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Abstract: Euler’s equation relates the change in angular momentum of a rigid body to the applied
torque. This paper uses Lagrangian dynamics to derive Euler’s equation in terms of generalized
coordinates. This is done by parameterizing the angular velocity vector in terms of 3-2-1 and 3-1-3
Euler angles as well as Euler parameters, that is, quaternions. This paper fills a gap in the literature
by using generalized coordinates to parameterize the angular velocity vector and thereby transform
the dynamics obtained from Lagrangian dynamics into Euler’s equation for rigid-body rotation.
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1. Introduction

The rotational dynamics of a rigid body are modeled by Euler’s equation [1] (p. 59),
which relates the rate of change of the body angular momentum to the net torque. Let
w € R3 denote the angular velocity of the body relative to an inertial frame, let ] € R3*3
denote the inertia matrix of the body relative to its center of mass, and let T denote the
net torque applied to the body. All of these quantities are expressed in the body frame.
Applying Newton-Euler dynamics yields Euler’s equation

Jo+w x Jw = T. 1

An alternative approach to obtaining the dynamics of a mechanical system is to apply
Hamilton’s principle in the form of Lagrangian dynamics given by

di9;T —9,T = Q, @

where T is the kinetic energy of the system, g is the vector of generalized coordinates, and
Q is the vector of generalized forces arising from all external and dissipative forces and
torques, including those arising from potential energy. Here, d; denotes the total time
derivative, and d; and d,; denote the partial derivatives with respect to § and g, respectively.

For a mechanical system consisting of multiple rigid bodies, (2) obviates the need
to determine conservative contact forces, which, in the absence of dissipative contact
forces, circumvents the need for free-body analysis [2]. For the case of a single rigid
body, however, (2) offers no advantage relative to a Newtonian-based derivation of Euler’s
equation. A Lagrangian-based derivation of Euler’s equation is given in [3] (p. 281) using
Lagrangian dynamics on Lie groups. As an alternative derivation of (1), the present note
uses generalized coordinates within the context of classical Lagrangian dynamics. Related
work includes [4,5], both of which use generalized coordinates to model the dynamics of
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linkages. The present paper extends [4,5] by deriving Euler’s equation using both Euler
angles and quaternions to parameterize the angular velocity vector. In particular, the
present paper fills a gap in the literature by using generalized coordinates to parameterize
the angular velocity vector and thereby transform the dynamics obtained from Lagrangian
dynamics into Euler’s equation for rigid-body rotation. Among all possible sequences
consisting of three Euler-angle rotations, there are six that have three distinct axes and six
that have the same first and last axes, for a total of twelve distinct sequences [6] (p. 764).
Relabeling axes allows us to consider two representative sequences, namely, 3-2-1 (azimuth-
elevation-bank) and 3-1-3 (precession-nutation-spin). These choices are commonly used for
aircraft and spacecraft, respectively. As a further example, Euler parameters (quaternions)
are also considered.

Notation: I3 denotes the 3 x 3 identity matrix, and AT € R'*k denotes the transpose
of A € R*! For x,y € R3, x x y denotes the cross product of x and y, and x* denotes the

cross-product matrix
0 —X3 X2
X3 0 —X11, (3)

—Xp X 0

X
(1>

where x = [x1 xp x3]7, so that x*y = x x y.

2. Preliminary Results

For a single rigid body, let ¢ = [q1 42 93] T € R® denote generalized coordinates, and
assume that the angular velocity w € R? can be parameterized as

w(q,q) = S(9)4, 4)

where S(g) € R3*3.
Assuming that the net force is zero and thus the center of mass of the body has zero
inertial acceleration, it follows that

T(q,49) = 3w(q,4)" Jw(q,49)

= 34"S(9)"JS(q)4, )

and thus,
9;T(q,4) = S(9)"JS(q)4, ©)
didgT(q9,4) = S(9)TTS(9)d + S(q9) " 1S(9)d + S(9) IS (9)d, @)

q‘T[aqls(q)FIS(q)q‘]
: ®)

