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Sequential Gradient-Descent Optimization
of Data-Dependent, Rank-Deficient Cost Functions
with a Unique Common Global Minimizer

Adam L. Bruce and Dennis S. Bernstein

Abstract— Online system identification entails optimization
of a sequence of cost functions that are updated by data
as it becomes available. The goal is to obtain a sequence of
minimizers that converge to the true parameters. If the true
parameters are the unique common minimizer of all of the costs
in the sequence, then convergence of a sequence of minimizers
to the true parameters can be viewed as convergence of the
state of a dynamical system to an equilibrium. This paper
investigates global asymptotic stability of the equilibrium of a
dynamical system defined by online gradient-based optimization
of a sequence of quadratic cost functions that have a unique
common minimizer, but may individually have multiple global
minimizers due to rank deficiency. Under a weak persistency-
type condition, it is shown that global asymptotic stability
can be guaranteed for this class of costs. These results are
specialized to the case of least squares costs and illustrated by
examples.

I. INTRODUCTION AND PROBLEM STATEMENT

A. Background on Online Parameter Estimation

System identification typically requires online estimation
of parameters from a linear regression model. Since data
is obtained sequentially during online operation, the task of
online identification leads to the problem of optimizing a
sequence of costs that are updated at each step by the most
recent data. For cumulative least squares costs, Recursive
Least Squares (RLS) [1-8] is a well-established method,
which includes sophisticated forgetting schemes [9-15] as
well as techniques for avoiding divergence when the regres-
sor lacks persistency of excitation [16-20]. However, RLS
has the drawback of requiring the propagation of a covariance
matrix and is restricted to a cumulative quadratic cost.

Gradient methods [21-23], [24, pp. 58—61] neither require
covariance propagation nor assume a cumulative cost, and
applications of gradient algorithms such as the stochastic
gradient [25,26], multi-innovation [27-32], and conjugate
gradient [33-36] methods to system identification, adaptive
control, and adaptive filtering have been studied extensively.
Although stability conditions for particular gradient algo-
rithms, such as the instantaneous and instantaneous normal-
ized projected gradient methods [24, pp. 71-73], [37—40] are
known, the stability of gradient-based identification methods
for general quadratic costs is not well-studied. This can be
compared to fixed-cost optimization, where the convergence
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criteria of gradient methods for large classes of costs are
well-established [41, pp. 466-475], [42, pp. 28-35].

A third approach to sequential optimization is Online
Convex Optimization (OCO) [43-45], which has emerged
as a subfield of machine learning. The OCO literature has
studied algorithms closely related to the gradient methods
used in identification (cf. section I-E) and has treated prob-
lems similar to those of interest in system identification,
such as finding a common global minimizer [46—48] or
tracking a time-varying global minimizer [49-51] for sets of
strongly convex costs. However, as shown in section I-E, the
OCO objective of regret minimization may not be effective
for system identification since the regret can be minimized
without guaranteeing attractivity to the true parameters. This
is especially true for non-strictly convex costs, which may
have multiple global minimizers.

In this paper, we address the global asymptotic stability
of gradient descent for the purpose of online system iden-
tification. That is, gradient descent with the objective of
determining true system parameters using only sequentially
available input/output data (cf. [23], [24, pp. 58-61]). We
refer to this approach as sequential-cost gradient descent
(SGD) to distinguish it from other problems that also use
gradient descent (e.g., fixed-cost optimization). We restrict
our attention to quadratic costs, which are the most relevant
for identification, including possibly rank-deficient costs,
which are convex but not strictly convex, and hence we allow
for the existence of multiple global minimizers at each step.

Section I-B fixes notation and terms, Section I-C further
describes the motivation of the main problem, Section I-D
defines the main problem formally as P1, and section I-
E discusses the relationship of the present work to OCO.
In Section II, we present three fixed-point results that are
subsequently used to prove global asymptotic stability con-
ditions for SGD in Section III. Finally, these conditions are
specialized to least squares costs in Section IV and illustrated
with examples in Section V.

