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Abstract— This paper considers output-only identification
for discrete-time hysteretic Lur’e (DTHL) systems, which are
Lur’e systems with hysteretic feedback. The discrete-time model
used to identify DTHL systems consists of asymptotically
stable linear dynamics, a time delay, a washout filter, and
a hysteretic nonlinear feedback mapping. A nonlinear least-
squares identification algorithm is developed for DTHL systems
as an extension of an existing technique for identifying Lur’e
systems with memoryless nonlinearity feedback. Numerical
examples are given to show the effectiveness of this technique
for identifying DTHL systems.

I. INTRODUCTION

Lur’e systems consist of linear dynamics connected in
a feedback loop with a memoryless nonlinear function.
Systems of this type arise in diverse applications, such as
oscillators with nonlinear damping or nonlinear stiffness. The
stability of Lur’e systems is the subject of absolute stability
theory, which has been extensively developed in continuous
time [1]–[3] as well as in discrete time [4]–[6].

In view of the widespread appearance of Lur’e systems,
it is of interest to identify these systems as a special case
of nonlinear system identification [7]. Identification using
only input and output signals from the Lur’e system is
considered in [8], and refined and automated in [9] via
mixed-integer optimization; in these works, a piecewise-
affine approximation of the feedback nonlinearity was used
to identify discrete-time Lur’e (DTL) systems.

As an extension of prior work on identification of Lur’e
systems with memoryless nonlinearities, the present paper
focuses on discrete-time hysteretic Lur’e (DTHL) systems,
that is, Lur’e systems with hysteretic feedback nonlinearities.
In applying system identification to DTHL systems, it may
not be apparent from the measured response that the feedback
nonlinearity is hysteretic. A first approach to system identifi-
cation would thus be to assume that the feedback nonlinearity
is not hysteretic. We show by example (see Section IV),
however, that the order of the identified linear dynamics may
be unrealistically large in order to provide an acceptable data
fit.

The present paper focuses on self-excited systems (SES)
in the form of Lur’e systems [10], [11]. Discrete-time Lur’e
models for SES are considered in [12], [13]. The present
paper appears to be the first to consider identification of
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SES using discrete-time Lur’e models with hysteretic feed-
back nonlinearities. The contribution of the present paper is
the development of a nonlinear least-squares identification
algorithm based on [8], [9] for a DTHL model as well as
a numerical investigation of this technique for identifying
SES modeled by DTHL systems. In this work, the hysteretic
nonlinearity is assumed to only have a single ascending path
and a single descending path.

The contents of the paper are as follows. Section II
introduces the DTL model with a memoryless, continuous,
piecewise-affine (CPA) nonlinearity used for identification in
previous work. Section III describes the least-squares tech-
nique for identifying SES using the DTL model introduced in
Section II. Section IV presents a numerical example in which
the identification technique in Section III is used to identify
a DTHL system. Section V introduces the DTHL model
with a hysteretic CPA nonlinearity used for identification
and describes the least-squares technique for identifying
SES using the DTHL model. Section VI presents numerical
examples using the identification technique introduced in
Section V. Finally, Section VII presents conclusions.

Notation. R △
= (−∞,∞), N △

= {0, 1, 2, . . .}.
II. DISCRETE-TIME LUR’E MODELS

Let L be a discrete-time Lur’e (DTL) model with input
u and output y. The DTL model incorporates a transfer
function G, a time delay Gd, a washout filter Gf , and a
nonlinear feedback function ϕ as shown in Figure 1.

+ G(q)

Gf(q) Gd(q)ϕ

u

v

y

ydyf

Fig. 1. Discrete-time Lur’e (DTL) model with input u, asymptotically
stable plant G(q), time delay Gd(q), washout filter Gf(q), and nonlinear
feedback function ϕ.

