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Abstract— Indirect adaptive control of flexible structures
is considered under harmonic and broadband disturbances.
Limited prior modeling information is assumed, and system
identification with an input-output model structure is per-
formed online in the presence of the exogenous disturbance. By
realizing the input-output model structure in block observable
canonical form, the full state is available, which facilitates
output-feedback control without the need for an observer. The
control input is determined by model predictive control (MPC)
using quadratic programming for receding horizon optimiza-
tion. The resulting sampled-data controller is implemented at a
fixed sample rate, where the frequencies of some of the modes
may lie above the Nyquist rate, thus emulating spillover. The
approach is applied to a truss structure with 16 lightly damped
modes.

I. INTRODUCTION

Vibration suppression for flexible structures is a long-
standing area of research spanning many decades [1], [2],
[3]. Among the many applications of this technology is
large space structures, where the launch constraints on mass
inevitably lead to low damping and thus high susceptibility
to disturbances [4].

The infinite-dimensional nature of continuum bodies has
motivated considerable research based on partial differ-
ential equations [5]. From a practical perspective, finite-
dimensional models obtained from finite-element modeling
are needed for computation; however, the use of lumped
models entails “spillover,” that is, the inadvertent excitation
of truncated modes [4], [6].

The issue of modal truncation is exacerbated by un-
certainty arising from model errors and sensitivities. For
example, modal properties are highly sensitive to boundary
conditions, and the need for 1-g testing of lightweight
structures designed for a 0-g environment leads to further
modeling errors. This means that, at least to some extent,
on-orbit system identification is unavoidable.

Although laboratory testing can be performed in a setting
that is largely free of disturbances, a realistic challenge
of system identification in an operational scenario is the
unavoidable presence of disturbances. These disturbances
may arise from onboard equipment that cannot be shut down
(for example, cryocoolers or control-moment gyros), and
they may be due to environmental sources, such as solar
pressure, magnetic torquing, and thermal gradients.

The present paper is motivated by the need to perform
system identification during closed-loop operation in the
presence of disturbances. Closed-loop system identification
is challenging due to the lack of consistency arising from
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correlated control inputs and plant outputs [7], [8], [9].
Specialized techniques, such as prediction error methods
[10] can overcome this problem to some extent, but are not
generally amenable to online implementation.

To address this problem, the present paper considers
model predictive control (MPC) with concurrent recursive
online identification for disturbance rejection of large flexible
structures. MPC has been widely developed for diverse
applications [11], [12], [13], [14], [15] and, perhaps with
the exception of PID control, is the most widely used control
methodology.

For vibration control applications, the number of sensors
is typically much less than the number of states and therefore
MPC techniques that depend on full-state feedback require
an estimator. An alternative approach called predictive cost
adaptive control (PCAC), developed in [16], [17], employs
an input-output model structure whose coefficients are es-
timated online using recursive least squares. The identified
model is then recast as a state space model using a block
observable canonical form (BOCF) whose state is an ex-
plicit function of past inputs, past outputs, and the current
estimated model coefficients. Since the state of the BOCF
model is known exactly at each time step, output-feedback
MPC can be implemented without the need for an observer.

Since the online identification in PCAC is performed in
the presence of disturbances, it can be expected that the dis-
turbances will degrade the accuracy of the identified model.
Interestingly, however, in the case of harmonic disturbances,
the identified model incorporates a model of the harmonic
disturbances, which enables the identified model to predict
the future forced response of the structure. As shown in [17],
these predictions facilitate the receding horizon optimization
that MPC uses to determine the future control inputs.

The contents of the paper are as follows. Section II
describes the class of flexible structure models of interest.
Section III formulates the PCAC algorithm. Section IV
contains an investigation of PCAC for disturbance rejection
of a flexible structure model for harmonic and broadband
disturbances.

II. PROBLEM FORMULATION

Consider a flexible structure modeled by

Mq̈(t)+Cq̇(t)+Kq(t) = Bu(t)+Bww(t), (1)

where M, C, and K ∈ Rn×n are, respectively, the positive-
definite mass, positive-semidefinite damping, and positive-
definite stiffness matrices of the structure, q(t) ∈ Rn×1 is a
state vector describing the generalized displacements, B ∈
Rn×m is the control input distribution matrix, Bw ∈ Rn×mw
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is the exogenous disturbance input matrix, u(t) ∈ Rm×1

is the control input, and w(t) ∈ Rmw×1 is the exogenous
disturbance. The objective is to reject the effect of the
disturbance w(t) on q(t) using control inputs u(t) under the
following assumptions.

