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Decomposition of the Retrospective Performance Variable
in Adaptive Input Estimation

Sneha Sanjeevini and Dennis S. Bernstein

Abstract— Retrospective cost input estimation (RCIE) is an
adaptive input estimation technique that is based on the
minimization of a retrospective performance variable using
recursive least squares. In this paper, in order to obtain a
better understanding of the underlying mechanism and the
performance of RCIE, a decomposition of the retrospective
performance variable into the sum of a performance term and
a model-matching term is presented. Since this decomposition
involves time-varying input-output models, the construction of
LTV state space realizations from LTV input-output models as
well as the construction of LTV input-output models from LTV
state space models are presented. Analysis of the decomposition
shows how RCIE avoids convergence to an estimator that is
destabilizing or has poor performance. A numerical example is
used to illustrate the derived results and observations.

I. INTRODUCTION

In classical state estimation, the main objective is to esti-
mate the unmeasured states, taking advantage of knowledge
of the system dynamics as well as the process- and sensor-
noise statistics. It is often the case in practice, however, that,
in addition to stochastic inputs, the system has a deterministic
input. If this signal is known, then, in the spirit of the
separation principle, it can be replicated in the estimator.
If, however, this signal is unknown, then it is of interest
to obtain state estimates that are unbiased. Approaches to
this problem include unbiased Kalman filters, unknown input
observers, and sliding-mode observers [1]-[8].

An alternative approach, known as input estimation or
input reconstruction, is to estimate the unknown input and
replicate the estimated input in the state estimator. Input
estimation has not been as widely studied as state estimation,
but interest in this problem has grown steadily over the last
few decades [9]-[24]. In addition to providing more accurate
state estimates than other methods, input estimation yields an
estimate of the unknown input that is useful for applications
such as sensor/actuator health assessment, analysis of exoge-
nous disturbances, and tracking and navigation [25]-[27].

The present paper focuses on retrospective cost input esti-
mation (RCIE) developed in [23]. RCIE is an adaptive input
estimation technique based on a retrospective performance
variable, which depends on a target model that is based on the
closed loop system dynamics. By employing retrospective
cost optimization based on recursive least squares (RLS)
to update the coefficients of the input estimator, RCIE
replicates the estimated input in the Kalman filter and adapts
the estimator coefficients by using the innovations as the
error metric. As a special case, this technique was applied
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to single- and double-integrator dynamics to estimate the
velocity and acceleration of a maneuvering vehicle.

The goal of the present paper is to investigate the underly-
ing mechanism and performance of RCIE. In this direction,
this paper provides a detailed analysis of the decomposition
of the retrospective performance variable, which provides
insight into the achievable performance of RCIE. In partic-
ular, the retrospective performance variable is decomposed
into the sum of a performance term and a model-matching
term. The performance term consists of a closed-loop time-
domain transfer function, whereas the model-matching term
involves a closed-loop time-domain transfer function and
the target model, both driven by the virtual external input
perturbation. This work is motivated by the decomposition
of the retrospective performance variable given in [28] within
the context of retrospective cost adaptive control. However,
unlike [28], the system dynamics and target model in the
present paper are linear time-varying (LTV), and hence the
approach given in [28] is not applicable here.

The main contribution of the present paper is thus the
development of an alternative approach to the decomposition
of the retrospective performance variable that is applicable to
LTV models. This approach depends on the construction of
LTV state space realizations for LTV input-output models as
well as the construction of LTV input-output models for LTV
state space models. The existing results on LTV input-output
models in [29]-[34] are presented in terms of abstract input-
output maps and infinite power series, and thus are not di-
rectly implementable. Consequently, the present paper gives
simple and easily implementable algebraic results on LTV
input-output dynamics needed to derive the decomposition
of the retrospective performance variable in RCIE.

The numerical example given in the present paper shows
that RCIE drives the retrospective performance approxi-
mately to zero, where the performance and model-matching
terms, which are sign indefinite, are not necessarily small
but have approximately equal magnitudes and opposite signs.
Furthermore, it is shown that, as the estimator converges, the
virtual external input perturbation converges to zero, and thus
the model-matching and performance terms converge to zero.
The retrospective performance variable decomposition thus
shows how RCIE avoids convergence to an estimator that is
destabilizing or has poor performance.