The nth-order, asymptotically stable, strictly proper trans-
fer function G has the form

G(q) =
B(q)
A(q)

=
b1q

−1 + · · ·+ bnq
−n

1 + a1q−1 + · · ·+ anq−n
, (1)

where q is the forward-shift operator, the time-delay Gd is
given by

Gd(q) = q−d, (2)

where d is a nonnegative integer, the washout filter is given
by

Gf(q) = (q− 1)/q = 1− q−1, (3)

and the nonlinear feedback function ϕ : R → R satisfies
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vk = ϕ(yf,k). (4)

Using yk = G(q)(uk + vk), it follows that

A(q)yk = B(q)(ϕ(yf,k) + uk), (5)

and thus, for all k ≥ n+ d+ 1,

yk =(1−A(q))yk + B(q)(ϕ(yf,k) + uk)

=− a1yk−1 − · · · − anyk−n

+ b1ϕ(yf,k−1) + · · ·+ bnϕ(yf,k−n)

+ b1uk−1 + · · ·+ bnuk−n, (6)
yf,k =yk−d − yk−d−1, (7)

with initial output values y0, . . . , yn+d. For
system identification, a continuous, piecewise-affine
(CPA) model ϕ̂ of ϕ is needed. As in [13], let
(−∞, c1], (c1, c2], . . . , (cp−1, cp], (cp,∞) be a partition
of the domain R of ϕ̂, and define the vector
c

△
= [c1 · · · cp]

T ∈ Rp. Furthermore, to fix ϕ̂ along the
coordinate axis, let κ ∈ R, and let cr = 0, where r ∈ [1, p],
such that ϕ̂(cr) = ϕ̂(0) = κ. Then, for all i ∈ [1, p + 1],
let µi denote the slope of ϕ̂ in the i-th partition interval,
and define the slope vector µ

△
= [µ1 · · · µp+1]

T ∈ Rp+1.
Using µ, for all yf,k ∈ R, ϕ̂ can be written as

ϕ̂(yf) = µTη(yf) + κ, (8)

where η : R → Rp+1 is given by

η(yf)
△
=

{
η1(yf), δ(yf) < r + 1,

η2(yf), δ(yf) ≥ r + 1,
(9)

δ(yf) ∈ [1, p + 1] is the index of the partition interval
containing yf , and

η1(yf)
△
= [01×(δ(yf )−1) yf − cδ(yf ) cδ(yf ) − cδ(yf )+1

· · · cr−1 − cr 01×(p+1−r)]
T, (10)

η2(yf)
△
= [01×r cr+1 − cr · · · cδ(yf )−1 − cδ(yf )−2

yf − cδ(yf )−1 01×(p+1−δ(yf ))]
T. (11)

ϕ̂(yf)

yfc1 c2 cr−2 cr−1 cr cr+1 cr+2 cp−1 cp
µ1

µ2

µr−1

µr

µr+1 µr+2
µp µp+1

κ

Fig. 2. Parameterization of the CPA function ϕ̂. Note that cr = 0 and
ϕ̂(cr) = ϕ̂(0) = κ.

III. IDENTIFICATION OF DTL MODELS WITH CPA
MAPPINGS

A. Identification Parameters

To facilitate the identification, we consider estimates of
the DTL model â, b̂, µ̂, and κ̂, where

â
△
= [â1 · · · ân̂]

T, b̂
△
= [b̂1 · · · b̂n̂]

T ∈ Rn̂, (12)

µ̂
△
= [µ̂1 · · · µ̂p+1]

T ∈ Rp+1. (13)

Using these estimates, (8) can be rewritten as
ϕ̂(yf) = µ̂Tη(yf) + κ̂. (14)

Furthermore, (6) can be rewritten as
ŷk =− â1ŷk−1 − · · · − ânŷk−n̂

+ b̂1(µ̂
Tη(yf,k−1) + κ̂) + · · ·+ b̂n(µ̂

Tη(yf,k−n̂) + κ̂)

+ b̂1uk−1 + · · ·+ b̂nuk−n̂. (15)

