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Prediction-Based Target Tracking
Using Adaptive Input and State Estimation
for Real-Time Numerical Differentiation

Shashank Verma*, Dennis S. Bernstein®
University of Michigan, Ann Arbor, Michigan, 48109

This paper presents a novel target tracking algorithm that uses numerical differentiation to
estimate the velocity and acceleration of maneuvering targets. By applying adaptive input and
state estimation, the first and second derivatives of noisy, sampled position data are computed
with minimal latency. The estimated derivatives are then used to predict the target’s position.
The predicted motion of the target can be used to distinguish between ballistic and maneuvering
targets, as well as to facilitate target interception. The performance of the proposed method is
validated through detailed, comparative simulations, demonstrating significant improvements
in tracking prediction and efficiency compared to existing methodologies.

I. Introduction

arget tracking is a pivotal aspect of guidance, navigation, and control applications, necessitating robust algorithms

to handle target dynamics and environmental conditions. Control systems often rely on accurate tracking of targets
to make informed decisions and adjustments. Numerous methodologies have been developed, leveraging different
mathematical models and estimation techniques to enhance the accuracy and efficiency of target tracking systems.

Prior research has explored various approaches for improving target tracking. [1] employs target acceleration
predictions produced by a recurrent neural network for a predictive pursuer guidance algorithm. [2] discusses straight-line
target tracking for unmanned surface vehicles using constant-bearing guidance to calculate a desired velocity. [3]
presents a tracking scheme based on the Kalman filter, estimating acceleration inputs from residuals and updating the
filter accordingly. [4] enhances real-time performance using vision-based state estimators for target tracking.

The extended Kalman filter (EKF) has been used to estimate the kinematic state of reentry ballistic targets, as shown
by [5], while [6] uses the Kalman filter to track the movements of ballistic vehicles. Adaptive input estimation techniques
for estimating the acceleration of maneuvering targets are demonstrated by [7-9]. [10] compares the performance and
accuracy of EKF, unscented Kalman filter (UKF), and particle filter (PF) for tracking ballistic targets and predicting
impact points using measurements from 3D radar.

Iterative solutions employing state transition matrices to correct the initial conditions of ballistic vehicles for
trajectory calculation have been presented by [11]. To overcome the limitations of conventional constant-level maneuver
models, [12, 13] proposes a target-tracking technique using input estimation. [14] introduces a Kalman-filter-based
tracking scheme incorporating input estimation for maneuvering targets.

Advanced filter motion models capable of reproducing a wide variety of target motions and tested using EKF, UKF,
and PF are developed by [15]. [16] proposes an intelligent Kalman filter for tracking maneuvering targets, using a fuzzy
system optimized by genetic algorithms and DNA coding methods to compute time-varying process noise. Machine
learning techniques, such as expert prediction, have also been applied to collaborative sensor network target tracking
methods by [17].

The performance characterization of a-8-vy filters constant-acceleration targets is discussed in [18], whereas [19]
presents a procedure for selecting tracking parameters for all orders of tracking models. [20] provides the analytical
expression for the tracking index, which is useful for real time applications. [21] presents an optimal reduced state
estimator for the consistent tracking of maneuvering targets, addressing the limitations found in Kalman filters and
interacting multiple model (IMM) estimators commonly used for this purpose. The accuracy of these methods depends
on the a-B-y parameter values. To facilitate the selection of these parameters, [22] proposes an adaptive a-p filter,
where the a-8 parameters are adjusted in real time using genetic algorithms.
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Incorporating real-time target orientation data acquired by imaging sensors into EKF for target tracking was
demonstrated in [23]. [24] employs EKF to estimate the states of a moving target using position data from unmanned
aerial vehicles, using these estimates to predict target trajectories.

Building on the “current model” concept for maneuvering targets, [25] introduces a modified Rayleigh density
function to describe the probability density of target acceleration and presents an adaptive Kalman-filter algorithm to
estimate the mean and variance of the maneuvering acceleration.