9T(q,4) = [qT[anS(q)]TIS(q)q
q7[94,S(q)] IS (9)d

Furthermore, it follows from [2] (8.10.6) that
Q=35 . 9)
Now, combining (7)-(9) with (2) yields

q‘T[aq15<q>]TJS<q>q]
=S(q)Tt.  (10)

S(@)IS(@)i+S(@)TIS(9)d +S(9)TIS(@)g — [qT [90:S(9)] TS (a)d
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If S(g) is non-singular, then

G [94,S()]TTS(9)]d
JS(q)ii+1S(q)d+S(q)~"S(q)TIS(9)d —S(q)~ T qu[aqqu(q)]TIS(q)QI =7, (11)
7 [94,S(a)] TS (9)d

which can be viewed as Euler’s equation expressed in terms of arbitrary generalized coor-
dinates.
Next, noting that

w(q,4) = S(q)§+ S(q)4, (12)

Equation (11) can be written as

' [aqls(q)]TIS(q)M] )
=T. (13)

Ja(q,4) +S(q) " (S(q)T]S(q)ci — {ff [04,S(0)]7]S(9)4
q7[94,S(9)]TTS(9)d

Comparing (13) with Euler’s Equation (1) written in terms of the angular velocity implies

, q7[94,5(9)]JS(q)4
S@) T S@)TTS()d— 4TSS | | = w(q.4) x Jw(g,4).  (14)
G794, ()]TTS(9)d

Our objective is to verify this identity for rotations parameterized by Euler angles and Euler
parameters (quaternions).

For the following result, the columns of S(g) are denoted by S1(g), S2(¢), and S3(g)
so that

5(q) = [S1(q) S2(q) S3(q)]- (15)
We note that (a) is given by Equation (A24) of [7].

Proposition 1. Define S by (4). Then, the following properties are equivalent:
(a) Forall g and g,

5(9) +[5(9)d] S(q) = [04,5(9) 94,5(q)4 945 (9)]. (16)

(b) Forall g and g,

3
;biiaqfs(q) + [S2(q) x S3(9) S3(q) x S1(q) S1(q) x S2(q)14™

= [04,5(9)4 94,5(q)4 945S(q)q]- (17)
(c) Forall q,

97,51(9) — 94, 52(q) = S1(q) x S2(q), (18)

93551(9) — 94, 53(q) = S1(q) x S3(q), (19)

9g;52(9) — 94,S3(q) = S2(q) x S3(q). (20)

Now, assume that S(q) is non-singular. Then, (a)-(c) are equivalent to
S(q)T[B%Sz(q) —04,53(9) 99,53(9) —94551(9) 94,51(q) — 9y, S2(q)] = det(S(q))I5. (21)

The following lemmas are needed.
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Lemma 1. Let x € R3 and A € R3*3. Then,
AT(Ax)* A = (det A)x*. (22)
Proof. of Fact4.12.11in [8] (p. 385). O
Lemma 2. Let A = [A] Ay As] € R3*3. Then,
AT[Ay x A3 A3 x A; Ay x Ag] = (detA) L. (23)
Now, let x € R3. Then,
[Ay X Az Az x A1 Ay X Ap]x™ = (Ax) " A. (24)

Proof. of Fact 4.12.1 in [8] (p. 385). In the case where A is non-singular, the second
statement follows from (22) and (23). In the case where A is singular, the conclusion follows
by continuity since both sides of (24) are continuous functions of the columns (A1, Ay, A3)
of A and the set of non-singular matrices is dense in R3*3. [

Proof of Proposition 1. Note that

3
S(q) = )_ 4i94,5(q)- (25)
i=1
Furthermore, it follows from (24) that:

[S(9)d]*S(q) = [S2(q9) x S3(q) S3(q) x S1(q) S1(q) x S2(q)]4™. (26)

Therefore, (25) and (26) imply that (a) and (b) are equivalent.
To prove that (b) and (c) are equivalent, note that (b) is equivalent to L(§) = R(4) for
all g € R?, where L and R are the linear operators defined for all x = [x; x; x3]7 € R3by

