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Multirate Model Predictive Control of Inner-Outer Loops

Syed Aseem Ul Islam, Juan A. Paredes, and Dennis S. Bernstein

Abstract— Inner-outer-loop control is widely used for con-
trolling mechanical systems with time-scale separation. Model
Predictive Control (MPC) is a popular technique for sys-
tems that require command following with state and control
constraints. We present a conversion algorithm for MPC-
based inner- and outer-loop control by accounting for timing
intricacies. For uncertain systems, we apply inner-outer-loop
control based on predictive cost adaptive control (PCAC) to
flight-control examples, with and without the conversion algo-
rithm. Numerical examples show that inner-outer-loop PCAC
improves command following and constraint satisfaction when
the conversion algorithm is used. The investigation in this paper
is numerical, and thus the contribution is technological rather
than theoretical.

I. INTRODUCTION

An inner-outer-loop control architecture is a popular
choice for mechanical systems, whose equations of motion
typically consist of second-order dynamics [1]-[3]. The idea
behind inner-outer loop control is to divide the control
of second-order dynamics into sequential control of first-
order dynamics. The traditional approach to synthesizing
inner-outer loop controllers is to design the inner loop
first, followed by the outer loop; this approach is called
sequential loop closure [4]-[8]. In sequential loop closure,
the control actions generated by the outer-loop controller
serve as virtual-control commands to be followed by the
inner-loop controller. Sequential loop closure simplifies the
design process and allows the use of classical single-input,
single-output tools despite the fact that the overall control
problem is single-input, multi-output due to multiple sensor
measurements.

Many control problems have features that motivate inner-
outer-loop control. First, the dynamics selected for the inner-
loop controller are usually “fast”, and thus the inner-loop
controller can be designed to operate with a smaller response
time than a centralized controller. Consequently, the inner
loop operates at a faster rate than the outer loop, and thus
the inner loop can be thought of as instantaneously achieving
the virtual-control commands specified by the outer-loop
controller. Second, sequential loop closure is facilitated by
the fact that the fast dynamics are often independent of the
slow dynamics. In addition, this decoupling tends to simplify
control of fast and slow nonlinear dynamics. Finally, only the
inner-loop controller needs to operate at a fast rate, while the
outer-loop controller can run at a slower rate, thus reducing
computational and thus hardware requirements.
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The internal model principle [9], [10] for command
following provides necessary and sufficient conditions for
asymptotic command following of a particular class of com-
mands. Assuming closed-loop stability, a command signal
or sequence generated as the impulse response of a linear
system (i, can be followed asymptotically if and only if
the loop includes poles of the linear system Gi, without
cancellation by zeros. For example, in continuous time and
assuming closed-loop stability, a necessary and sufficient
condition for following a harmonic command with frequency
wim 18 the presence of loop poles and the absence of loop
zeros at £wjnyJ. A Lyapunov-stable linear model whose free
response replicates the command is thus required to asymp-
totically follow the harmonic command. A consequence of
the internal model principle is that a command that cannot
be represented as the impulse response of a linear system
cannot be followed asymptotically with a linear controller.

Within the context of inner-outer-loop control, the pseudo-
command for the inner-loop controller is generated by the
outer-loop controller. Since the pseudo-command is not the
impulse response of a linear system, it cannot be followed
asymptotically by a linear inner-loop controller. To over-
come this challenge, a high-gain inner-loop controller is
typically used to achieve small command-following errors.
The drawback of this approach, however, is the amplification
of noise and possible instability, especially in sampled-data
implementation.

Among all modern control techniques, the survey in [11]
shows that model predictive control (MPC) is one of the
most widely used. The success of MPC stems from its ability
to enforce control and state constraints through receding-
horizon optimization [12]-[15]. Receding-horizon optimiza-
tion can be performed using techniques such as quadratic
programming (QP) or more general convex optimization
methods, and it is amenable to real-time implementation.