Assumption 1: The control input u(t) is determined by a
discrete-time controller with sample time Ts whose computed
digital control request is converted to an analog signal by
means of a zero-order-hold (ZOH) circuit and is implemented
by electromechanical actuators. Because of the ZOH, u(t) is
constant over each time period [kTs,(k + 1)Ts), where k is
the time step.

Assumption 2: M, C, and K are unknown except for an
upper bound on the number of degrees of freedom (DOF)
within the control bandwidth. However, additional modes
may lie above the Nyquist rate of the sampled-data controller.

Note that the modes whose frequencies are above the
Nyquist rate of the sampled-data controller are subjected to
aliasing and thus constitute spillover.

Assumption 3: An upper bound on the number of har-
monic components of w(t) is known.

No other knowledge of (1) is assumed. Identification and
control are performed online in the presence of w(t).

III. PREDICTIVE COST ADAPTIVE CONTROL
FORMULATION

PCAC combines online identification with output-
feedback MPC. These operations are described below.

A. Online Identification

Consider the MIMO input-output model

ŷk =−
n̂

∑
i=1

F̂iyk−i +
n̂

∑
i=1

Ĝiuk−i, (2)

where k ≥ 0 is the time step, n̂ ≥ 1 is the data window for
identification, F̂k ∈ Rp×p and Ĝk ∈ Rp×m are the estimated
model coefficients at step k, and uk ∈ Rm×1, yk ∈ Rp×1, and
ŷk ∈ Rp×1 are the inputs, outputs and predicted outputs at
step k.

To estimate the coefficients F̂k and Ĝk online, we use
recursive least squares (RLS) with variable-rate forgetting
[18]. RLS minimizes the cumulative cost

Jk(θ̂) =
k

∑
i=0

ρi

ρk
zT

i (θ̂)zi(θ̂)+
1
ρk

(θ̂ −θ0)
TP−1

0 (θ̂ −θ0), (3)

where ρk
4
= ∏

k
j=0 λ

−1
j ∈ R, λk ∈ (0,1] is the forgetting

factor, P0 ∈R[n̂p(m+p)]×[n̂p(m+p)] is positive definite, and θ0 ∈
R[n̂p(m+p)]×1 is the initial estimate of the coefficient vector.
The performance variable zi(θ̂) ∈ Rp×1 is defined as

zk(θ̂)
4
= yk +

n̂

∑
i=1

F̂iyk−i−
n̂

∑
i=1

Ĝiuk−i, (4)

where the vector θ̂ ∈ R[n̂p(m+p)]×1 of coefficients to be
estimated is defined by

θ̂
4
= vec

[
F̂1 · · · F̂n̂ Ĝ1 · · · Ĝn̂

]
. (5)

Defining the regressor matrix φk ∈ Rp×[n̂p(m+p)] by

φk
4
=
[
−yT

k−1 · · · −yT
k−n̂ uT

k−1 · · · uT
k−n̂

]
⊗ Ip, (6)

the performance variable can then be written as

zk(θ̂) = yk−φkθ̂ . (7)

The global minimizer θk+1
4
= argmin

θ̂
Jk(θ̂) is computed by

RLS as

Lk = λ
−1
k Pk (8)

Pk+1 = Lk−Lkφ
T
k (Ip +φkLkφ

T
k )
−1

φkLk (9)

θk+1 = θk +Pk+1φ
T
k (yk−φkθ̂), (10)

where θk+1 = vec
[
F̂1,k+1 · · · F̂n̂,k+1 Ĝ1,k+1 · · · Ĝn̂,k+1

]
.