B. Notation and Terminology

We define N 2 {1,2,3,...} and Ny = {0}UN. The sym-
bols S™, N", and P™ denote the sets of real n xn symmetric,
positive-semidefinite, and positive-definite matrices, respec-
tively. For A € S™, \;(A) denotes the ith largest eigenvalue
of A, Amax(A4) 2 Ai(A), and Amin(4) 2 A, (A). For all
A e R R(A) and N(A) denote the range and null space
of A, respectively, and AT denotes the generalized inverse
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of A. The notation |U| denotes the cardinality of the set U.
The notation (xj)ren, C U indicates that the components
Zo, 1, ... of the sequence (zy)kren, are elements of U. For
convenience, we write (xy,) for (z)ken,. The empty product
and empty sum are defined to be 1 and 0, respectively. Given
the n-tuple J = (j1,...,J,) of indices and r x r matrices

Ajl,. .. ,Ajn, we deﬁne HjEH Aj é AjnAjn—l .. 'Ajl'

C. Identification Using Costs with Multiple Minimizers

Let D C R™ and let J be a set of differentiable functionals
J:D — R. For all J € ], let M; denote the set of global

minimizers of J, and denote My £ NyegMy. It is frequently
useful in system identification to consider sets J such that,
for all J € J, |[M;| > 1 but |My| = 1. For example, the set
of instantaneous least squares costs Ji(z) = ||y — dpx||?
k > 0, where (yx) C R™ and (¢r) C R™*™ is a sequence
of regressor matrices such that rank(¢y) < min(m,n),
satisfies this property in the case where y, = ¢rx* and
Nk>1N(ér) = {0}. The objective is to identify the single
element z* € My, which corresponds to the true system
parameters, using only knowledge of the individual costs
in J. In particular, since each set M; contains elements
other than x*, perhaps infinitely many, an algorithm for
determining x* must be capable of distinguishing between
points that are only minimizers of a proper subset of the
costs in J and the universal minimizer of every cost in .
Section I-D proposes a simple gradient descent strategy for
pursuing this objective.

D. sequential-cost gradient descent

Based on the discussion in the preceding paragraph, we
make the following assumption:

Al. There exists a set J = {J: D Cc R* —» R} of
differentiable functionals such that, for all J € §, |M ;| > 1,
and |Myg| = 1.

Thus, we allow for the possibility that, for all J € J, |M ;| >
1, but need not assume this a priori.

A2. J contains a sequence (Jy) such that Ny My, = Mjy.

We refer to a sequence satisfying A2 as an exhaustive
sequence in {.

Since we are interested in online operation, where each
cost Ji is not available until step %k, we also make an
assumption restricting the availability of costs.

A3. At each step k, the only available cost is Jy.

Although it is possible to use the previous costs Jy, . .., Jy_1
in addition to Jj, at step k, we shall show that it is possible
to identify x* using only the current cost .J, which is
significantly more computationally efficient than holding
multiple costs in memory.

Since the most important in system identification appli-
cations are quadratic functions, for simplicity in this initial
research, we make the following final assumption:

Ad. For all k > 0, Jy is a quadratic function. That is, there
exist A, € N™"\{0}, by, € R(Ag), and ¢, € R, such that

A
Ji(x) = %xTAkx + ng + cg.

Note that by restricting attention to quadratic functions, we
also assume that D = R™. The assumption that b, € R(Ax)
is necessary to ensure the existence of finite-norm minimiz-
ers, while the assumption that Ay is not necessarily full rank
implies that Jj, is convex, but not necessarily strictly convex,
and hence that there may exist multiple global minimizers.
Note that a quadratic cost sequence satisfies A1-2 if and only
if | Mo [ AT br + N(Ag)]| = 1.

Let (ug) C [0,00). Then the gradient iteration of (J) is
defined as

Tpt1 = Tk — e VJIe(Tk), (D
xo € R", 2

where (i, is the step size at step k. We refer to the use of the
gradient iteration to determine =* as sequential-cost gradient
descent. Note that x* is an equilibrium point of the gradient
iteration (1)—(2). The main problem that we address in this
paper may be stated as follows:

P1. Under assumptions A1-A4, determine sufficient
conditions such that x* is a GAS equilibrium of (1)-(2).

Guaranteeing GAS will prove a fortiori that the SGD esti-
mates converge to x* regardless of the initialization.