II. RETROSPECTIVE COST INPUT ESTIMATION
Consider the LTV discrete-time system

Ti+1 = Az + Brug + Grdy + D1 pwi, (1)
yr = Cray + Do vk, 2



where 7, € Rl is the unknown state, u;, € Rl is the
known input, dj, € Rl is the unknown input, w;, € Rb is
the unknown standard Gaussian white process noise, y €
R!v is the measured output, and v € R! is the unknown
standard Gaussian white measurement noise. The matrices
Ay, By, Gi, D1, Ck, and Ds j, are assumed to be known.
Define Vi s 2 Dy 4 DT, and Vo £ D, DY, The goal is
to estimate dj and zy.

A. Input Estimation
Consider the Kalman filter forecast step

3)
“4)

where dj, € R is the input estimate, 24, € R'* is the data-
assimilation state, z. ; € R is the forecast state, z, € Rlv
is the innovations, and x. o = 0. The input estimate czk is
obtained as the output of the input-estimation subsystem of
order n. given by

Ne Ne
dy =Y  Pirde—i+ > Qikzhi,
i=1 =0

where P; ), € RleXla and Q; ) € Rle*lv. RCIE minimizes
Zg+1 by updating P; 5, and Q; ». The subsystem (5) can be
reformulated as

Tfo k+1 = AkTdak + Brur + Grdg,

Yte,k = CrTre ks 2k = Ytk — Yk

(&)

dy = ©y05, (6)

where the regressor matrix ®; is defined by

JANRIEES N
o = [dk—l S dk—nc 2 Zk—nc] ®Ild c ]Rldxle7 (7

the coefficient vector 6y, is defined by

A
O = vec [Py Pk Qo Qn.x] € R,
A .
and [y = l?inC + ldly(nc+1), “®” is the Kronecker product,
and “vec” is the column-stacking operator. In terms of the

forward shift operator ¢, (5) can be written as

®)

di, = Gy, (@), )
where
Gy (@) = DZ} (@), ,(a), (10)
Dy, (@) 2 1,0 — Pryq™ ™t~ = Py, (1D
N, x(a) 2 Qoud™ + Quaq™ 4+ Qup. (12)
Next, define the filtered signals
D¢ 1, 2 Cir(qQ)®r, dix = Gr1(q)dk (13)

Note that Gy, is a filter of window length n¢ > 1. Further
details of the filter Gt are given in the subsection II-C.
Define the retrospective performance variable

(df,k — (I)f,ké) )

ren(0) 2 2 — (14)

where the coefficient vector 6 € RY denotes a variable for
optimization. The retrospective performance variable z. i ()
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is used to determine the updated coefficient vector 6,1 by
minimizing a function of 2, k(). The optimized value of
Zre,k 1s thus given by

Zrek (Ont1) = 21 — <Cif,k - ‘I’f,k9k+1) .

Next, define the retrospective cost function

Ay (L
+ /\k+1(9 —00)"Ro(0 — 60), (16)
where R, € Riv*lv and Ry € RY*! are positive definite,
Ry € Rlexla jg positive semi-definite, and A € (0, 1] is the
forgetting factor. Define F 2 R,y L Then, for all £ > 0,

the cumulative cost function Jk(é) has the unique global
minimizer 6, given by the RLS update

15)

O)R.zees(0) + 07T Ry D, 9)

1 ——
Pyy1 = X(Pk — PO.T @4 Py), (17)

9k+1 =0 — Pk§>gl—‘k(gk + 5k9k)7 (18)

- - ~ i)
T2 AR+ 3,P30)7, &2 {@ﬂ . (19)
R, 0

{0 Rd}’ { ]

Using the updated coefficient vector given by (18), the
estimated input at step k + 1 is given by replacing k by
k + 1 in (6). We choose 0y = 0, and thus dy = 0.

B. State Estimation ) )
In order to estimate the state xy, Tt x given by (3) is used

to obtain the estimate xq, 1 of x) given by the Kalman filter
data-assimilation step

A Il

RZ2 5 2

Zr = (20)

OldX1

Tdak = Ttc,k + Kda b2k, 21
where the state estimator gain Kg, , € Rl=*!v is given by
Kok = —Pr 1. Cf (Cr Py OF + Vo)™ (22)

the data-assimilation error covariance Py, 1 € Ri=*l= and
the forecast error covariance P j, € R!=*l= are given by

Paa = (I + KgaxCr)Pr (23)
= ApPaa i AF +Vig + Vi, 24)

)

Pt k1
where Vk = Gk var (dk—dk)GT—l—Ak cov (xk—xda k, dp —
dk)G + G}, cov (xk Tda,k, dy — dk)Ak , and P 0= =0.