The present paper proposes a target tracking algorithm based on adaptive input and state estimation (AISE) for
estimating the velocity and acceleration of the target using sampled position data. This approach minimizes the need
for prior information about the spectrum of the position signal and its measurement noise. Additionally, the proposed
approach avoids any assumptions of target maneuvers and target models. We then use the estimated velocity and
acceleration to predict the trajectory of the target. The performance of the proposed method is evaluated through detailed
comparative simulations.

The contents of this paper are as follows. Section II presents the problem statement. Section III summarizes the
adaptive input and state estimation algorithm. Section IV provides a numerical example illustrating the accuracy of the
algorithm for a simulated trajectory. Finally, Section V offers concluding remarks and directions for future research.

I1. Problem Statement

We assume the Earth is inertially nonrotating and nonaccelerating. The right-handed frame Fg = [fg JE IQE]

is fixed to the Earth, and the origin og of Fg is any convenient point fixed on the Earth; hence, og has zero inertial
acceleration. kg points downward, and g and jg are horizontal. ot is any point fixed on the target vehicle.
The location of the target vehicle center of mass ot relative to og at each time instant is given by the physical position

Vector 7 o /o as shown in Figure 1. We assume a ground radar sensor is measuring the position of the target vehicle in
the frame Fg as

Tx,k
A —
ry,k = rOT/OE(tk) ’ (1)
E
Iz,k
where k is the time step and 2 kT,. Here, rq.k = rq(kTy) is the position measurements of the target at time step &,
with T being the sample time and g representing either x, y, or z. The first and second derivatives of 70T Jop With

OE 1R
>
Tor/og
IE
[ 4
kg Target

Fig. 1 ?OT /o is the physical position vector between ot and og.

Ee Eee
respect to Fg represent the physical velocity and acceleration vector 7OT Jop and T or/og» Te€spectively. Single and double
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Ee Eee
differentiating (1) to resolve ?OT Jop and T or/og 1N frame Fg as

fx,k Ee fx,k Eee

. A = . A =

ry,k = rOT/OE (tk) > ry,k =r OT/OE (tk) . (2)
Izk Izk

Using the position measurements of the target vehicle given by (1), along with the velocity and acceleration in (2),
we predict the trajectories 7y x4, of the target vehicle [ steps into the future. In particular, at each step k, we use a
second-order approximation to define the predicted position

A A 2 172228
Tq,k+l =Vq,k + lTsrq,k + El Ts Tq,ks (3)

where g represents x, y, or z, fq, r and ?q, « are estimates of 7 r and 7y x, respectively, k + [ is the future time step, and
[ €{l,...,Imax}, Where [, is the prediction horizon. Note that (3) assumes that the velocity and acceleration are
constant over the prediction horizon.

We use the position measurements and AISE to obtain the estimates 7, x and 7, x. Table 1 shows the data from the
ground radar along with the derivatives that are obtained to compute 7, ; in (3).

Sensors Data | Processed Data

Ground radar | rg Fak>Tg.k

Table 1 Ground radar is used to obtain position data r, . AISE uses the position data to compute the estimates
Fq.x and 7, . Here, g represents x, y, or z.

ITI. Adaptive Input and State Estimation
We summarize AISE [26-28] for real-time numerical differentiation of position data of the target to estimate its
velocity and acceleration.
Consider the linear discrete-time SISO system

Xr+1 = Axy + Bd, 4
Vi = Cxi + Do ivi, ©)

where k > 0 is the step, xx € R” is the unknown state, d; € R is unknown input, y; € R is a measured output, v € R is
standard white noise, and D; ;v € R is the sensor noise at time ¢ = kT, where T is the sample time. The matrices
A e R™" BeR™! and C € R™", are assumed to be known and D>  is assumed to be unknown. The sensor-noise

covariance is Vo i 2 D>, kD; - The goal of adaptive input estimation (AIE) is to estimate dy and xy.

