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Abstract— This paper presents a numerical investigation of
the ability of predictive cost adaptive control (PCAC) to stabilize
self-excited systems modeled by discrete-time Lur’e systems.
The closed-loop Lur’e system is comprised of the positive
feedback interconnection of the Lur’e system and the PCAC
controller. This work presents a numerical investigation of
the circle and Tsypkin absolute stability criteria to evaluate
the stability of the closed-loop Lur’e system at each step.
An exogenous input is used to increase persistency and thus
enhance the ability of the closed-loop system to satisfy the
absolute stability criteria. A numerical example illustrates the
effect of exogenous persistency on the stability of the closed-loop
Lur’e system. These numerical results show the potential value
of absolute stability criteria for assessing the ability of adaptive
model predictive control to stabilize a class of nonlinear systems.

I. INTRODUCTION

A Lur’e system consists of linear dynamics connected in a
feedback loop with a memoryless nonlinear function. Lur’e
systems arise in diverse applications, such as oscillators with
nonlinear damping or nonlinear stiffness. A special class
of Lur’e systems consists of self-excited systems (SES),
which have the property that bounded oscillations arise from
constant inputs [1], [2]. Self-excited phenomena include
flutter due to fluid-structure interaction [3], [4] as well as
thermoacoustic oscillation in combustors [5], [6].

An interesting aspect of the Rijke tube is the fact that linear
controllers based on linear system identification and lin-
earized analytical models are often effective for suppressing
self-excited oscillations [7], [8]. This observation motivates
the present work, where the goal is to numerically evaluate
the effectiveness of adaptive model predictive control for
SES modeled by Lur’e systems. In particular, the present pa-
per considers predictive cost adaptive control (PCAC), which
performs online closed-loop linear system identification iden-
tification; the identified model is then used as the basis for
receding-horizon optimization [9]. The numerical study in
the present paper is intended to motivate future research into
the ability of adaptive model predictive controllers based on
linear models to stabilize nonlinear systems.

In PCAC, system identification is performed during
closed-loop operation by recursive least squares (RLS) [10],
[11]. For receding-horizon optimization, quadratic program-
ming (QP) is used in [9]. Since state and control con-
straints are not crucial for SES, the present paper uses
the backward propagating Riccati equation (BPRE) [12],
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[13] in place of QP. Furthermore, the resulting BPRE-
based controller is equivalent to an output-feedback, model-
based dynamic compensator with time-dependent gain. The
closed-loop Lur’e system comprised of the positive feedback
interconnection of the Lur’e system and the PCAC-based
controller can thus be derived at each step.

The stability of Lur’e systems is the subject of absolute
stability theory [14], [15], which has been developed in
continuous time [16]–[20] and in discrete time [21]–[26],
and has been applied to controller design and synthesis [27]–
[29]. In this work, the discrete-time circle criterion and the
Tsypkin criterion [21]–[23] are used to assess the absolute
stability of the closed-loop Lur’e system at each step. Since
the closed-loop Lur’e system has time-varying linear dy-
namics, application of these absolute stability criteria to the
instantaneous closed-loop system is heuristic. Nevertheless,
this technique provides insight into the extent to which
the adaptive controller stabilizes the Lur’e system with no
prior modelling information. When the controller converges,
the absolute stability criteria guarantee global asymptotic
stability of the asymptotic closed-loop dynamics.

Application of persistent excitation to closed-loop systems
with adaptive controllers is known to improve convergence
speed and stability properties [20], [30]. An interesting
aspect of this numerical investigation is the fact, without
the use of exogenous persistency, the output of the closed-
loop converges to zero. Despite this convergence, however,
it cannot be inferred that the asymptotic linear controller
globally stabilizes the Lur’e system. In order to obtain
such a guarantee, we use an exogenous persistent excitation
to enhance the ability of the closed-loop Lur’e system to
satisfy the absolute stability criteria. The exogenous input
is determined by ε-greedy exploration, which is used in
reinforcement learning [31]. A numerical example is used
to show the effect of exogenous persistency on the stability
of the closed-loop Lur’e system.

The contents of the paper are as follows. Section II
provides a statement of the control problem, which in-
volves discrete-time, Lur’e systems. Section III describes the
adaptive predictive control law considered in this paper for
suppression. Section IV presents the closed-loop adaptive
predictive controller and the closed-loop Lur’e system to
apply the circle and Tsypkin criteria to determine absolute
stability. Section V presents the exogenous input used to
enhance persistency and the ability of the closed-loop Lur’e
system to satisfy absolute stability criteria. In Section VI,
the stability of the closed-loop Lur’e system presented in
Section IV and the effectiveness of the exogenouns input
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presented in Section V are numerically investigated in an
example. Finally, Section VII presents conclusions.