Furthermore, given an arbitrary future command sequence,
MPC optimizes the command-following error over the hori-
zon, thereby producing a future sequence of control inputs,
only the first of which is implemented at the current step.
Suppose now that MPC is used as both the outer-loop and
inner-loop controllers of an inner-outer control architecture.
Then, the future sequence of control inputs generated by
the outer-loop MPC controller provides a future sequence of
pseudo-commands for the inner-loop MPC controller. The
contribution of the present paper is thus a methodology
for multirate, inner-outer-loop control based on sequential
MPC controllers. This algorithm is inspired from work on
hierarchical MPC [16]-[19].

To implement MPC-based inner- and outer-loop con-
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Fig. 1. Inner-outer-loop control-system architecture. The objective is to
follow commands 7 to yo. G represents a sampled-data plant, where w; , is
the inner-loop control, y; is the inner-loop measurement, and y, is the outer-
loop measurement. G ; produces the control u; to minimize the command
following error r; — ¥; . Ge,o produces the control uo to minimize the
command following error 7o — yo. The outer-loop control u, determines
the inner-loop pseudo-command ;.

trollers in an inner-outer feedback-control architecture, the
present paper constructs an algorithm for translating an outer-
loop control sequence into an inner-loop future command
sequence, while respecting the different update rates of the
inner- and outer-loop controllers. The contribution of the
present paper is a novel technique for implementing MPC-
based inner- and outer-loop controllers in an inner-outer
feedback-control architecture. To do this, we present an
algorithm for translating an outer-loop control sequence into
an inner-loop future command sequence, while respecting the
different update rates of the inner- and outer-loop controllers.

An additional element of the present paper is consideration
of uncertainty in the plant dynamics. To address this problem,
we apply predictive cost adaptive control (PCAC), which is
a data-driven MPC technique that requires no prior modeling
[20], [21]. The main contribution of this paper is thus a data-
driven MPC-based technique for multirate inner-outer-loop
control.

The contents of the paper are as follows. In Section II, we
present an MPC-based inner-outer-loop control architecture
and the conversion algorithm required to accurately convert
an outer-loop control sequence into an inner-loop future com-
mand sequence. In Section III, we use PCAC to demonstrate
MPC-based inner-outer-loop control on the nonlinear pitch
dynamics of a missile and an aircraft. In Section IV, we
present conclusions and directions for future work.

II. CONVERSION ALGORITHM FOR MPC-BASED
INNER-OUTER-LOOP CONTROL

Consider the inner-outer loop architecture shown in Figure
1. We assume that y, can be set by setting y;. In order
to follow commands 7, to Y, ., the outer-loop controller
G.,, generates a control sequence u,, which is set to be
the command r; for the inner-loop controller. In turn, the
inner-loop controller G ; generates a control sequence ; in
order to follow commands 7; to y;. Next, we specialize this
architecture where both inner- and outer-loop controllers are
MPC-based controllers

Consider the inner-outer loop architecture shown in Figure
2, where, in contrast to Figure 1, MPC-based controllers are
used, both of which operate in discrete time. The update
rates of MPC; and MPC, in the units s/sample are Ty and
7Ty, respectively, where 7 > 1 is an integer. That is, we
assume that the update rate of MPC, is an integer multiple
of the update rate of MPC;. The inner-loop step of MPC;

To,k
i, MPC Uo,k Rl,j,k Wi s _
— CCC 1,9
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Yij
Yo,k —]
Fig. 2. MPC-based inner-outer-loop control-system architecture, where

the inner- and outer-loop samples are denoted by the subscripts j and k,
respectively. The objective is to follow commands 7, , to ¥, . G represents
a sampled-data plant, where wu; ; is the inner-loop control, y; ; is the
inner-loop measurement, and ¥y, , is the outer-loop measurement. MPC;
generates the control u; ; to follow the command sequence R; ;i t0 yj ;.
MPC, generates the control sequence U, , to follow commands 7, 3 to
Yo,k The control-command-conversion (CCC) block converts the sequence
U, into the sequence R; ; x using the algorithm described in (4)—(6).