The variable-rate forgetting (VRF) factor λk is developed
in [19] and given by

λk =
1

1+ηg(zk−τd , . . . ,zk)1[g(zk−τd , . . . ,zk)]
(11)

where 1 : R→{0,1} is the unit step function, and

g(zk−τd , . . . ,zk)
4
=√

τn

τd

tr
(
Στn(zk−τn , . . . ,zk)Στd(zk−τd , . . . ,zk)−1

)
c

−
√

f ,

(12)

where η > 0 and p ≤ τn < τd represent numerator and
denominator window lengths, respectively. In (12), Στn and
Στd ∈ Rp×p are the sample variances of the respective win-
dow lengths, c is a constant given by

a
4
=

(τn + τd− p−1)(τd−1)
(τd− p−3)(τd− p)

, b
4
= 4+

(pτn +2)
(a−1)

,

c
4
=

pτn(b−2)
b(τd− p−1)

, (13)

f
4
= F−1

pτn,b(1−α) is a thresholding constant, where F−1
pτn,b(x)

is the inverse cumulative distribution function of the F-
distribution with degrees of freedom pτn and b, and α

is the significance level [20]. By choosing τd >> τn, Στd
approximates the long-term variance of zk while Στn ap-
proximates the short-term variance of zk. Therefore, when
g(zk−τd , . . . ,zk) > 0, the short-term variance is statistically
larger than the long-term variance. In particular, (11) sus-
pends forgetting when the short-term variance is statistically
smaller than the long-term variance, preventing forgetting in
RLS due to sensor noise, and enabling forgetting when the
magnitude of the identification error increases.

For receding-horizon control, the input-output model (2)
is written as the block observable canonical form state-space
realization

x1|k
4
= Âkx̂k + B̂kuk, (14)

yk = Ĉx̂k, (15)
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where x1|k ∈ Rn̂p is the one-step predicted state, x̂k
4
=[

x̂T
1,k · · · x̂T

n̂,k
]T ∈ Rn̂p is the state estimate, and

x̂1,k
4
= yk, (16)

x̂i,k
4
=−

n̂−i+1

∑
j=1

F̂i+ j−1,k+1yk− j

+
n̂−i+1

∑
j=1

Ĝi+ j−1,k+1uk− j, i = 2, . . . , n̂ (17)

Âk
4
=



−F̂1,k+1 Ip · · · · · · 0p×p
... 0p×p

. . .
...

...
...

. . . . . . 0p×p
...

...
. . . Ip

−F̂n̂,k+1 0p×p · · · · · · 0p×p


, (18)

B̂k
4
=


Ĝ1,k+1
Ĝ2,k+1

...
Ĝn̂,k+1

 , (19)

Ĉ
4
=
[
Ip 0p×p · · · 0p×p

]
, (20)

B. Model Predictive Control
The `-step predicted output of (15) for a sequence of `

future controls is given by

Y1|k,l = Γ̂k,`x1|k + T̂k,`U1|k,`, (21)

where

Y1|k,`
4
=

y1|k
...

y`|k

 ∈ R`p, U1|k,`
4
=

u1|k
...

u`|k

 ∈ R`m, (22)

and Γ̂k,` ∈ R`p×n̂p and T̂k,` ∈ R`p×`m are

Γ̂k,`
4
=


Ĉ

ĈÂk
...

ĈÂ`−1
k

 , (23)

T̂k,`
4
=



0p×m · · · · · · · · · · · · · · · 0p×m
Ĥk,1 0p×m · · · · · · · · · · · · 0p×m
Ĥk,2 Ĥk,1 0p×m · · · · · · · · · 0p×m
Ĥk,3 Ĥk,2 Ĥk,1 0p×m · · · · · · 0p×m

Ĥk,4 Ĥk,3 Ĥk,2
. . . . . .

...
...

...
...

. . . . . . . . . 0p×m
Ĥk,`−1 Ĥk,`−2 Ĥk,`−3 · · · Ĥk,2 Ĥk,1 0p×m


,

(24)

where Ĥk,i ∈ Rp×m is defined by Ĥk,i
4
= ĈÂi−1

k B̂k.