3
L(x) = [aqls(‘ﬁx quS(q)x 8q3S(q)x] - ;xiaqiS(q), (27)

R(x) = [S2(q) < S3(q) S3(q) x S1(q) Si(q) x Sa(g)]x™. (28)
Since R and L are linear, it follows that L(4) = R(g) for all ¢ € R3 if and only if:
L(e;) = R(e;), foralli=1,2,3, (29)

wheree; =[1 0 0]7,eo =1[0 1 0]T,and e3 = [0 0 1] because (e, e, €3) is a basis of R>.
Next, note that

L(e1) = [04,51(9) 94,51(q) 94551(9)] — [94,S1(q) 94,52(q) 9g,S3(q)]
=[0 0¢,51(9) —9g,52(q) 94;51(q) — 94, S3(q)], (30)

L(ez) = [94;52() = 93,51(9) 0 94352(q) — 94,53(4)], (31)

L(es) = [94,53(9) = 94551(q) 94,53(q) — 9g352(¢) 0], (32)
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and

R(er) = [S2(q) x S3(q) S3(q) x S1(q) S1(q) x S2(9)][0 €3 —e2),

= [0 S1(q) x S2(9) S1(q) x S3(9)], (33)
R(e2) = [S2(q) x S1(q) 0 Sa(q) x S3(q)], (34)
R(e3) = [S3(9) x S1(q) S3(q) x S2(q) O]. (35)

Comparing (30)—(32) with (33)-(34) shows that (29) is equivalent to (c). Finally, (21) follows
from (18)—(20) and (22). O
To demonstrate the relevance of (14)—(16), note that transposing and rearranging (16) yields:

TS
S(@)" = |47 105,S(@IT| = S(a)" [S(9)a)*, (36)
"0 S(0)]T
and thus, assuming that S(g) is non-singular,
. qT[athS(q)]T
S@)7T| @' = |aT0pS@)]T| | = [S(a)a)*. (37)
4" [05,S(a)]

Finally, multiplying (37) on the right by JS(g)q yields

. q"[0g,S(0)]TTS(9)q
S@@) T S@TTS()d — |47 05,5 (DITIS(9)d]| | = w(g.4) x Jw(q,4), (38)
T [94,5(q)] IS (9)d

which is precisely (14). O

For a given choice of g, it is easier to verify (18)-(20) than (16) or (17). In the next
three sections, (18)—(20) are verified for 3-2-1 and 3-1-3 Euler angles as well as Euler
parameters (quaternions).

3. Verification of (18)—(20) for 3-2-1 Euler Angles
Letting (¥, ©, @) denote 3-2-1 (azimuth-elevation-bank) Euler angles, it follows that

w(q,q) = S(,0)q, (39)
where
S(®,0) =1[S1 S2(P) S3(P,0)] (40)
1 0 —sin®
=10 cos® (sind)cos® |, (41)
0 —sin® (cos®)cos®
nl|®
= |92 = |9]- (42)
3 ¥
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Note that detS(®,©) = cos®, and thus S(P, ©) is singular if and only if gimbal lock
occurs. Hence,

0
E),hsl (E]) — aq152(q) = —aq>52(q>) = |sin®| = 51 X Sz(CD),
cos @
i 0
93,51(q) — 94,53(q) = —0653(P,0) = | —cosP cosO| = 51 x S3(P,0), (43)
| sin® cos©®
cos ©®
aqssz(q) — aq253(q) = —8@53((1), @) = |sin® sin® | = Sz(CD) X Sg(q), @)
|cos @ sin®

Hence, (18)-(20) hold, and thus (16) and (17) are verified.