and the outer-loop step MPC,, as determined by 75 and 775
are indexed by j and k, respectively. Sampled sequences ; ;
and .,k associated with MPC; and MPC,, respectively, are
thus denoted by

A A
Xij = X(UTs)s  Xok = X(kTT5). (1)

The horizons of MPC; and MPC, are denoted by ¢; and
?,, respectively. At each outer-loop step k, MPC,, generates
the outer-loop control sequence

Uo, k|1
Uoi 2 € R, @
Uo, k|,
where, for all i = 1,...,4;, g y|; denotes the value of

Uo k+; predicted using the data available at the outer-loop
step k. In standard MPC, wu,, 1|, is applied, and the remaining
entries of U, ; are discarded. However, we consider an inner-
outer-loop MPC architecture in which the additional entries
Uo,k|25 - - - Uo,k|e, Of U are used to construct the inner-
loop command sequence. At each inner-loop step j, MPC;
uses the future inner-loop command sequence

Ti,5,k|1
Rijn=| : |eRY, 3)
71,5,k 6
where for all i = 1,..., f;, ry j x|; denotes the predicted value

of the future inner-loop command sequence computed using
the data available at inner-loop step j and outer-loop step k.

For ¢; = 3 and ¢, = 1, the timing diagram in Figure
3 illustrates simultaneous update of MPC; and MPC,. In
each pair of rows in Figure 3, the upper and lower rows
correspond to the outer-loop control sequence generated by
MPC, and the future inner-loop command sequence required
by MPC;, respectively. The future inner-loop command entry
in the lower row is set to the outer-loop control entry above
it in the upper row. Time progresses from top to bottom,
and the outer-loop index k increases every 7 = 3 increments
of the inner-loop index j. The first pair of rows shows that
the future inner-loop command sequence of length ¢; = 3
at k = 0 and j = 0 is made up of two instances of uq

3336



followed by one instance of u, o|1. The second pair of rows
shows that the future inner-loop command sequence at k = 0
and j = 1 is made up of one instance of u, o followed by
two instances of u, o|1. The third pair of rows shows that the
future inner-loop command-sequence at £ =1 and j = 3 is
made up of three instances of u, g|1.

Given values of 7 and /¢, Figure 3 suggests a maximum
value of ¢; that can be selected. In particular, ¢; cannot be
larger than 4; max = Tlo + 7 — 1. For Figure 3, {; max =
3 = ¢;, and it can be seen that, with ¢; = 4, construction
of the future inner-loop command sequence in the third pair
of rows would require knowledge of w, g2, which is not
available due to the choice of ¢, = 1.
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Fig. 3. Timing diagram for the conversion algorithm used in MPC-based
inner-outer-loop control for {, = 1, 7 = 3, and ¢; = 3. In each pair
of rows, the upper and lower rows correspond to the outer-loop control
sequence generated by MPC,, and the future inner-loop command sequence
used by MPC;, respectively. The future inner-loop command entry in the
lower row is set to the outer-loop control entry above it in the upper row.
The inner-loop and outer-loop indices j and k, increase from top to bottom.
Assuming that the controller starts from j = k£ = 0, it can be seen that
k = 0 corresponds to j = 0,1,2, and kK = 1 corresponds to j = 3,4, 5.
The entries corresponding to Uy, and R; ; i are shown in dark- and light-
green boxes, respectively. Forall i = 1,.. ., ¢;, the notation 7y ; 1|; denotes
the future inner-loop command sequence at inner-loop step j + %, computed
using the data available at inner-loop step j and outer-loop step k.