Using this expansion and (12), (15) can be written as
ŷk = −φ̂T

ŷ,kâ+ φ̂T
u,k b̂+ φ̂T

η,k vec(µ̂b̂
T) + 11×n̂b̂κ̂ = φ̂T

k θ̂, (16)

where

φ̂k
△
=

[
−φ̂T

ŷ,k φ̂T
u,k φ̂T

η,k 1
]T ∈ Rn̂(p+3)+1, (17)

θ̂
△
=

[
âT b̂T vec(µ̂b̂T)T 11×n̂b̂κ̂

]
∈ Rn̂(p+3)+1, (18)

and
φ̂ŷ,k

△
=

[
ŷk−1 . . . ŷk−n̂

]T ∈ Rn̂, (19)

φ̂u,k
△
=

[
uk−1 . . . uk−n̂

]T ∈ Rn̂, (20)

φ̂η,k
△
=

[
η(yf,k−1) . . . η(yf,k−n̂)

]T ∈ Rn̂(p+1). (21)

1) Special Case: In the case where u ≡ 0, (15) can be
written as

ŷk = −φ̂T
ŷ,kâ+ φ̂T

η,k vec(µ̂b̂
T) + 11×n̂b̂κ̂ = φ̂T

k θ̂, (22)

where
φ̂k

△
=

[
−φ̂T

ŷ,k φ̂T
η,k 1

]T ∈ Rn̂(p+2)+1, (23)

θ̂
△
=

[
âT vec(µ̂b̂T)T 11×n̂b̂κ̂

]T ∈ Rn̂(p+2)+1. (24)

B. Nonlinear Least-Squares Optimization

In this section, a least-squares identification technique is
used to construct the DTL/CPA model L̂ that approximates
the response of the Lur’e system L. The objective of this
technique is to calculate an estimate of the transfer function
Ĝ, the delay d̂, and the CPA function ϕ̂. This technique
requires choices for n̂, d̂, ĉ, and r̂ which are then used to
obtain the parameters â, b̂, µ̂, and κ̂, which are estimates of
a, b, and ϕ.

To perform system identification, measurements of y from
a data window, which can include portions of the transient
and asymptotic responses, are used. To define said data win-
dow, let ℓu ≥ ℓl ≥ n̂+d̂+1 and assume that measurements of
yk are available for all k ∈ [ℓl−n̂−d̂−1, ℓu]. The objective is
to minimize a cost function involving the difference between
the outputs of L and L̂, yk− ŷk for all k ∈ [ℓl, ℓu]. We define
the least-squares cost function

J(â, b̂, µ̂, κ̂)
△
= ∥Y − Φθ̂∥2, (25)

where θ̂ is defined by (18),
Y

△
= [yℓl · · · yℓu ]

T ∈ Rℓu−ℓl+1, (26)

Φ
△
=

[
−Φy Φu Φη 1(ℓu−ℓl+1)×1

]
∈ R(ℓu−ℓl+1)×(n̂(p+3)+1),

(27)

where
Φy

△
=

[
φy,ℓl . . . φy,ℓu

]T ∈ R(ℓu−ℓl+1)×n̂, (28)

Φu
△
=

[
φu,ℓl . . . φu,ℓu

]T ∈ R(ℓu−ℓl+1)×n̂, (29)

Φη
△
=

[
φη,ℓl . . . φη,ℓu

]T ∈ R(ℓu−ℓl+1)×n̂(p+1) (30)
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and, for all k ∈ [ℓl, ℓu],

φy,k
△
= [yk−1 · · · yk−n̂]

T ∈ Rn̂, (31)
φu,k

△
= [uk−1 · · · uk−n̂]

T ∈ Rn̂, (32)

φη,k
△
= [η(yk−d̂−1 − yk−d̂−2) · · ·

η(yk−d̂−n̂ − yk−d̂−1)]
T ∈ Rn̂(p+1). (33)

Since θ̂, defined by (18), is a nonlinear function of b̂,
µ̂, and u, an upper bound for J can be derived, which is
subsequently minimized by a two-step process. To do this, let
θ̂µ̂ ∈ Rn̂(p+1) be an approximation of vec(µ̂b̂T) and define

