0.15 1
0.1 ]» 22m W“DJD“J‘ IITERIE0000000000000.0-0-0-0-0-0-0—0—0—

40 42 44 46 48 50 52 54 56 58
Signal to noise ratio (dB)
Fig. 6. Example 4.2. Normalized RMSE in the estimation of the second

derivative. DD/RCIE performs better than DD/HGO and DD/BDD.
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E 2000 3
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Fig. 7. Experimental Data. (a) The trajectory of the rover on the x-y plane.
(b) Position of the rover along z-axis versus time.

Single Differentiation: In the case of RCIE, let n. = 1,
ng =6, Rg = 1072I3,Rg = 107>, R, = 1, V = 1074,
In the case of HGO, let n = 3 in (27), (28), and (29), let
a; = 3,a = 3, ag = 1. The parameter ¢ is given an
optimum value that renders the estimated signal smooth and
follow the general trend of the signals estimated by RCIE and
BDD. Figure 8 compares the signals estimated by SD/RCIE,
SD/HGO, and SD/BDD.

T I
1000 - @ ‘———@}J)-SD/BDD h
O 500 - SD/RCIE |, |
g SD/HGO
IS "
£ b \j
-500 1
-1000 : .
1000 2000 3000 4000 5000 6000
k (step)
500 F \ ‘ .
VLot
(b) Vi s A nh
3
8 4501 1
~
£
E 400}  SD/RCIE 1
Wi o - SD/HGO
LK 1 1 T T 1 al
2560 2580 2600 2620 2640 2660
k (step)
Fig. 8. Single Differentiation of Experimental Data. (a) shows the signals

estimated by SD/RCIE, SD/HGO, and SD/BDD. (b) A zoomed view of plot
(a). The signal estimated by SD/BDD is noisy, whereas the signals estimated
by SD/RCIE and SD/HGO are reasonably smooth.

Double Differentiation: In the case of RCIEL let n. = 18,
ng=4, Rg =10"1I3;, Rg =10"% R, =1,V =10"°Tn
the case of HGO, let n = 4 in (27), (28), and (29), let a; =
8, a0 = 24, ag = 32, oy = 16. The parameter ¢ is chosen
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in the same way as chosen for single differentiation. Figure
9 compares the signals estimated by DD/RCIE, DD/HGO,
and DD/BDD.

x10*

[N

| (a)

bt
----3¥ - DD/BDD
7 - DD/RCIE
@ff)-DD/HGO

IS

mm/sec?

S

I I
2000 3000 4000 5000

k (step)

(b)
y P,LJ,I'{ l‘.;‘ ) b ﬁ (L
1 # HW)‘ % YMM
-2 DD/BDD !

 — #2 DD/RCIE
ﬁ:) - DD/HGO

. . .
1800 1850 1900 1950 2000 2050

k (step)
Fig. 9. Double Differentiation of Experimental Data. (a) shows the signals
estimated by DD/RCIE, DD/HGO, and DD/BDD. (b) A zoomed view of
plot (a). The signal estimated by DD/BDD is noisy, whereas the signals
estimated by DD/RCIE and DD/HGO are reasonably smooth.

VI. CONCLUSIONS

Numerical differentiation based on sampled data is a
longstanding and difficult problem due to the effect of noise
and the lack of a truth sensor. Using simulated data with
simulated noise, retrospective cost input estimation (RCIE)
was compared with high-gain observers (HGO), using back-
ward difference differentation (BDD) as a baseline. Since the
true signal is known, the accuracy of these methods could
be compared, and it was shown that HGO outperforms RCIE
for single differentiation, whereas RCIE outperforms HGO
for double differentiation.

These methods were then applied to experimental data for
which the true derivatives were unavailable. Consequently,
it is not possible to definitively compare the accuracy of
the different methods. Nevertheless, the estimated first and
second derivatives suggest that the BDD estimates are noisy,
as expected. However, both RCIE and HGO provide smooth
estimates of the derivatives, which are physically reasonable.
Future research will focus on the development of metrics that
can be used to determine the relative accuracy of the RCIE
and HGO estimates.
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