E. Relationship with Online Convex Opimization

The SGD algorithm is equivalent to Online Gradient
Descent [45, pp. 9-11], [43, pp. 130-134], [44, pp. 179-183],
[46] in OCO, possibly with the addition of a projection step,
and thus we might initially consider using results from OCO
to help answer P1. Unfortunately, since OCO is based on
regret minimization, it cannot guarantee GAS when J has
costs with multiple global minimizers.

To see this, assume that A1-A4 hold and recall that the
regret of an OCO algorithm is defined [45, pp. 1-2], [43, p.
112], [44, pp. 159-161] by

T T
AN .
Ry = g_o Jp(xr) — min kE_O Jr(x), (3)

where zj, is the estimated minimum of Jj at step k. In the
OCO framework, the goal is to provide guarantees on the
asymptotic growth of Rr, and the main figure of merit is
how well Ry can be bounded (possibly asymptotically by
a function of T'). The ideal performance is Ry = 0 for all
T > 0, but even the best OCO algorithms guarantee only
sublinear growth of R, since the OCO framework allows
Ji to be chosen adversarially [45, p. 6].
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The task given in P1 is to prove GAS of z*, and hence
convergence of the estimate sequence to the true parameters.
Hypothetically, if GAS could be guaranteed by bounding
Ry, then the methods of OCO might be used to answer
P1. Unfortunately, as the following example shows, if J has
costs with multiple global minimizers, then even achieving
the ideal OCO performance of Ry = 0 for all T' > 0 is
insufficient to guarantee GAS, or even attractivity of x*.

Example 1. Let A € N"\ {0}, || 4| <1, and rank(A) <
n, define J;(z) = 27 Az and Jy = 27 (I,,— A)x, and let § =
{J1, Jo} and (Ji) = (J1, J2, J1, J2, . .. ). Then J satisfies Al
and (Jy) satisfies A2. Since N(A), N(I,, — A) # {0}, there
exist y1 € N(A) \ {0} and yo € N(Z,, — A) \ {0}, and thus,
for all « € R, the sequence

k
Aoty k=0,2/4,...
o =4 &)
ays, k=1,3,5,...
is well-defined and has R =0 forall 7' > 0. For all o > 1,
however, it follows that limy_, o ||z — 2*|| = 0. o

In Example 1, since both J; and J; have an infinite number
of global minimizers, there are sequences with identically
zero regret that diverge infinitely far from the true param-
eters. Hence, guarantees on Rp, such as those provided
by OCO, do not guarantee attractivity, and thus cannot
satisfactorily answer P1. In the remainder of the paper,
we instead pursue a solution strategy based directly on the
definition of stability.

II. FIXED-POINT THEORY

This section reviews three fixed-point results that are
essential for the main results of the paper. Although straight-
forward, to the authors’ knowledge, they have not appeared
before in the system identification literature.

Let (M, d) be a metric space, and let f: M — M. Then, f
is nonexpansive if there exists a nonexpansion coefficient q €
(0, 1] such that, for all z,y € M, d(f(z), f(y)) < ¢d(z,y).
The point p € M is a fixed point of f if f(p) = p.

Definition 1: Let (M, d) be a metric space, and let (f%)
be a sequence of functions on M. Then p € M is a fixed
point of (fy) if, for all & € Ny, fr(p) = p. The set of all
fixed points of (fx) is denoted by Fix[(f)]-

Proposition 1: For all k € Ny, let fr,: M — M be
nonexpansive with nonexpansion coefficient q;. Let x¢g € M,
define zxy11 = fr(zy), and assume that p is a fixed point
of (fx). Then limy_, o d(zk,p) < ([Theo ax) d(xo, p), and,
furthermore, if H;O:o qr = 0, then p is the only fixed point
of (fx) and limg_, oz = p.