Additionally, Figure 3 demonstrates how to convert an
outer-loop control sequence into a future inner-loop com-
mand sequence. For clarity, we present this conversion algo-
rithm for scalar outer-loop control, however, the extension to
vector outer-loop control is straightforward. At each inner-
loop step j and outer-loop step k, we have access to the
current outer-loop control u, ; and the outer-loop control
sequence U, 1 € Rf. Define

U = {Zo’k} ® 1ryy € REHDT 4
o,k

Then for each outer-loop step k& and inner-loop step j the
predictive inner-loop command sequence is defined to be
A J—
Rijk = Uk, (j1:2) ®)

. . . A .
J1 _remT(-])+17 J2 :remT(j)+£i7 (6)

>

where the subscript (j1 : j2) denotes the extraction of rows
Jj1 to jo, with row indices starting at 0, and rem, (j) is the
remainder after dividing j by 7. For example, (6) generates
the pairs (1,3), (2,4), (3,5), (1,3), (2,4), and (3,5) for
the six pair of rows shown in Figure 3. Note that the outer-
loop controller, and thus the outer-loop control sequence,
is updated at the fourth pair of rows, which occurs after
the computation of the inner-loop command sequence in the
third pair of rows. In contrast, the naive inner-loop command
sequence can be constructed by repeating the value u, j ¢
times by defining
Rijp 2 [ul), ul " e rY, (7
III. EXAMPLES

For all examples and for both inner- and outer-loop
controllers, we use predictive cost adaptive control (PCAC)
[20], which is a data-driven MPC technique. In particular,
PCAC combines recursive-least-squares-(RLS)-based online
identification with variable-rate forgetting [22], [23] and an
output-feedback model predictive control algorithm. PCAC
requires the selection of the MPC horizon ¢, the MPC control
move weight R,, the MPC control magnitude constraint
Umax, the MPC control move-size constraint Ay, the
online identification model order 7, the online identification
RLS initial covariance Py, the online identification RLS for-
getting parameter 7, the online identification RLS forgetting
numerator window length 7,,, and the online identification
RLS forgetting denominator window length 74.

A. Planar Missile

Fig. 4. Planar missile where the Earth-fixed unit vectors x and z define
the vertical plane. V' is the airspeed, « is the flight path angle, « is the
angle-of-attack, @ is the elevation angle, and 0 is the fin-deflection angle.

The missile model used in this paper was developed
in [24]-[26] and is available in the MATLAB Aerospace
Blockset as a Simulink model [27].

The longitudinal dynamics of the missile are given by

V= L[fa(Cxacosa+ Czqsina) + T cos a — mgsin]

+ L fa(sina)Czsd, 3
& = —=[fa(Czacosa — Cxqsina) — T'sina + mVyq
+ mgcosy] + ﬁfd(cos a)Cyzs0, 9)

q = 1% fa(Crta + Crrga) + 7% faCrsf, (10)

v = ﬁ[fd(CXa sina — Cz4 cos a)+T sin a—mg cos 7]

— L fa(cos &) Czs0, (11)
n, = fq [UCZa_My<CMa+Cqu)] + fa(nCzs5—pyCirs)0,
(12)
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TABLE I

PCAC HYPERPARAMTERS FOR CONTROL OF THE PLANAR MISSILE.

Hyperparameter PCAC, PCAC;
¢ 10 50 S ei,max
Ry 10! 103
Umax, Mimax | 50°/s,20°/s? | 20°,100°/s
i 4 4
Py 104 108
n 0.001 0.001
Tn, Td 10, 50 50, 300

where fq 2 Lp(h)V2S, T = 1000 N, g = 9.81 m/s2, p(h)
is the altitude-dependent air density given by by the interna-
tional standard atmosphere model, S = 0.041 m? is the refer-
ence area of the missile, d = 0.228 m is the reference length
[= 2 m=204.022 kg, p1, = %= I, = 247.436 kg-m?
V is the airspeed , « is the angle of attack, ¢ is the pltCh
rate, v is the flight path angle, n is the normal acceleration,
Cxo = —0.3005, Czy = 9'717(3%5 —2)a — 31.023a|a +
19.3730%, Chra = 2.922(53¥ —7)a—64.0150| | +40.4400,
Czg=9. 717(— —-2)5 — 31 0233|8] + 19.37333, Crp =
2.922(3a )3 — 64.0153| 5] + 40.44033, Czs = —1.948,
and C’Mq = —1.719 s. n, is the normal acceleration at the
point p located d, = 0.5 m forward of the center of mass
of the missile. This model is valid for —20° < o < 20°
and 1.5 < ¥ < 3 [24]. In order to determine n. from
an accelerometer placed at p, the effect of gravity must be
removed from the accelerometer measurement. This is done
in (12) by subtracting the gravity-pitch term gcos(y + «).
Moreover, the applied fin angle ¢ is related to the requested
fin angle , by means of second-order actuator dynamics
with natural frequency 150 rad/s, damping ratio 0.7, and
magnitude and rate limits 20° and 500° /s, respectively.