Let Rk,`
4
=
[
rT

k+1 · · ·rT
k+`

]T ∈R`pt be the vector of ` future

commands, Ct,`
4
= I`⊗Ct ∈ R`pt×`p where Ctyi|k creates the

tracking outputs from yi|k, let Yt,1|k,`
4
=Ct,`Y1|k,` be the `-step

predicted tracking output, let C`
4
= I`⊗ (CCc) ∈ R`nc×`p and

D`
4
= 1`×1⊗D ∈R`nc×1 where Ccyi|k creates the constrained

outputs from yi|k, and define ∆U1|k,` ∈ R`m×1 as

∆U1|k,`
4
=
[
(u1|k−uk)

T (u2|k−u1|k)
T · · · (u`|k−u`−1|k)

T]T .
(25)

The receding horizon optimization problem is then given by

min
U1|k,`

(
Yt,1|k,`−Rk,`

)T Q
(
Yt,1|k,`−Rk,`

)
+∆UT

1|k,`R∆U1|k,`

(26)

subject to

C`Y1|k,`+D` ≤ 0`nc×1 (27)

Umin ≤U1|k,` ≤Umax (28)

∆Umin ≤ ∆U1|k,` ≤ ∆Umax, (29)

where Q ∈ R`pt×`pt is the positive definite tracking weight,
R ∈ R`m×`m is the positive definite control move-size
weight, Umin

4
= 1`×1⊗umin ∈R`m, Umax

4
= 1`×1⊗umax ∈R`m,

∆Umin
4
= 1`×1⊗∆umin ∈ R`m, and ∆Umax

4
= 1`×1⊗∆umax ∈

R`m.
In summary, at each time step, online identification is per-

formed to find input-output model coefficients θk+1, which
are then used to create a state space realization

(
Âk, B̂k,Ĉ

)
.

The state-space realization is then used in a receding horizon
optimization problem to solve for the `-step controls U1|k,`.
The control input for the next step is then given by u1|k and
the rest of U1|k,` is discarded.

IV. EXAMPLES

Consider the 4-bay truss structure shown in Figure 1. The
structure is assumed to be made of pinned truss elements,
where each element has local mass and stiffness matrices of
the form

M̄ =
ρAL

6


2 0 1 0
0 2 0 1
1 0 2 0
0 1 0 2

 , K̄ =
EA
L


1 0 −1 0
0 0 0 0
−1 0 1 0
0 0 0 0

 .
(30)

The local state q̄(t) =
[
δx̄,1 δȳ,1 δx̄,2 δȳ,2

]T corresponds
to the local x and y displacements of each end of the element,
where M̄ is the local consistent mass matrix, K̄ the local
stiffness matrix, E is the elastic modulus, A is the cross-
sectional area of the truss member, L is the length of the
truss member, and ρ is the density of the truss member
material. The individual local mass and stiffness matrices are
then assembled into the global mass and stiffness matrices
M and K using appropriate coordinate transformations, and
states corresponding to boundary constraints are removed.
The global damping matrix C is constructed by assuming
each normal mode has the same damping ratio ζ = 0.005.
The material is chosen to be a graphite-epoxy composite with
properties E = 1×1011 Pa, A= 5×10−4 m2, and ρ = 1700 kg

m3

[21], [22]. There are two 2-kg force actuators located at
nodes 3 and 4, with control authority in the x-direction, and
x-direction displacement sensors at nodes 5, 6, 7, and 8. The
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entire state of the structure is not measured. There are also
1-kg masses on nodes 1, 2, 5, 6, 7 and 8. The actuator force
is limited to 10 N.

The objective is to investigate the ability of PCAC to
suppress the effect of harmonic and broadband disturbances
entering from node 1 on node 8 of the truss structure. For a
large structure such as a space telescope, the displacement of
node 8 is representative of the line-of-sight performance, and
the disturbances entering at node 1 represent disturbances
from control-moment gyros or other internal components.
Measurements are corrupted with white noise such that a
sensor measuring a 0.1-Hz disturbance at node 8 has an SNR
of 40-dB. The measurements also have a gain of 10x.

The transfer function matrix representing the portion of
the structure under consideration is given by

G(s) =


G5,1(s) G5,3(s) G5,4(s)
G6,1(s) G6,3(s) G6,4(s)
G7,1(s) G7,3(s) G7,4(s)
G8,1(s) G8,3(s) G8,4(s)

 , (31)

where Gi, j(s) is the transfer function from an x-direction
input at node j to a x-direction displacement in node i. The
maximum singular values of G(ω) are shown in Figure 2.
Notice that the structure is lightly damped with a cluster of
modes near 10-Hz.