C. The Filter G
We choose Gt ;(q) to be the FIR filter

n
Grula) =S Hipt ©5)
where, for all k > 0, -
CrGr—1, k>i=1,
H; = ﬁzkfj Gi—i, k>12>2, (26)
0, - i >k,
Ay & AT+ K4axCr)- (7)



This particular choice for the filter was given in [23] and is
observed to be effective in the successful implementation of
the RCIE algorithm.

III. RELATION BETWEEN LTV INPUT-OUTPUT
MODELS AND LTV STATE SPACE MODELS
This section gives the construction of LTV state space re-
alizations for LTV input-output models and the construction
of LTV input-output models for LTV state space models. The
proofs of these results are omitted due to space limitations.
Definition 3.1: Consider the LTV state space model

(28)
(29)

Tip+1 = ApTi + Brug,
yr = Cray + Eruy,

where, z;, € R" is the state, up € R™ is the input, and
yr € RP is the output. Define the observability matrix

Ck
Cri1As
Cry2Ak+14%

1>

Oy (30)

Cran—1Ap4n—2... A1 Ap

Assume that, for all k¥ > 0, rank O, = n. Then, (28) and
(29) is completely observable.

Definition 3.2: Let Gi(q) be the time-domain transfer
function of an LTV system at step k. Assume that, for all
k>0, Gi(a) = Dy ' (q)Ni.(q), where

A _
Di(qQ) =q" + D1 pq" ' + -+ Dy, 31)

yAN _
Ni(q) = Noxq" + N g@"t + -+ Nog, (32)

and, for all k¥ > 0, Dig,...,Dpx € RP*P and
Nok, ..., Np € RP*™ Then, for all k£ > 0,

Ykt+n + D1 kYksn—1 + -+ Dy ks

= No ;Uk+n + -+ Np pug (33)

is an input-output model of G(q).

Proposition 3.3: Assume that (28) and (29) is completely
observable. Then, for all £ > 0, an input-output model
corresponding to (28) and (29) is given by (33) where,

FO,k’—Q—n, 1=0,
N . i—1
bk = H; gyn—i+ ZDi—ijvak"f‘”—i’ l<i<mn,
=0
(34
[Dn,k Dl,k] = _Ck+7L\IJn,O,kO£7 (35)
5 A Ek7 i=0,
Hip = { Cr+iVi1 kB, i2>1, (36)
A | ArriciAkyicz o Ay, 0>,
Wije =19 1, i =, (37
0, 1 < J,

and O% is a left inverse of O, defined in (30).
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Proposition 3.4: A state space model corresponding to the
input-output model in (33) is given by (28) and (29), where,
forall £k > 0,

o --- 0 _Dn,k
I -+ 0 —Dp_qx-1
Ap=|. . . , (38)
10 -+ I —Dignp
i Nk — Dy xNoj—n
Np—1k—1 = Dp_15—1Nok—n
By = . ) (39)
| N1 k—nt1 — D1k—nt1Nok—n
Cr = [0 0 I] , Ep= NO,k'—na (40)
and, for all kK < 0, D1 = --- = Dy = Nojp = -+ =
Ny = 0. Furthermore, ), = [z], 3, xik}T,
where, for all i = 1,...,n,
Tik = Ykdn—i T Z Dk iYrtn—i—j
j=1
- Z Njp—ilyn—i—j. 41
j=0
IV. DECOMPOSITION OF THE RETROSPECTIVE
PERFORMANCE VARIABLE

This section shows that the retrospective performance
variable can be decomposed into the sum of a performance
term and a model-matching term.

Definition 4.1: Let Diy,..., Dy e RP*P, et
N()yk, ey Nn,k: e RPX™  let Yk—ny---,Yy—1 € RP be
initial output data, let (6;)72_,, € R", and, for all k > —n,
let uy : R™ — R™. Then, the FIA sequence (yi(0r))7, is
given by the fixed-input-argument (FIA) filter

Yre(Ok) + D1 xyk—1(0k—1) + - - + Dok Yk—n(Ok—n)

= Norur(0r) + - + Ny gtr—n(0k), 42)

where, for all k € [—n, —1], yx(6k) 2 Y-

Note that, in (42), at each step k, the arguments
of Up_p,...,u, are fixed at the current value 6. In
contrast, the left hand side defines the current out-

put yx(f;) which depends on the past output values
Yk—n(Ok—n), - -, Yk—1(0k—1). For convenience, (42) is writ-
ten as either Dy (q)yr(0r) = Ni(q)ui(bg) or yp(0r) =

A
Gr(Q)ux(6r), where G (q) = Dy (a)Ni.(q)-
Define the virtual external input perturbation

~ A ~
di(Or41) = disne — Pron Gt 43)
Let &7k(9k+1) be given by the FIA filter
de 1 (Or1) = Gea(Q)di(O7), (44)

where éf,k(q) = q "Gg(q). Using (44), (15) can be
written as

Zrok(Okt1) = 25 — Jf,k(ek-i-l)- (45)



The following matrices are used in Theorem 4.1.