θ̂κ̂
△
= 11×n̂b̂κ̂ ∈ R, (34)

θ̃
△
=

[
âT b̂T θ̂Tµ̂ θ̂κ̂

]T
∈ Rn̂(p+3)+1, (35)

and the cost functions
J1(θ̃)

△
= ∥Y − Φθ̃∥2, (36)

J2(θ̂µ̂, µ̂, b̂)
△
= ∥θ̂µ̂ − vec(µ̂b̂T)∥2. (37)

It follows from Proposition 5.1 in [9] that
J(â, b̂, µ̂, κ̂) ≤ J1(θ̃) + σmax(Φη)J2(θ̂µ̂, µ̂, b̂). (38)

The upper bound for J given by (38) is minimized by
sequentially minimizing J1 and J2. J1 is first minimized to
obtain θ̃ such that

θ̃ =
[
âT b̂T θ̂Tµ̂ θ̂κ̂

]T
= argmin

θ̄∈Rn̂(p̂+3)+1

J1(θ̄). (39)

Since J1 is a linear least-squares function of θ̃, recursive
least squares (RLS) is used [14] with an initial covariance
P0 = 106.

Next, using θ̂µ̂ given by (39), we rewrite (37) as

J2(θ̂µ̂, µ̂, b̂) = ∥ vec−1(θ̂µ̂)− µ̂b̂T∥F. (40)

Proposition 5.1 in [15] implies that, for fixed θ̂µ̂ and b̂, the
value of µ̂ that minimizes J2(θ̂µ̂, µ̂, b̂) is given by

µ̂ = vec−1(θ̂µ̂)b̂/(b̂
Tb̂). (41)

Finally, if θ̂κ̂ given by (39) is nonzero, then it follows from
(34) that 11×n̂b̂ is nonzero, and thus κ̂ is given by

κ̂ = θ̂κ̂/(11×n̂b̂). (42)

C. Identification with zero constant input

In the case where u ≡ 0 and θ̂ can be defined by (24),
the upper bound for J given by (38) is again minimized by
sequentially minimizing J1 and J2. First, J1 is minimized to
obtain θ̃, such that

θ̃ =
[
âT θ̂Tµ̂ θ̂κ̂

]
= argmin

θ̄∈Rn̂(p̂+2)+1

J1(θ̄). (43)

Then, [16, Fact 11.16.39, p. 906] implies that the rank-1
approximation of µ̂b̂T that minimizes (37) is given by
µ̂b̂T = σmax(vec

−1(θ̂µ̂))ψl,1(vec
−1(θ̂µ̂))ψr,1(vec

−1(θ̂µ̂))
T, (44)

where σmax denotes the largest singular value operator, ψl,1

denotes the first left-singular vector operator and ψr,1 denotes
the first right-singular vector operator. However, since µ̂ and
b̂ are not separately identifiable in this case, choosing an
arbitrary nonzero scaling parameter β̂ ∈ R and using it to
separate (44) yields

µ̂ = β̂σmax(vec
−1(θ̂µ̂))ψl,1(vec

−1(θ̂µ̂)), (45)

b̂ = ψr,1(vec
−1(θ̂µ̂))/β. (46)

Using this solution for b̂ we can solve for κ̂ using (42). Note
that since β̂ is unidentifiable, it can be chosen arbitrarily.
Hence, the identified model is characterized by the chosen
parameters n̂, d̂, β̂, and ĉ, as well as the estimated parameters
â, b̂, µ̂, and κ̂.