In the application of AIE to real-time numerical differentiation, we use (4) and (5) to model a discrete-time integrator.
As aresult, AIE furnishes an estimate denoted by d. for the derivative of the sampled output y;. For single discrete-time
differentiation, the values are A = 1, B = T, and C = 1. However, in the case of double discrete-time differentiation,

1 T ir2
A= S|, B=|2%], c=[1 0]. 6)
0 1 T,

A. Input Estimation
AIE comprises three subsystems, namely, the Kalman-filter forecast subsystem, the input-estimation subsystem, and
the Kalman-filter data-assimilation subsystem. First, consider the Kalman-filter forecast step

X k+1 = AXda g + Bdy, @)
Yie,k = Cxe ks (8)
k = YVie,k — Vo 9
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where x4, k € R" is the data-assimilation state, xz. x € R" is the forecast state, cfk is the estimate of dy, ys. x € R is the
forecast output, zx € R is the residual, and x. o = 0.
Next, in order to obtain dy, the input-estimation subsystem of order n. is given by the exactly proper dynamics

Ne Ne
di = Zl Pigdi_i + Z(; Qi kZk-is (10)
= 1=

where P; ; € R and Q; x € R. AIE minimizes z; by updating P; x and Q; x as shown below. The subsystem (10) can be
reformulated as

dy. = Diby., (1D
where the estimated coefficient vector 6 € R% is defined by

T
gké[Pl,k o Pk Qo Qne,k], (12)

the regressor matrix ®; € R'*% is defined by

q)ké[dAk—l R [ TS Zk—ne]a (13)

and [y = 2n + 1. The subsystem (10) can be written using backward shift operator q~! as

di =Gy, (a Dz, (14)
where
Gy x = D;ikN;lz’k, (15)
Dg (@) 2, = Prig™ = = Paiq ™, (16)
Ny (a7 = Qo+ 0iaq !+ + Qurg 17)
Next, define the filtered signals
®px = Gra(q )Pk, dik = Gra(q")dx, (18)
where, for all k > 0,
e
Gri(q™) = Zq_i k> (19)
i=1
CB, k>i=1,
Hix={ CAry - A-nB, k=iz2, (20)
0, i>k,

and Zk £ A(I + K4a 1 C), where Kg, ¢ is the Kalman-filter gain given by (32) below. Furthermore, for all k£ > 0, define
the retrospective variable z i : Rle 5 R by

2k () = 2 = (di i — ©; 1.0), (21

and define the retrospective cost function Ji : R — R by

k k k=i
VAUE (]_[ z,)(é ~00)"Ro (6= 00) + )| ( [ zj) [R.27,(0) + Ra(®6)’]
j=1

i=0 \ j=1

where Rg € Rlo%lo jg positive definite, R, € (0, c0), Ry € (0, ), and A; € (0, 1] is the forgetting factor. Then, for all
k > 0, the unique global minimizer 6, = arg ming g, Jk () is given recursively by the RLS update equations [29]
as

Pl = P + (1 - )R + ©F Ry, (22)
Ors1 = Ok — Prs1 @ R(Zk + Dy, (23)
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where Py 2 Rgl, for all k > 0, positive-definite Py € RleXlo ig the covariance matrix, the positive-definite matrix
Ro € Rlo*lo i the user-selected resetting matrix, and where, for all k > 0,

Ds 1

k

R, O
0 R4

2k — dr k
0

e 52

A
s Ik = =

, R

Hence, (22) and (23) recursively update the input-estimation subsystem (10).

A forgetting factor Ax < 1 in (22) enables the eigenvalues of Py to decrease, facilitating ongoing adaptation of the
input-estimation subsystem (10), even after extensive data collection [30]. Conversely, the resetting matrix R, in (22)
prevents the eigenvalues of P, from becoming excessively large under conditions of poor excitation [31], a phenomenon
known as covariance windup [32].