4. Verification of (18)—-(20) for 3-1-3 Euler Angles
Letting (®, ®,¥) denote 3-1-3 (precession-nutation-spin) Euler angles, it follows that

w(q,4) = S(¥,0)4, (44)
where
S(Y,0) =[S1 S2(¥) S3(Y,0)] (45)
0 cosY (sin¥)sin®
=10 —sin¥ (cos¥)sin®|, (46)
1 0 cos ©
o ¥
7= 02| £ |0]. (47)
q3 @

Note that detS(¥,©) = sin©, and thus S(¥, ®) is singular if and only if gimbal lock
occurs. Hence,

sin'¥Y

aqzsl(q) — E),hsz(q) = —aTSZ(T) = |cosY| = 51 X Sz(‘lj),

0

[—cosY¥ sin®,
8q351(q) — a,h S3(q) = —aly53(1f,@> = sin¥ sin® = S] X S3(‘Y, @), (48)

0

[—sinY cos ®

a%Sz(q) — anSg(q) = —8@53(T,®) = |—cosY cos®| = Sz(lf) X Sg(‘P, @)
sin®

Hence, (18)-(20) hold, and thus (16) and (17) are verified.

5. Verification of (21) for Euler Parameters

To avoid gimbal lock, an alternative approach is to use Euler parameters (quaternions).
In this case,

q 19
oS 5
j=|T72| = [ _ 12 ], (49)
93 (sin 50)n

q4
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where 6 € (—7, 71] is the eigenangle and n € R is the unit eigenaxis. Since g7 + g3 + g3 +

q3 = 1, it follows that q; = /1 — g3 — g3 — g3, and thus the generalized coordinates are

7= [g2 93 q4]". With this notation, assuming that 6 # 7 and thus q; > 0, it follows that (4)
holds with

B 2

7 0243 244 |
+ 12 + 2B gy T2

1 0 q4 0 q3 0

2
S(q) =2 —6I4+% lh+q*3 6]2+M . (50)
n n 111
9244 4394 ‘14
+ - -

L s q1 G q1 o a1

Next, note that, for all i = 2,3,4, d;,q1 = —¢q;/q1. Thus,

0 qzqs g3 5]
ql 111 q1 q1
2 4 |7
9 51(9) ~ O, Salg) =2| 2 BT 1 B | B (51)
q1 ql 1 71 n 1
. 072673{14 1o qugﬂm
L qq /-
(91 D% 9 s |
q1 111 q1 q% —qs
qzq3q4 q2q3q4 4
95,51(9) — 94,53(q) =2 1= == —q |, (52)
’71 ‘71 q1 0
72 qm L2 9203
L 611 Boon g
. 072673{14 1o qugﬂm :
11 qq
2 2 ‘71
4 ‘13’74 4 9394 4
2 - + —a = T — T A —_ — —
93,52(4) — 94 S3(q) = 2|~ 41 no7 0 [ qz4] (53)
93 6/3614 LB E
L th noon 4

Thus,
M(q) = [94,52(q) — 4553(9) 94,53(q) — 34,51(9) 94551(q) — 94,52(q)]

q 44 —43
—q4 M1 9 |, (54)
q1

43  —q42 M
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and using 4% + 43 + g5 + 93 = 1 yields

_ ) )
12 1243 q294
+ 22 + 25 g ER
i n 0 q4 0 q3 "
g |9 —q4 43 2
M(q)TS(q) = 171 q4 qg1 —92| | —q4+ 92493 g1+ 13 g0 + 4394
3 2 @ quj; Z;% Z;
+ 25 o+ R + 4
L 7 q 1 q n q1 |
8 1 0 0
=—|(0 1 0f. (55)
flo o 1

Since det(M(q)) = 64/43, (55) implies that det(S(q)) = 8/41. Thus, S(g) is non-singular
and satisfies (21). Consequently, (16) and (17) are verified for Euler parameters (quaternions).

6. Conclusions

For a single unconstrained rigid body, this paper filled a gap in the literature by using
generalized coordinates to parameterize the angular velocity vector and thereby transform
the dynamics obtained from Lagrangian dynamics into Euler’s equation for rigid-body
rotation. The derivation, which relies on matrix techniques and cross-product identities,
strengthens the connection between Lagrangian and Newton—Euler dynamics.
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