IV. EXAMPLE: HYSTERETIC NONLINEARITY WITH
MEMORYLESS NONLINEARITY FEEDBACK MODEL

Consider the Lur’e system L with

G(q) =
q−1 − 0.5q−2

1− 1.6q−1 + 0.8q−2
, (47)

d = 4, and nonlinear hysteretic feedback
ϕ(yf,k) = 3(1− γk) tanh(yf,k + 1) + 3γk tanh(yf,k − 1), (48)

where

γk
△
=


0,

(γk−1 = 0 and yf,k ≥ −6) or
(γk−1 = 1 and yf,k > 6)

,

1,
(γk−1 = 1 and yf,k ≤ 6) or
(γk−1 = 0 and yf,k < −6)

,

(49)

where -6 and 6 are the minimum and maximum values at
which the hysteresis paths switch. Hence, in the case where
γk = 0, ϕ(yf,k) is given by the descending path tanh(yf,k+
1), and, in the case where γk = 1, ϕ(yf,k) is given by the
ascending path tanh(yf,k−1). The paths switch when either
yf,k < −6 or yf,k > 6, as described in (49). Both paths are
illustrated in Figure 3.

The technique described in Subsection III-B is used to
identify a DTL model with a memoryless nonlinearity in
feedback using output measurements from the DTHL system
above. Mixed-integer opimization (MIO) is used to iterate
through values of n̂, d̂, ĉ, and r̂ to minimize (25), as
described in [9].

To obtain data for identification, yk is generated by simu-
lating the DTHL system L with the initial condition y0 = 10
and zero input u = 0. The parameters of the identified Lur’e
model L̂ obtained using MIO are n̂ = 60 and d̂ = 41.
Figure 4 compares the output and frequency response of the
identified L̂ with a memoryless nonlinearity and the true
DTHL system L. Note that the fit is poor and the order of
L̂ is excessively large.

Fig. 3. Hysteretic feedback nonlinearity (48). The descending path is
given by tanh(yf,k + 1), denoted by the dashed, black curve, and the
ascending path is given by tanh(yf,k − 1), denoted by the dashed, blue
curve. The switching between paths, which is determined by γk defined in
(49), occurs when either yf,k < −6 or yf,k > 6. Hence, the orientation of
the hysteretic nonlinearity is counterclockwise. Since there are no minor
loops, the direction along each path reverses when the direction of yf
changes within (−6, 6).
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Fig. 4. Comparison of the DTHL model L with the identified memoryless
Lur’e system L̂. (a) compares the power spectral densities of the outputs
of L and L̂. (b) compares the computed output ŷ from L̂ with the output
data y from L. (c) shows the identified CPA feedback mapping ϕ̂. The high
order of L and the poor estimate of ϕ show that the use of a memoryless
Lur’e model is not suitable for identifying a DTHL.

V. DTHL ID WITH HYSTERETIC NONLINEARITIES

In this section, the nonlinear least-squares optimization
technique with memoryless nonlinearity feedback mappings
is extended for the identification of DTL with hysteretic
feedback mappings. Note that n̂, d̂, ĉ, and r̂ need to be chosen
for this technique as well.

A. Hysteretic CPA nonlinearity

Rewrite ϕ̂ in (14) as

ϕ̂(yf,k) = (1− γ̂k)(µ̂
T
descη(yf,k) + κ̂desc) (50)

+ γ̂k(µ̂
T
ascη(yf,k) + κ̂asc), (51)

where κ̂desc, κ̂asc ∈ R,

µ̂desc
△
= [µ̂desc,1 · · · µ̂desc,p+1]

T ∈ Rp+1, (52)

µ̂asc
△
= [µ̂asc,1 · · · µ̂asc,p+1]

T ∈ Rp+1. (53)

and

γ̂k
△
=


0,

(γ̂k−1 = 0 and yf,k ≥ y
f,min) or

(γ̂k−1 = 1 and yf,k > yf,max)
,

1,
(γ̂k−1 = 1 and yf,k ≤ yf,max) or
(γ̂k−1 = 0 and yf,k < y

f,min)
,

(54)

where yf,min, yf,max ∈ R are the minimum and maximum
values at which the hysteresis paths switch. In the case
where γ̂k = 0, ϕ̂(yf,k) is given by the descending path
µ̂T
descη(yf,k)+ κ̂desc, and, in the case where γ̂k = 1, ϕ̂(yf,k)

is given by the ascending path µ̂T
ascη(yf,k) + κ̂asc. Note that

that both descending and ascending paths share the same η,
and thus share the same ĉ and r̂.