Next, variable-rate forgetting based on the F-test [33] is used for all £ > O to select the forgetting factor ;. € (0, 1].
For all £ > 0, we define the residual error at step k as

ek 2 Zp + Dy € R2. (24)

Note that the residual error is a metric of how well the input-estimation subsystem (10) predicts the input one step into
the future. Furthermore, for all £ > 0, the sample mean of the residual errors over the past T > 1 steps is defined as

k

Z & € R2, (25)

i=k—7+1

_ A
Er.k =

N

and the sample variance of the residual errors over the past 7 steps is defined as

e
Nl =

k
SexE= Y (8- Erp)(ei—Eep)’ €RDD (26)
k—71+1

i=

The approach in [33] compares %, x to X, x, where 7, > 1 is the short-term sample size, and 74 > 7, is
the long-term sample size. If the short-term variance X, i is found to be statistically more significant than the
long-term variance X, , according to the Lawley-Hotelling trace approximation [34], then A < 1 is chosen, inversely
proportional to its statistical significance. Otherwise, Ay is set to 1. In particular, for all k¥ > 0, the forgetting factor is
selected as

1
k = —7
1+ngel[gkl

>

27)

where 17 > 0 is a tuning parameter, 1: R — {0, 1} is the unit step function, and, for all k > 0,

tr(Z,, 271 )

T, Tn, Jk _

gké & ik _\’Fle b(l_a)a (28)
T4 c n

s (Tt +14=3) (14— 1)
(-5 (ta-2)
sy 2@t 2 2t(b-2)
bEA T T T o)

, (29)
(30)

and where a € [0, 1] is the significance level and Fz_rln - [0,1] — Riis the inverse cumulative distribution function of
the F-distribution with degrees of freedom 27, and b. For further details, see [33] and [34].

B. State Estimation
The forecast variable xg x, given by (7), is used to obtain the estimate x4, x of x; given, for all k > 0, by the
Kalman-filter data-assimilation step

Xda,k = Xic,k + Kaa k 2k, (3D
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where the Kalman-filter gain K4, x € R”, the data-assimilation error covariance Py, x € R™", and the forecast error
covariance P, € R™" are given by

Kaok = =Py CT(CP; i CT + Vo) ™!, (32)
Paak = (In + Kaa,kC) Pt ks (33)
Pt a1 = APy kAT + Vi, (34)
where V, i € R is the measurement covariance matrix and
Vi = Bvar (di — di)B" + A cov (xx — Xaak» di — d) BT + B cov (di — di, xi — Xga i) A" (35)
and P = 0.

C. Adaptive State Estimation

This section summarizes adaptive state estimation of AISE. Assuming that, for all £ > 0, V| ; and V, ; are unknown
in (34) and (32), the goal is to adapt Vi agapt,x and V2 adape,k at each step & to estimate Vi and V3 x, respectively. To do
this, we define, for all k > 0, the performance metric J;: R™" xR — R as

Ji(V1,V2) 2 18k = Sil, (36)
where S, « is the sample variance of z; over [0, k] given by
SR L s L1 &
= - i -7 . k= —— i 37
Sk k;(z )7, Tk k+1;4Z (37)

and Sy is the variance of the residual z; given by the Kalman filter, defined as
Sk 2 C(APgq i1 AT +V)CT + V5. (38)

For all k > 0, we assume that Vi agape, £ ni 1, and we define 77, € R and V2, adapt, k @s
2 argmin  Je(nl,, Vo), (39)
nelnL,nul,V220

Nk, V2,adapt,k

where 0 < nr < nu. Next, defining Jrx: R = Ras

Je (V1) 2 S — C(APgy 1 AT+ V)CT, (40)
and using (38), (36) can be rewritten as
Jk(V1,Va) = [Jg (V1) = Val. 41)
We construct a set of positive values of Ji i as
ik = Urkln): Jex(nly) > 0.n < <qu} CR. (42)

Finally, Proposition 1 gives a method to compute 775 and V5 adapt, «» defined in (39).