We simulate the longitudinal dynamics (8)—(11) between
intervals of duration 0.01 s using the MATLAB solver ode45.
The inner-loop controller PCAC; updates every 0.01 s. We
assume that PCAC; has access to measurements of the pitch
rate gq; and angle-of-attack o, with sample time 0.01 s.
We set 7 = 10, and thus the outer-loop controller PCAC,
updates every 0.1 s. We assume that PCAC, has access to
the measurement of the flight-path angle ~;, with sample

. . . A
time 0.1 s. In the notation of Figure 2, we set r, =

A A AN
Nk, Yok = Mzks Yij = G5, Uij = Or . We assume

that command preview of the future commanded normal
acceleration is available through a predictive guidance law.
For the normal-acceleration command, we set 1. . j to be a
low-pass-filtered white-noise sequence as shown in Figures
5(a) and 5(b). For PCAC, the hyperparameters are given in
Table 1. We initialize (8)—(11) with V(0) = 3as, a(0) = 0,
q(0) =0, and 7(0) = 0, and we simulate identical examples
with the future inner-loop command sequence given by the
naive (7) and predictive (5) future inner-loop command
sequences. Figure 7 shows that the absolute value of the
inner-loop command-following error is generally smaller
using the predictive future inner-loop sequence (5) relative
to using the naive future inner-loop sequence (7).

()
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Fig. 5. Planar missile normal-acceleration command following using the
naive future inner-loop command (7).
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Fig. 6. Planar missile normal-acceleration command following using the
predictive future inner-loop command (5).

|

: 4‘1.| w T

— Naive

— Predictive
-5 | | | | | | |

5 10 15 20 25 30 35 40 45 50

Fig. 7. Comparison of inner-loop command-following error with naive
(7) and predictive (5) future inner-loop command sequences for planar
missile normal-acceleration command following. The absolute value of the
command-following error is generally smaller when using the predictive (5)
future inner-loop command sequence.

B. Standard Dynamics Model

The standard dynamics model (SDM) shown in Figure 8
is a simplified generic fighter aircraft, which is similar to
the F-16. A complete description of the SDM geometry and
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characteristics can be found in [28].
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Fig. 8. SDM from [29]. The aircraft frame is defined by the vectors 2ac,
jac. and kac.

The longitudinal dynamics of the SDM are given by

U= %(_qu—pr—mgsinG—FT), (13)
W = L(mUq+ F. + mgcosf), (14)
g=1= 0=q, (1)

where the forces and moment are given by lookup tables of
the form F,(M, «,d.) = paSCL(M, v, 0e), F.(M, ,6e) =
pdSCz(Ma «, 5e)7 Mm(M7 «, 56) = pdSE[Cm(M7 «, 56) +
51572 Cm, (M, @)q], o 2 atan2(W,U), M 2
NUEESTERSE 1p(Mas)?, p(h) is the local air density,

as(iczlj is the local speed of sound, both determined by the
instantaneous altitude of the simulation and the standard
atmosphere model, « is the angle-of-attack, M is the Mach
number, T is the thrust, U and W are the aircraft velocities
in the body x and z directions, respectively, g is the
pitch rate, 8 is the Euler angle corresponding to pitching,
S =2787m? ¢ =345 m, g = 9.81 m/s?2, m = 9,300
kg, and I,, = 75,673 kg-m2. Moreover, a second-order
actuator model is also implemented, which relates 4, to 4,
where ( = 0.7 and w = 627, and magnitude and rate limits
10° and 50°/s, respectively. The SDM model is valid for
—10° < @ <30° 03 <M <1.5,and —10° < §, < 10°.
The model used in this example can be found online at [30].