B. Nonlinear Least-Squares Optimization with Hysteretic
Nonlinearity

We redefine the least-squares cost function (25) as

J(â, b̂, µ̂, κ̂)
△
= ∥Y − Φθ̂∥2, (55)

where â, b̂ are given by (12), Y and Φ are defined by (26)
and (27), respectively, and µ̂, κ̂, θ̂ are given by

µ̂
△
=

{
µ̂desc, γ̂k = 0,

µ̂asc, γ̂k = 1,
, κ̂

△
=

{
κ̂desc, γ̂k = 0,

κ̂asc, γ̂k = 1,
, (56)

θ̂
△
=

{
θ̂desc, γ̂k = 0,

θ̂asc, γ̂k = 1,
, (57)

where

θ̂desc
△
=

[
âT b̂T vec(µ̂descb̂

T)T 11×nb̂κ̂desc

]
∈ Rn̂(p+3)+1,

(58)

θ̂asc
△
=

[
âT b̂T vec(µ̂ascb̂

T)T 11×n̂b̂κ̂asc

]
∈ Rn̂(p+3)+1.

(59)

Let θ̂µ̂asc , θ̂µ̂desc
∈ Rn̂(p+1) be approximations of

vec(µ̂ascb̂
T) and vec(µ̂descb̂

T), respectively, and define

θ̂κ̂desc

△
= 11×n̂b̂κ̂desc ∈ R, (60)

θ̂κ̂asc

△
= 11×n̂b̂κ̂asc ∈ R. (61)

Then, define

θ̃desc
△
=
[
âT b̂T θ̂Tµ̂desc

θ̂κ̂desc

]T
, (62)

θ̃asc
△
=
[
âT b̂T θ̂Tµ̂asc

θ̂κ̂asc

]T
. (63)

Since J1(θ̃desc) and J1(θ̃asc) are linear least-squares func-
tions of θ̃desc and θ̃asc, respectively, RLS can be used on
each cost function individually. For this methodology, since
the descending and ascending paths alternate as the data is
updated, θ̃desc is updated by RLS when γ̂k = 0 and θ̃asc is
updated when γ̂k = 1. Note that this implies that J1(θ̃desc)
and J1(θ̃asc) are minimized in an alternating manner by
RLS and that â and b̂ are updated in both cases. The initial
covariance P0 = 106 is considered for this work.

After θ̃desc and θ̃asc are obtained, µ̂desc and µ̂asc

can be obtained by minimizing J2(θ̂µ̂desc
, µ̂desc, b̂) and

J2(θ̂µ̂asc , µ̂asc, b̂), respectively. Hence, Proposition 5.1 in [15]
implies that µ̂desc and µ̂asc are given by

µ̂desc = vec−1(θ̂µ̂desc)b̂/(b̂
Tb̂), µ̂asc = vec−1(θ̂µ̂asc)b̂/(b̂

Tb̂).
(64)

Finally, if θ̂κ̂desc
and θ̂κ̂asc are nonzero, (60) and (61) imply

that 11×n̂b̂ is nonzero, and thus κ̂asc and κ̂desc are given by

κ̂desc = θ̂desc/(11×n̂b̂), κ̂asc = θ̂asc/(11×n̂b̂). (65)

C. Identification with zero constant input
In the case where u ≡ 0, we introduce the parameter

estimates b̂asc and b̂desc, and redefine θ̂desc and θ̂asc such
that

θ̂desc
△
=

 â

vec(µ̂descb̂
T
desc)

11×n̂b̂descκ̂desc

 ∈ Rn̂(p+2)+1, (66)

θ̂asc
△
=

 â

vec(µ̂ascb̂
T
asc)

11×n̂b̂ascκ̂asc

 ∈ Rn̂(p+2)+1. (67)

Next, redefine θ̂µ̂asc
, θ̂µ̂desc

∈ Rn̂(p+1) as approximations of
vec(µ̂ascb̂

T
asc) and vec(µ̂descb̂

T
asc), respectively, and θ̂κ̂desc

and
θ̂κ̂asc

as
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θ̂κ̂desc

△
= 11×n̂b̂descκ̂desc ∈ R, (68)

θ̂κ̂asc

△
= 11×n̂b̂ascκ̂asc ∈ R. (69)

Then, θ̂desc and θ̂asc are obtained using the same procedure
as in Subsection V-B.