PCAC is initialized with the cold-start model θ0 =
10−101600×1, n̂ = 25, P0 = 1I600, η = 0.1, τn = 40, τd = 200,
α = 0.001, ` = 40, Q = 106I160, R = I160, Ct =

[
01×3 1

]
,

Cc = 04, C = 04×4, and D = 04×1. Ct was chosen such that
PCAC attempts to minimize the response of node 8, the
fourth measurement. In the below figures, the open-loop
response is denoted by OL and the closed-loop response is
denoted by CL.

Fig. 1. Schematic of the truss structure with the nodes labeled.

A. Harmonic Disturbance
The structure is excited by a harmonic disturbance con-

sisting of sinusoidal tones at 0.354, 1, and 1.55-Hz entering
in the x-direction of node 1 with PCAC running at a 50-Hz.
Figures 3 and 4 show that the disturbance is suppressed in
all measurements, with the most suppression occurring on
nodes 7 and 8. Figure 5 shows the norm of the identification
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Fig. 2. Magnitude plot of the largest singular values of G(ω).

coefficients ‖θk‖ and the trace of the identification covariance
Pk. Notice that the disturbance is suppressed before either
‖θk‖ or tr(Pk) converge with ‖θk‖ converging soon after.
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Fig. 3. Harmonic disturbance: Open- and closed-loop response subject to
the band-limited broadband disturbance. Starting from the top left moving
clockwise, the measurements are the x-direction displacements of nodes 5,
6, 7, and 8, respectively. The closed-loop response converges within 10 s.

B. Band-Limited Broadband Disturbance

The structure is excited by a 25-Hz band-limited broad-
band disturbance entering in the x-direction of node 1 with
PCAC running at a 50-Hz. Figures 6 and 7 show that the
disturbance is suppressed in all measurements, with the most
suppression occurring on nodes 7 and 8. Figure 8 shows the
norm of the estimated model coefficients ‖θk‖ and the trace
of the estimated model-coefficient covariance Pk. Notice that
the disturbance is suppressed before ‖θk‖ or tr(Pk) converges.

C. Band-Limited Broadband Disturbance with Aliasing

In practice, a large structure has many modes outside of
the control bandwidth that can be excited by external distur-
bances and are spilled over due to sampling. The response
of these excited modes aliases onto the control bandwidth
and can cause instability if not accounted for in the original
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Fig. 4. Harmonic disturbance: Power spectral densities of the open-
and closed-loop systems. Starting from the top left moving clockwise, the
measurements are the x-direction displacements of nodes 5, 6, 7, and 8,
respectively. Notice that the 3 peaks corresponding to the 3 sinusoidal
disturbances are suppressed in closed-loop for nodes 7 and 8.
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Fig. 5. Harmonic disturbance: Norm of the estimated model coefficients
θk and the trace of the matrix Pk .
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Fig. 6. Band-limited broadband disturbance: Open- and closed-loop
response subject to the band-limited broadband disturbance. Starting from
the top left moving clockwise, the measurements are the x-direction dis-
placements of nodes 5, 6, 7, and 8, respectively. Notice that the broadband
disturbance is suppressed within 10 s for nodes 5 and 6, and within 5 s for
nodes 7 and 8.
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Fig. 7. Band-limited broadband disturbance: Power spectral densities of the
open- and closed-loop systems. Starting from the top left moving clockwise,
the measurements are the x-direction displacements of nodes 5, 6, 7, and
8, respectively. Notice that most of the peaks in the open-loop response of
nodes 7 and 8 are suppressed in closed-loop.
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Fig. 8. Band-limited broadband disturbance: Norm of the identification
coefficients θk and the trace of the matrix Pk .

control design. Additionally, the ZOH control input can also
excite these undersampled modes. To demonstrate robustness
of PCAC to aliasing and spillover, the sample rate is reduced
to 10 Hz so that there exist structural modes and disturbances
outside of the control bandwidth. The structure is excited
by a 50 Hz band-limited noise disturbance entering in the
x-direction of node 1. Figures 9 and 10 show that the
broadband disturbance is suppressed in all measurements
despite aliased disturbances and spillover. Note also that the
initial transient is larger than in the nonaliased case. Figure
11 shows that the identification coefficients do not need to
be converged for the disturbance to be suppressed.