Proposition 1 Ler k > 0 and let ny € [nr,nul and Vo = 0 be given by (39). If Jr.x, defined in (42), is nonempty,
then, for any B € [0, 1], ni and V, i are given by

mi = argmin_|J; c (1) = Jr i (), (43)
nelnL.nul
VZ,adapt,k = Jf,k(nkln)’ (44)
where
Ttk (B) & Bmin Fr . + (1 — B) max ., (45)
If Js .k is empty, then nx and V3 . are given by
ne = argmin |Jr k()] (46)
nelnL,nul
VZ,adapl,k =0. 47

Proof: See Section 5.2 of [26].
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IV. Numerical Examples

In this section, a numerical example is provided to compare the accuracy of the predicted trajectory of the target
vehicle (3) using velocity and acceleration estimates. For comparison, the estimates are obtained from two different
numerical differentiation methods and using a-g-y filter (ABG). The first differentiation method is the backward
difference with Butterworth filter (BDB), and the second is AISE. In BDB, the noisy position measurements are first
refined using a Butterworth filter, and then the backward difference is applied. We assume a planar x-y model in this
section, hence ignoring the z component. The tracking index I" is a well-known parameter in the a-S-y filter [19]. Here,
we also compare the performance of the a-8-v filter for a range of values of I".

We further assess the value of acceleration estimates for trajectory prediction by presenting six versions of BDB,
ABG, and AISE prediction using either only the velocity estimate or both the velocity and acceleration estimates in (3),
as shown in Table 2.

Prediction Methods | 74 x Pk
BDB/v Used | Not used
BDB/va Used Used
ABG/v Used | Not used
ABG/va Used Used
AISE/v Used | Not used
AISE/va Used Used

Table 2 Definitions of the prediction methods using BDB, ABG, and AISE. Each version includes either only
the velocity estimate 7, x or both the velocity estimate 7, ; and the acceleration estimate 7, x in the trajectory
prediction equation (3). Here ¢ represents x or y.

To quantify the accuracy of the predicted trajectory, we define the error metric for the prediction horizon of /.« steps

N-I
l max
RMSE . S _7 2, 48
Gl = N —— 499¢ k=§500 (Fqktlmas = P k) (48)

where g represents x or y, and to avoid the transient phase for the adaptation of AISE, k starts from 500 in (48).

Example 1 Trajectory Prediction for a Parabolic Trajectory. In this simulation scenario, the target follows a parabolic
trajectory in the planer model under constant gravity of 9.8 m/s” in the negative y direction. The discrete-time equations
governing the trajectory are defined as

rx.k = 100kT;, (49)

kT,)?
ry.x = 200kT; — 9.8%, (50)

where T = 0.01 s and for all £ > 0. To simulate the noisy measurement of the target position r, x and ry i, white
Gaussian noise is added to each position measurement, with standard deviation oo = 1. We perform Monte-Carlo
simulations with 100 trials.

For single differentiation using AISE, we set ne = 25, n =50, R, =1, Ry = 107%7, Ry =105, n =0.008, 1, =
20,74 = 160, @ = 0.0008, and R, = 10?. The parameters Vi ; and V,; are adapted, with 57, = 107® and ny = 1
as described in Section III.C. For double differentiation using AISE, we set n. = 25, nf =20, R, = 1, Rg = 1074,
Ry = 107215, n = 0.008, 7, = 20,74 = 160, = 0.0008, and R, = 10'. Similarly, Vi x and V, ; are adapted, with
nr = 107% and ny = 1072 in Section III.C. For BDB, the Butterworth filter is 10/ order with a cutoff frequency of
0.8 rad/step. For ABG, the tracking index I" = 0.6.

Figure 2a compares the predicted trajectory of /. = 100-steps prediction horizon using BDB/v, ABG/v, and
AISE/v to the measured position of the target. Figure 2b, a zoomed-in view of Figure 2a, demonstrates that the predicted
trajectory by AISE/v is closer to the measured trajectory than that of BDB/v and ABG/v. AISE/va in Figure 3c,
outperforms BDB/va in Figure 3a and ABG/va in Figure 3b. Figure 4a compares AISE/v and AISE/va, showing that
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the prediction by AISE/va is initially less accurate, as evidenced in the lower-left corner, due to the transient phase of
AISE adaptation, particularly for double differentiation. Figure 4b, a zoomed-in view of Figure 4a, indicates that the
performances of AISE/va and AISE/v are similar.