0 0 Pauper i
Ak é I 0 Pnc.*l,k 7@ é O c Rldncxld7
_0 I Pl,kfnc+2 0
(46)
Qne k1 + Pro k+1Q0,k—ne+1
. A Qne—1,k + Pro—1,8Q0 k—ne+1
B = . , “n
| Q1,k—nct2 T Pl r—n.4+2Q0k—nc+1
C é [O - 0 I} c IRlXmd’Vlc7 -Dk é Qo,k‘f’nc+17 (48)
A — BN
Bar =[Gy Dix —BiDsg],Br=—ApKaar, (49)

A
Dok = [O1,xta Otyxin —D2ui], (50)

~ A Ak —Bka ~ A

A — ~ J— ~ C = O —C 51
k |:_ch Ak + Gk.Dka:| y Yk [ k} ) ( )

[SOIVAN G BkDa k ~ A

B = by _D = 0 Da . 52
& {0 Bax — GkaDa,;j D = | k. (52)

The following result presents the retrospective performance
variable decomposition, which shows that the retrospective
performance variable is a combination of the closed-loop
performance and the extent to which the updated closed-
loop transfer function from dj(041) to z; matches the filter
Gt 1(q). Henceforth, Gt (q) is called the target model since
it serves as the target for the closed-loop transfer function
from di(0x+1) to 2g.
Theorem 4.1: For all k > 0,

Zrek(Ok+1) = Zppk (Okt1) + Zmm,k (Okt1),  (53)

where the performance term zpp x(6k+1) and the model-
matching term 2zpym i (fx+1) are defined as

JAN _
pr,k(9k+1) = G.ux(q)ug, 54

Z (k1) — Grp(@)di (B5r), (55)

me,k(9k+1) = sz)k(q)
]T . The time-domain transfer
are given by

_ 2
and w, = [d} wj

functions Gq,, and Gz,

T
Uk

A
(G.in Geuk] = Gk, (56)
where G is the time-domain transfer function of the

system represented by the state space model

Tri1 = ApZx + Biig, (57
2k = ék%k + l~)kﬂk, (58)
~ ~ T A s T
W= |dE ) ]Sy o df af] and
Ay, By, Ci, and Dy, are defined in (51) and (52).
Proof: Note that (2) and (4) imply that
2z = —Crese, — Do g, (59)
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where eg. i, = 2k — Tfe,k- Note that it follows from (1)—(4)
and (21) that

etenr1 = Ageser + Gr(dy — di) + Dy gwy, — By Do g,
(60)

where Ay and B}, are defined in (27) and (49) respectively.
Then, (60) and (59) can be written as

(61)
(62)

where B, ; and D, j, are defined in (49) and (50). Next, it
follows from (5) that

et k1 = Areier + Bapttr — Grdy,
2 = —Crege r + Do p U,

Ne Nec
Drin Opt1 = g P pi1diqin.—i + E Qi k41 Zktne—is

i=1 i=0
which when substituted in (43) yields

in, = de(Or1) + Y Prkr1diin—i

i=1
+D Qikt1 2kt (63)
i=0
Using (11) and (12), it follows from (63) that
diine = di(Ors1) + dign, — Dy, i1 (Q)ds
+ Nz g1 (@) 25
which, using (10), can be rewritten as

dp = D!, (@di(Ok1) + Gy (@ (64)

Note that (11), (12), and Proposition 3.4 imply that a state
space model corresponding to (64) is given by

Zre1 = Apiy + Gdy(Or41) + Brz,
Czk = éi‘k + ﬁkzk,

(65)
(66)
where Ak, G‘, Bk, C’, and ﬁk are defined in (46), (47), and
(48), and Z = [ch_l d}r]T. Substituting (66) and
(62) in (61) yields
etenr1 = (A + GrDRCY)ese s, — GrCiy
+ (Bajk — Gr Dy D, 1. ). (67)
Similarly, substituting (62) in (65) yields
Zpy1 = Apiy — BpCreéger + Gy (O 41) + By D, 1y
(68)
~ JAN AT T T
Define 7z, = [a:k efcyk] . Thus, (57) and (58) follow
from (67), (68), and (62). Since G5\ is the time-domain
transfer function of the system represented by (57) and (58),
it follows from (56) that
2k = Gy k(qQ)uy + ngk(Q)Jk(akH)-

Finally, substituting (69) in (45) yields (53).