Proof. Since, for all k& € Ny, fi is nonexpansive, it follows
that d(zk+1,p) = d(fi(2k), fu(p)) < qrd(zk,p), hence,
d(xg,p) < Hf;ol qe d(x0,p), and thus limg_,o d(zg,p) <
(ITx=p qx) d(zo,p). Setting [[r—,qx = O, it follows that
limg 00 d(zx,p) = 0. Suppose that p’ € Fix[(fx)]. Then
d(p',p) <limg_oo d(p', xk) + limg o0 d(zg, p) = 0. a

Proposition 2: Let (fi) be a sequence of nonexpansive
functions on (M, d) with fixed point p. Then p is a Lyapunov
stable equilibrium of the system

Thy1 = [r(zr), ®)
Ty € M. 6)

Proof. Let ¢ > 0 and zy € B.(p). Since (f;) is non-
expansive, it follows that, for all & > 0, d(zg,p) =

d(fe—1(zr=1), fr(p)) < d(xp—1,p) < d(zxo,p) <e. 0

A bounded interval of Ny is a set {n,n+1,...,n+m} C
Ny, where n,m € Ny. A bounded interval partition of Ny is
a partition of Ny whose elements are bounded intervals, and
a uniformly bounded interval partition P of Ny is a bounded
interval partition of Ny such that supycp |U| < oco.

Proposition 3: Let (fi) be a sequence of nonexpansive
functions on (M, d) with fixed point p, let (Uy;) be a bounded
interval partition of Ny, and, for all £ € Ny, define

JAN
Fk:fmaxUko"'ofminUk' @)

Then the following statements hold:
i) pis a fixed point of (Fy).
i) (F}) is nonexpansive.
iii) For all z € M, limg_,o, Fi 0 -+ 0 Fy(z) = p if and
only if limyg_,o fr 0«0 fo(x) = p.

Proof. i) and i7) are immediate from (7). To prove %), let
z € M, and define (yi), (zx) C M by zg = 2, yo = z,
and, for all k € Ny, by zx11 = fr(ak) and zx11 = Fr(zk).
Suppose that limy_, o 2, = p. Since (zi) is a subsequence
of (xy), it follows that limy_, o, 2z = p. Conversely, suppose
that limy,_, . zx = p, and let € > 0. Then there exists k € Ny
such that, for all ¥ > K, d(zx,p) < e. Since (zx) is a
subsequence of (xy,), it follows that there exists M > 0 such
that zx = xps. Let m > M. Then, since fj, is nonexpansive,
it follows that

d(@m,p) = d(fm o -0 fap" (@an), o -0 fyf" (p))

S d(‘rMap) = d(szp) <g,
and thus limy_, o z = p. O

III. GLOBAL ASYMPTOTIC STABILITY

In this section, we state and prove sufficient conditions
for GAS of SGD in Theorem 1, answering P1. This is our
main result, the proof of which requires the following three
lemmas.

Lemma 1: Let (Uy) be a bounded interval partition of Ny
and, for all &k > 0, let A, € N”, with ||Ag]| < 1 and
timi e [TTyeus, A5 = 1. Then iy ,oo | A = 1.

Proof. Let ¢ > 0. Since limy_, ’HjeUk A, L: 1 there
exists K > 0 such that, for all k > K and j € U, 1 —e <
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[Myeon As]) < Toc, 1450 < 14,1 < 1 Thus, for an
J>minUg, 1 —e < 4] < 1.

Lemma 2: Let (Uy) be a uniformly bounded interval
partition of Ny and let (ax) C R be a sequence such that
hmk_,()o Qp = 0. Then limk__mc ZjEUk a; = 0.

Proof. Let ¢ > 0 and supgey, |Ux] = M. Since
limg_ oo ar = 0, it follows that there exists K € Ny such
that, for all £ > K, |ax| < /M. Since (Uy) is an interval
partition, it follows that there exists K; > 0 such that, for
all k¥ > Ky, minU;, > K. Let k > K;. Since, for all
J €U, j 2 K, it follows that |32y, a5] < 5 e, lasl <

271Ukl < 57 supgen, |Uk| = &.

To see that the assumption of uniform boundedness is
essential, let Uy = {0}, Uy = {1}, U3 = {2,3}, Uy =
{4,5,6}, Us = {7,8,9,10}, .... Then (Uj) is a bounded,
but not uniformly bounded interval partition. For all k£ € Ny,
let {a;}jecv, = {%_H,,i} Then >, p, a; = In(2) +
€o1 — €, where limy_, o0 € = 0. Thus limj,_, o ZjeJk a; =
In(2) even though limy_, o ax, = 0.