Next, [16, Fact 11.16.39, p. 906] implies that the rank-
1 approximation of µ̂ascb̂

T
asc and µ̂descb̂

T
desc that minimize

J2(θ̂µ̂desc
, µ̂desc, b̂desc) and J2(θ̂µ̂asc

, µ̂asc, b̂asc), are given by

µ̂ascb̂
T
asc = σmax(vec

−1(θ̂µ̂asc
))ψl,1(vec

−1(θ̂µ̂asc
))

· ψr,1(vec
−1(θ̂µ̂asc

))T, (70)

µ̂descb̂
T
desc = σmax(vec

−1(θ̂µ̂desc
))ψl,1(vec

−1(θ̂µ̂desc
))

· ψr,1(vec
−1(θ̂µ̂desc

))T. (71)

However, since the pair µ̂asc and b̂asc and the pair µ̂desc and
b̂desc are not separately identifiable in these cases, choosing
arbitrary nonzero scaling parameters β̂asc, β̂desc ∈ R and
using these to separate (70) and (71) yields

µ̂asc = β̂ascσmax(vec
−1(θ̂µ̂asc))ψl,1(vec

−1(θ̂µ̂asc)), (72)

b̂asc = ψr,1(vec
−1(θ̂µ̂asc))/β̂asc, (73)

µ̂desc = β̂descσmax(vec
−1(θ̂µ̂desc))ψl,1(vec

−1(θ̂µ̂desc)), (74)

b̂desc = ψr,1(vec
−1(θ̂µ̂desc))/β̂desc. (75)

Finally, (68) and (69) imply that κ̂asc and κ̂desc are given by

κ̂desc = θ̂desc/(11×n̂b̂desc), κ̂asc = θ̂asc/(11×n̂b̂asc). (76)

Hence, the identified model is characterized by the chosen
parameters n̂, d̂, ĉ, r̂, β̂asc, and β̂desc, as well as the estimated
parameters â, b̂, µ̂asc, µ̂desc, κ̂asc, and κ̂desc. Furthermore, γ̂k
needs to be chosen for all k ≥ 0 to determine when θ̃asc and
θ̃desc are updated by RLS.

VI. EXAMPLES: HYSTERETIC NONLINEARITY WITH
HYSTERETIC MODEL

In this section, the technique described in Subsection V-
C is used on two separate numerical examples. The first
example considers the same Lur’e system L described in
Section IV and serves as a comparison between the two
ID methods. The second example considers another Lur’e
system L with a different hysteretic nonlinearity to further
emphasize the accuracy of this technique. Note that yf,min
and yf,max assumed in the identification were chosen based
on the amplitude of the filtered data yf .

A. Hysteretic Saturation

Consider the Lur’e system L described in Section IV with
a hystertic saturation nonlinearity in feedback. The RLS
parameters used for identification are θ0 = 0, P0 = 106

without forgetting for sampled data k ∈ [100, 50000], and
β̂asc = β̂desc = −0.8944. The initial value γ̂k = 1 is
assumed.

Figures 5 and 6 compare the true hysteretic nonlinearity
ϕ with the identified CPA mapping ϕ̂, along with the output
and frequency responses of L and L̂. The identified model
parameters of L̂ are

Ĝ(q) =
1.0000q−1 − 0.5000q−2

1− 1.5849q−1 + 0.7880q−2
, (77)

where the values d̂ = 4 and n̂ = 2 are assumed and ĉ =
[−6 − 5 · · · 5 6]T and r̂ = 7 are used to partition the CPA
mapping ϕ̂.