(69)
]

Note that the expression for G 5, is obtained using (51)
and (52) in accordance with Definition 3.2 and Proposition



3.3. In order to apply Proposition 3.3, (57) and (58) must be
converted to a completely observable state space model. The
time-varying Eigensystem Realization Algorithm explained
in Section IV of [35] provides a method to reduce any given
LTV state space model to a minimal state space model.

In order to analyse the retrospective performance variable
decomposition, assume that R, = I, and A = 1. Then, it
follows from (16) and (53) that

k
Ti(Ors1) = (ng,i(@ﬂ)zpp,i(@iﬂ)
i=0
+ Zglm,i(ei+1)zmm7i(9i+1) + Qng,i(aiH)me,i(@iH)

+ 92‘11‘1’?3&1‘9#1) + (01— 00) " Ro(O)1 — 00). (70)

Note that the first two terms in the sum are nonnegative,
whereas the third term can have arbitrary sign. This suggests
that RLS can minimize Ji(0;41) by making the third term
negative while the nonnegative terms remain large. In the
case where Ry and R, is small, using RLS to minimize (70)
yields, for k > kg € R,

Zrc,k(9k+1) ~ 07 (71)
which, using (53), implies that
Zppk (Okt1) = —Zmm k (Or11)- (72)

Proposition 4.1: Assume that klim 0y, exists and P, is
—00

bounded. Then klim di(Ors1) = 0.
—00
Proof: Equations (6) and (43) imply that

A (O s1) = dy, — Opbir1 = Pp(Or — Oprn).

. A
Defining & = SUpy>g Omax(Pr), where o,y denotes the
maximum singular value, it follows that

dk—n. O 1)l < Omax (@1)]|0k = O 1]l = @l — Ogra]l-
Hence,
lim || dg—n, (Ok41)]| < @ lim (|64 — Oppa]| = 0,
k—o00 k—o00
and thus limy_, Jk_nc (0k+1) = 0, which in turn implies
that limg_, o0 di(0x+1) = 0. [ |

V. NUMERICAL EXAMPLE

Consider the state space model given by (1), (2), where,
for all £k > 0,

A 0 1 A |0
Ak = (09)k+1 (05)k+1] ) Gr=G= |:1:| ) (73)
A A
Cp.=C= [1 1.1] , Dy =Dy=0.01, (74)
up = wi = 0, vy is standard Gaussian white noise, and
z9g = [02 02] . Let ng = 6,nf = 2,A = 1,Ry =

107415, Ry = 107, R, = 1,V = 10721, and let the
unknown input be d = 1 + sin(0.3k).

Plots (a) and (b) in Figure 1 show that, after an initial finite
number of steps, (71) and (72) hold true. Plot (¢) in Figure
1 shows that the difference between z.. and zpp + 2Zmm 1S

246

negligible, and thus confirms (53). The convergence of cf, 0,
and d is depicted in Figure 2. Note that, in these plots, the
time step at which the RCIE algorithm is started is assumed
as the O-th step. In order to observe the steady-state behavior
of the time-domain transfer functions G.z and ng after
the estimator coefficient  converges, the magnitude plots of
G 2d,2005 Gzw,200, and G, 200 are shown in Figure 3, where
[G2d200 Gzwz200 Gzv200] = Gam200, and the extent to
which the frequency response of G matches with that
of 6f7200 is shown in Figure 4.

2d,200

1f (a)
o |-
A+ |
2| —l
3 R——— (b)
oH— Zmm, k
2
x107™
ol . . . .
4+ ‘_ Zrek — (pr,k + me,k) ‘,
ol J
0
-2 L L L L L L
0 10 20 30 40 50 60
k (step)

Fig. 1. (a) For all k& > 21, 2z, ~ 0, which confirms (71). (b) For all
k > 21, zpp k R Zmm,k, Which confirms (72). Furthermore, for all & > 35,
Zppk A Zmm,k ~ 0. (¢) For all k > 0, |2y, — (Zpp,k + Zmm,k)| <

3 x 10~ 1%, which confirms (53).

50
2 . . .
0 10 20 30 40 50 60
k (step)
Fig. 2. (a) After the initial transient period of about 25 steps, d follows

d. (b) The estimator coefficients ¢ converges after about 25 steps. (c) The
virtual external input perturbation d converges to zero after about 25 steps,
in accordance with Proposition 4.1.
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