We simulate the dynamics (13)—(15) between intervals of
duration 0.01 s using the MATLAB solver ode45. The inner-
loop controller PCAC; updates every 0.01 s. We assume
that PCAC; has access to measurements of the pitch rate
g; and angle-of-attack «;, sampled every 0.01 s. We set
7 = 20, and thus the outer-loop controller PCAC,, updates
every 0.2 s. We assume that PCAC, has access to the

measurement of the flight-path angle ~; 2 0 — v, sampled
. . A
every 0.2 s. In the notation of Figure 2 we set 7, =

A A A
Yeks Yok = Yk Yij = 45, Uij = Or ;. Furthermore, we

TABLE I

PCAC HYPERPARAMETERS FOR CONTROL OF SDM.

Hyperparameter PCAC, PCAC;
7 10 100 < £, max
Ry 102 102
Umax, Aumax | 50°/s,10°/s% | 200°,50°/s
A 2 4
Py 104 108
n 0.001 0.001
Tn, Td 10,50 50, 300

require that —5° < o < 25°, which reflects limits that are
typically required for controlled flight of fixed-wing aircraft.
Additionally, enforcing these limits prevents the simulation
from entering invalid regions defined by a < —10° and
o > 30°. We assume that command preview of the future
flight-path angle command is available through a predictive
guidance law such as a terrain-following algorithm. For the
flight-path angle command, we set ~.; to be a lowpass-
filtered white noise sequence as shown in Figures 9(a) and
9(b). For PCAC, the hyperparameters are given in Table II.

The dynamics (13)—(15) are initialized at trim computed
at V' = 350 m/s. The trim values of thrust and elevator
deflection are used as constant inputs. The elevator deflection
generated by PCAC; is added to the trim elevator deflection.
We simulate identical examples with the future inner-loop
command sequence given by the naive (7) and predictive
(5) future inner-loop command sequences. Figure 9 shows
that using the naive future inner-loop sequence (7) results
in violation of the angle-of-attack constraint leading to
a simulation failure. In contrast, Figure 10(c) shows that
using the predictive future inner-loop sequence (5) results
in constraint satisfaction for the duration of the simulation.

g (°/s)

~ 0999 )
4
iV — i
< o
2
5 10 15

Fig. 9. SDM flight-path angle command following using the naive future
inner-loop command (7). Note that in (c), at t = 15.81, a = —5.27°
corresponds to constraint violation, whereas, at ¢ = 15.93, o = —10.46°

corresponds to the simulation entering a nonphysical region. Consequently,
« beyond this time is shown in red, and the simulation is terminated at
t =16.5s.

IV. CONCLUSIONS

This paper presented an algorithm that facilitates the
implementation of a multirate MPC-based inner-outer-loop
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Fig. 10. SDM flight-path-angle command following using the predictive
future inner-loop command (5). Note the angle-of-attack constraint satisfac-
tion in (c).

control architecture. We demonstrated that the control se-
quence generated by the outer-loop MPC controller can be
used as the future command sequence by the inner-loop
MPC controller. This paper presents an algorithm for the
synchronization of these control and command sequences.

We simulated MPC-based inner-outer-loop control us-
ing predictive cost adaptive control (PCAC), which is a
data-driven, MPC technique. In particular, PCAC com-
bines recursive-least-squares-(RLS)-based online identifica-
tion method with variable-rate forgetting and an output-
feedback MPC algorithm. Using nonlinear missile and air-
craft examples, we demonstrated that the use of the predictive
inner-loop command sequence generated by the algorithm
in this paper resulted in improved command-following and
constraint-satisfaction performance. Future research will ex-
plore multiple-input, multiple-output, and multi-loop exten-
sions of the algorithm presented in this paper.
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