(a)

(b)

Fig. 5. Comparison of the identified nonlinearity and corresponding output.
(a) shows the hysteretic CPA ϕ̂. The red curve denotes the true ϕ, while
the blue and black curves denote the estimates of the hysteretic paths of ϕ̂.
(b) compares the computed output ŷ from L̂ with the output data y from
L.

(a)

(b)

(c)

Fig. 6. Frequency analysis of the output data from L and the identified
Lur’e model L̂. (a) compares the power spectral densities of the outputs of
L and L̂. (b) and (c) compare the frequency responses of the true linear
dynamics of L and the identified linear dynamics of L̂.

B. Magnetic Hysteresis

Consider the DTHL system L with

G(q) =
q−1 − q−2 + 0.29q−3

1− 2.35q−1 + 2q−2 − 0.6q−3
, (78)

d = 4, and the hysteretic CPA feedback mapping

ϕ(yf,k) = (1− γk)(2.2 tanh(0.6yf,k + 1.5) + 0.5yf,k)

+ γk(2.2 tanh(0.6yf,k + 1.5) + 0.5yf,k), (79)

where

γk
△
=


0,

(γk−1 = 0 and yf,k ≥ −11) or
(γk−1 = 1 and yf,k > 11),

1,
(γk−1 = 1 and yf,k ≤ 11) or
(γk−1 = 0 and yf,k < −11),

(80)

which emulates the magnetic hysteresis curve in Figure 7 in
[17] and can be visualized in Figure 7.

Identification data yk is generated by simulating the DTHL
system L with the initial condition y0 = 10 and zero input
u = 0. The RLS parameters used for identification are
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Fig. 7. Hysteretic nonlinearity (79). The switching between the ascending
and descending paths, which is determined by γk defined in (80), occurs
when either yf,k < −11 or yf,k > 11. Hence, the orientation of the
hysteretic nonlinearity is counterclockwise.

θ0 = 0, P0 = 106 without forgetting for sampled data
k ∈ [100, 50000], and β̂asc = β̂desc = −1.1. The initial
value γ̂k = 1 is assumed.

Figures 8 and 9 compare the true hysteretic nonlinearity
ϕ with the identified CPA mapping ϕ̂, along with the output
and frequency responses of L and L̂. The identified model
parameters of L̂ are

(a)

(b)

Fig. 8. Comparison of the true and identified hysteretic nonlinearity. (a)
compares the true hysteretic nonlinearity with the identified hysteretic CPA
nonlinearity. The red curve denotes with the true ϕ, while the blue and black
curves denote the estimates of the hysteretic paths of ϕ̂. (b) compares the
computed output ŷ from L̂ with the output data y from L.

(b)

(c)

(a)

Fig. 9. Frequency analysis of the output data from L and the identified
DTHL L̂. (a) compares the power spectral densities of the outputs of L and
L̂. (b) and (c) show the frequency responses of the true linear dynamics
from L and the identified linear dynamics of L̂.

Ĝ(q) =
0.8349q−1 + 0.3507q−2 − 0.0800q−3

1− 1.0621q−1 − 0.0590q−2 + 0.3456q−3
, (81)

where d̂ = 4 and n̂ = 3, and ĉ = [−12 − 11 · · · 11 12]T

and r̂ = 13 are used to partition the CPA mapping of ϕ̂.

VII. CONCLUSIONS

This paper extended an existing nonlinear least-squares
identification technique for self-excited systems modeled
by discrete-time Lur’e models with memoryless feedback
nonlinearities to discrete-time Lur’e systems with hysteretic
nonlinearities (DTHL). To motivate this extension, we identi-
fied a DTHL using a memoryless feedback nonlinearity (see
Section IV). The numerical results showed that identifica-
tion with an assumed memoryless nonlinearity required an
unrealistically large order for the identified linear dynamics.
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