V. CONCLUSION

This paper developed and investigated the performance
of PCAC for disturbance rejection of flexible structures.
PCAC uses output-feedback model predictive control without
an estimator and with concurrent online identification. A
model of a large truss structure was developed and used
to investigate MIMO disturbance rejection for unknown
harmonic and broadband disturbances as well as broadband
disturbances with aliasing. PCAC was shown to suppress the
disturbances in all cases without a priori knowledge of the
dynamics or disturbance spectra.
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Fig. 9. Band-limited broadband disturbance with aliasing: Open- and
closed-loop response subject to the band-limited broadband disturbance.
Starting from the top left moving clockwise, the measurements are the x-
direction displacements of nodes 5, 6, 7, and 8, respectively. Notice that
the broadband disturbance is suppressed within 15 s for nodes 5 and 6, and
within 10 s for nodes 7 and 8.
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Fig. 10. Band-limited broadband disturbance with aliasing: Power spectral
densities of the open- and closed-loop systems. Starting from the top left
moving clockwise, the measurements are the x-direction displacements of
nodes 5, 6, 7, and 8, respectively. Notice that the modes inside the control
bandwidth are suppressed.
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Fig. 11. Band-limited broadband disturbance with aliasing: Norm of the
identification coefficients θk and the trace of the matrix Pk .

Since receding-horizon optimization is not necessarily a
linear time-invariant control law, it is interesting to determine
the extent to which the Bode sensitivity integral constraints
[23] apply to the “loop transfer function.” The relevance of
these constraints to vibration suppression is considered in
[6] for SISO systems for the case of linear time-invariant
controllers. Analysis of PCAC via Bode integrals in the
MIMO case will be used to guide sensor/actuator placement.

ACKNOWLEDGMENTS

This work was supported by a NASA Space Technol-
ogy Graduate Research Opportunity under grant number
80NSSC20K1164.

REFERENCES

[1] C. R. Fuller and A. H. von Flotow, “Active control of sound and
vibration,” IEEE Contr. Sys. Mag., vol. 15, no. 6, pp. 9–19, 1995.

[2] A. Preumont, Vibration Control of Active Structures: An Introduction,
4th ed. Springer, 2018.

[3] R. L. Clark, W. R. Saunders, and G. P. Gibbs, Adaptive Structures:
Dynamics and Control. Wiley, 2001.

[4] M. Balas, “Trends in large space structure control theory: fondest
hopes, wildest dreams,” IEEE Trans. Autom. Contr., vol. 27, no. 3,
pp. 522–535, 1982.

[5] R. Curtain and K. Morris, “Transfer functions of distributed parameter
systems: A tutorial,” Automatica, vol. 45, no. 5, pp. 1101–1116, 2009.

[6] J. Hong and D. S. Bernstein, “Bode Integral Constraints, Colocation,
and Spillover in Active Noise and Vibration Control,” IEEE Trans.
Contr. Sys. Tech., vol. 6, pp. 111–120, 1998.

[7] U. Forssell and L. Ljung, “Closed-loop identification revisited,” Auto-
matica, vol. 35, no. 7, pp. 1215–1241, 1999.

[8] K. F. Aljanaideh and D. S. Bernstein, “Closed-loop identification of
unstable systems using noncausal FIR models,” Int. J. Contr., vol. 90,
no. 2, pp. 168–185, 2017.

[9] F. Sobolic, K. F. Aljanaideh, and D. S. Bernstein, “A numerical inves-
tigation of direct and indirect closed-loop architectures for estimating
nonminimum-phase zeros,” Int. J. Contr., vol. 93, no. 6, pp. 1251–
1265, 2020.

[10] L. Ljung, “Prediction Error Estimation Methods,” Circ., Sys. Sig.
Proc., vol. 21, no. 1, pp. 11–21, 2002.

[11] E. F. Camacho and C. Bordons, Model Predictive Control, 2nd ed.
Springer, 2007.

[12] W. Kwon and S. Han, Receding Horizon Control: Model Predictive
Control for State Models. Springer, 2006.

[13] J. B. Rawlings, D. Q. Mayne, and M. M. Diehl, Model Predictive
Control: Theory, Computation, and Design, 2nd ed. Nob Hill
Publishing, LLC, 2017.
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