Definition 2: Let (S;) C N™. Then (S) is ultimately
positive if liminfg_, o Amin(Sk) > 0 and weakly ultimately
positive if there exists a uniformly bounded interval partition
(Ug) of Ny such that (ZjeUk SJS
sequence (¢r) C R™ ™ is ultimately positive, or weakly
ultimately positive if (¢ ¢y ) is ultimately positive, or weakly
ultimately positive, respectively.

is ultimately positive. The

Lemma 3: For all k € Ny, let A;, € N™"\{0},
e € 0, A (Ar)], ®)

and define g 2 HnjeUk (In*HjAj)H~ Furthermore,
assume that (upAjy) is weakly ultimately positive. Then
lim supy_, o gk < 1.

Proof. From (8), it follows that lim sup,_, .. ¢x < 1. Hence,
suppose for contradiction that limsup,_,.. gz = 1. From
Lemma 1, it follows that lim sup,,_, . || 1, — s Ak|| = 1, and
thus lim supy,_, . (1 — || I, — prAk||) = 0. For all k € N, let
2, be the unit eigenvector of Ay corresponding to Ayax (Ax)
and let £ € B1(0). Since pupArxr = (1 — || — prAgl)zk,
Lemma 2 implies that

liminf | Apin Z i Aj _hklgloréf ZNJAJ £

k—o0

JEUK j€Jk
< liminf A < liminf Az
< liminf || Y prpAjoy|| < liminf Y 7 Aja]|

JEJk j€JK

= lim in Z (1= |Mn — 15 A;])
JEJk
< limsup Z (1= [[I, — pAgl[) = 0,

k— o0 jeTn

which contradicts the assumption that (pAg) is weakly
ultimately positive. (|

Theorem 1: Under the notation and assumptions A1-A4,
let (1) C [0,00) satisfy (8) and assume that (prAy) is
weakly ultimately positive. Then =* € My is the globally
asymptotic stable equilibrium of (1)—(2).

Proof. The point z* is an equilibrium of (1)-(2) by defi-
nition. Consider the sequence (f;: R™ — R™) defined for
all k > 0 by fr(x) 2z wrVJg(x), where (Ji) C d
is exhaustive. Since (8) implies that ||[I — purpAg|| = 1 —
UkAmin(Ag) € [0,1], it follows that, for all z,y € R",
/i) = fe@ < I = prAkllllz — yll < [z —yl|, and
thus (fi) is nonexpansive. From Proposition 2, it follows
that «* is Lyapunov stable.

To prove attractivity, let (Uy) be a uniformly bounded
interval partition for which (g Ay ) is weakly ultimately pos-
itive, for all £ € Ny, define F}, by (7) with f; given as in the

previous paragraph, and define g = HHjeUk (I, — ,ujAj)H .
Using (7), it follows that, for all k¥ € Ny, ||Fj(x)— F(y)|| =

| e, (B = 1549)] @ = )| < aullo—y)l. Finally, |11, ~
urAgl < 1 implies that g, € |0, 1]. Next, since (uxAy) is
weakly ultimately positive, it follows that Lemma 3 holds,
and thus (3) implies that 1 —lim sup,,_, ., gx € (0, 1). Hence,
let a € (0,1 — limsup;,_, ¢x), and, for all k € Ny, define

. A {Qk» qx # 0,
gk =
a’

qr = 0.

Since, for all k¥ € Ny, gx € (0,1] and, for all z,y €
R", [|[Fi(z) — Fp(y)| < Grllz — y|. it follows that g
is a nonexpansion coefficient for fi. Since ¢, € (0,1], it
follows that H;io g is either zero or positive. Suppose for
contradiction that Hzozo Gk is positive. Then limy_, o G =
1, which implies that g is ultimately positive, and hence
limg oo g = limg,o0 gr = 1, contradicting Lemma 3.
Thus [],2, dx = 0.

From Al, it follows that x* is the unique fixed point of
(fx). From Proposition 3, ¢) and 1 it follows that z* is the
unique fixed point of (F}), and, for all z € R™, limg_, o Fy0
-+ 0 Fy(z) = z*. Thus, it follows from Proposition 3, ii7)
that limy_, o ¢ = x*. Since the initialization is arbitrary, it
follows that z* is GAS. (]

Note that Theorem 1 combined with the uniqueness of
the universal fixed point in Proposition 1 implies that if
() satisfies (8), (urpAx) is weakly ultimately positive,
and Ng>o[— A7 br + N(Ag)] # @, then, moreover, | Ng>o
[—Az_bk + N(Ak)“ =1 and z* € ﬂkzo[—Az_bk + N(Ak)]
is the GAS equilibrium of (1)—(2).
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IV. LEAST SQUARES COSTS

Least squares costs form a significant subset of the
quadratic costs commonly used in practice. For this special
case, the results in the previous section can be specialized.