These observations are further verified by the RMSE, ;  error metric (48), as shown in Table 3. Table 3 presents
RMSE values for 100, 200, and 300-step prediction horizons, comparing the true position with the predicted position.
For RMSE, ;... AISE/v has the lowest values, whereas for RMSE, ; ., AISE/va has the lowest values across all
Imax = 100,200, and 300. This discrepancy is due to the fact that the true acceleration # i is zero for the entire
duration of the parabolic trajectory in (49), whereas the estimated acceleration 7,y is not zero for all k > 0, resulting in
marginally worse performance when the acceleration estimate is considered in AISE/va. Figure 5 shows the variation of
RMSE, 300 with respect to the tracking parameter I" € [0, 1] for ABG/v and ABG/va prediction method, with ¢ = x
and g = y.

max >

Prediction Method | RMSE, 100 | RMSE, 100 | RMSE, 200 | RMSE, 200 | RMSE, 300 | RMSE, 300
BDB/v 1.05 5.14 227 19.69 3.36 44.17
BDB/va 87.63 81.99 347.65 323.66 805.44 777.71
ABG/v 1.24 4.95 2.53 19.36 3.95 43.97
ABG/va 40.72 4251 181.87 178.12 388.08 407.97
AISE/v 0.13 6.16 0.20 22.05 0.28 47.73
AISE/va 0.23 1.58 0.87 3.46 1.84 5.69

Table3 RMSE values for 100, 200, and 300 steps prediction horizons. The value in bold represents the minimum
RMSE value in each column.

2060

2040 -

= Measured 2020 -
----BDB/v
ABG/v

—AISE/v

E 2000 -

= Measured
----BDB/v

ABG/v
—AISE/v

y {
3
8
S

1980

1960 -

. . . . . . . . . . . . .
0 500 1000 1500 2000 2500 3000 3500 4000 1600 1700 1800 1900 2000 2100 2200 2300 2400 2500
x (m r (m

(a) (b)

Fig.2 Example 1: Trajectory prediction for a parabolic trajectory. (a) The dashed black line, green line, and blue
line show the predicted trajectory using BDB/v, ABG/v, and AISE/v, respectively. (b) Zoomed view of (a). AISE/v
provides a more accurate prediction than BDB/v and ABG/v. The prediction horizon /,,,x = 100 steps.

V. Conclusions

This paper investigated the performance of a novel target tracking algorithm that uses adaptive real-time numerical
differentiation to estimate the velocity and acceleration of a maneuvering target. Adaptive input and state estimation
(AISE) is used to estimate the first and second derivatives of noisy, sampled position data with minimal latency. The
velocity and acceleration estimates are then used to predict the position of the target over an /-step prediction horizon.
Future research will consider three-dimensional target-tracking scenarios such as ballistic trajectories with aerodynamic
and central gravity effects, integrate bearing and range-rate data, estimate the curvature and torsion of the trajectory,
and apply the methodology to maneuvering targets with the ultimate goal of discriminating between maneuvering and
non-maneuvering targets.
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Fig. 3 Example 1: Trajectory prediction for a parabolic trajectory. The dashed black line, green line, and blue line
show the predicted trajectory using BDB/va, ABG/va, and AISE/va in (a), (b), and (c) subfigures, respectively.
AISE/va provides a more accurate prediction than BDB/va. The prediction horizon /,,x = 100 steps.
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Fig.4 Example 1: Trajectory prediction for a parabolic trajectory. (a) The dashed black line shows the predicted
trajectory using AISE/v. The blue line shows the predicted trajectory using AISE/va. (b) Zoomed view of (a).
AISE/va provides similar accuracy to AISE/v. The prediction horizon /;,,x = 100 steps.
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Fig.5 Example 1: Trajectory prediction for a parabolic trajectory. RMSE, 309 versus tracking index I" for g = x, y.
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