Definition 3: The sequence (Jy) of quadratic cost func-
tions is a least squares sequence if, for all k € Ny, there
exist ¢ € RP*™\{0}, yr, € RP, £, € {0,...,k} and, for all
1 <i < ly, Wi, € PP such that

1 &

Je(z) = 3 ;(ykﬂ' — ki) Wii(ys—i — dx—iz). (9)
Note that in the case where Zf; 0 gzﬁ;f_iWk’ingk,i is rank-
deficient, Ji has an infinite number of global minimizers.

Theorem 2: Let (¢r) C RP*™ be weakly ultimately posi-
tive, and, for all k € Ny, define y;, = ¢rx*, where z* € R”,
let 0 < ¥/, < k, and assume that, for all 1 < i < /,
Wi € P* and Wy ; > &I, where £ > 0. Finally, let
(k) C [0,00) be an ultimately positive sequence such that,
for all k € Ny,

1
Amax (Zfio QS;CF_iWk,i(bkfi)

Then z* is the globally asymptotically stable equilibrium of
(1)—(2) with Ji given, for all k£ > 0, by (9).

pr < ; (10)

Proof. Note that (9) can be written as Ji(Z) = 17T Az,

where A;, = Zfio T Whk.i¢r—i and T = 2* — x. Then p,
satisfies (8) by construction. To show that (u;Ay) is weakly
ultimately positive, let (Uy) be a uniformly bounded interval
partition with respect to which (¢y) is weakly ultimately
positive, and for all k¥ € Ng, define p1,, = minjey, p;. Since
(pr) is ultimately positive, (u, ) is ultimately positive, and
thus

i (S ua
min e | 2 154,
JE€UK

4
. — T
> fhknggfuk Amin E E DjiPj—i

jEUL i=0
. . — T
> €lim inf 1 Ain _erquj@ > 0. O
J k

V. EXAMPLES

The following examples illustrate Theorems 1 and 2.

Example 2. Considering the cost set and sequence of
Example 1, for all k& € Ny, let pp = min(1, A1 (A)),
and let (Uy) = ({0,1},{2,3},{4,5},...). Then Theorem
2 implies that * = 0 is the GAS equilibrium of (1)-(2). ¢

Example 3. Let 6 = [1 2]T, and, for all k& € Ny, define

0 0
HE T

r = a0 (11)
vk k=1,3,5,...
[ 0 O} ) ) b b )
yr = ¢rb, and let Ji(z) = %Hyk — ¢px|® Let pup = k2

and consider the uniformly bounded interval partition given
in Example 2. Then Theorem 2 implies that 6 is the GAS
equilibrium of (1)—(2). Note that 6 is GAS even though
is unbounded. <o

Example 4. Let § € R", let N, > 0, let (¢x)

RP*™ be weakly ultimately positive, and assume that 3
SUP, >0 Amax (¢]T¢j) < oo. For all £ € Ny, let yp =
¢r0, and define Jk(é) = %Zf\io Yk—i — (bk_iéﬂz. Fi-
nally, let (ux) be an ultimately positive sequence such

that y5 € [0, 5-5). Then (uy) satisfies (10), since
Amax Zfi"o T .0k—i) < N,fB3, and Theorem 2 implies
that 6 is the GAS equilibrium of (1), (2). o

>N

VI. CONCLUSION

Sufficient conditions were given under which the
sequential-cost gradient descent is GAS with an equilib-
rium corresponding to the true system parameters. GAS
was obtained regardless of whether or not the individual
costs have a unique minimizer (that is, are strictly convex).
Since quadratic costs are the most common type in system
identification, we restricted attention to this important class
of costs. Specialized conditions were given for least squares
costs, including rank-deficient least squares costs with an
infinite number of global minimizers. Future work will
consider extensions to sequences of nonquadratic convex cost
functions, the effect of noise, and extension to costs without
a common global minimizer.
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