Notation: q ∈ C denotes the forward-shift operator. x(i)

denotes the ith component of x ∈ Rn. spr(G) denotes the
maximum of the absolute values of the poles of the discrete-
time transfer function G. λmin(H) denotes the minimum
eigenvalue of Hermitian matrix H ∈ Rn×n. The symmetric
matrix P ∈ Rn×n is positive semidefinite (resp., positive
definite) if all of its eigenvalues are nonnegative (resp.,
positive). vecX ∈ Rnm denotes the vector formed by
stacking the columns of X ∈ Rn×m, and ⊗ denotes the
Kronecker product. In is the n×n identity matrix, and 0n×m

is the n×m zeros matrix. For all r ∈ R, er △
= 10r.

II. STATEMENT OF THE CONTROL PROBLEM

We consider the control architecture shown in Figure 1.

Let G(q)
△
= C(qIn − A)−1B be a discrete-time, linear,

time-invariant (LTI) system with nth-order minimal realiza-
tion (A,B,C) and state xk ∈ Rn at step k, let uk ∈ Rm
be the control, let vk ∈ Rm be the perturbation, yk ∈ Rp be
the output of G, and let γ : Rp → Rm. Then, for all k ≥ 0,
the discrete-time Lur’e (DTL) system consisting of the linear
system G and feedback nonlinearity γ shown in Figure 1 has
the closed-loop dynamics

xk+1 = Axk +B(γ(yk) + uk + vk), (1)
yk = Cxk. (2)

At each step k, the linear, time-varying (LTV) controller
Gc,k(q)

△
= Cc,k(qInc

− Ac,k)
−1Bc,k with ncth-order min-

imal realization (Ac,k, Bc,k, Cc,k) and state xc,k ∈ Rnc is
updated by yk and generates the control uk such that the
dynamics of the controller are given by

xc,k+1 = Ac,kxc,k +Bc,kyk, (3)
uk = Cc,kxc,k. (4)

The objective of the controller is to provide a control signal
that minimizes the output of the DTL system, that is, a
control uk such that limk→∞ yk = 0. In this work, PCAC
determines Ac,k, Bc,k, Cc,k, and xc,k at each step k.

At each step k, let the linear dynamics of the closed-
loop Lur’e system shown in Figure 1 be given by G̃k(q)

△
=

G(q) [Im − Gc,k(q)G(q)]−1 = C̃(qIn+nc − Ãk)
−1B̃,

which is a LTV system arising from the positive feedback
interconnection of G and Gc,k with (n+nc)th-order minimal
realization (Ãk, B̃, C̃), state x̃k

△
=

[
xT
k xT

c,k

]T
, B̃

△
=[

BT 0m×nc

]T
, C̃

△
=

[
C 0p×nc

]
,

Ãk
△
=

[
A BCc,k

Bc,kC Ac,k

]
.

The dynamics of the closed-loop Lur’e system in Figure 1
are thus given by

x̃k+1 = Ãkx̃k + B̃(γ(yk) + vk), (5)

yk = C̃x̃k. (6)

+ G

Gc,k

γ

vk yk

uk

+ G̃k

γ

vk yk≡

Fig. 1: Closed-loop LTV control of the discrete-time Lur’e (DTL) system.
The LTV controller Gc,k is applied to the DTL system consisting of the
linear system G and feedback nonlinearity γ. The linear dynamics of the
closed-loop Lur’e system are given by G̃k

△
= G(Im −Gc,kG)−1, which

is the LTV system arising from the positive feedback interconnection of G
and Gc,k.

III. PREDICTIVE COST ADAPTIVE CONTROL

PCAC is briefly reviewed in this section. Subsection III-
A describes the technique used for online identification,
namely, RLS with variable-rate forgetting based on the F-
test [11]. Subsection III-B presents the block observable
canonical form (BOCF), which is used to represent the input-
output dynamics model as a state space model whose state
is given explicitly in terms of inputs, outputs, and model-
coefficient estimates. Subsection III-C reviews the backward-
propagating Riccai equation (BPRE) technique for receding-
horizon optimization. Using BOCF, the full-state feedback
controller obtained using BPRE is implementable as an
output-feedback dynamic compensator.

A. Online Identification Using Recursive Least Squares with
Variable-Rate Forgetting Based on the F-Test

Let n̂ ≥ 0 and, for all k ≥ 0, let Fm,1,k, . . . , Fm,n̂,k ∈
Rp×p and Gm,1,k, . . . , Gm,n̂,k ∈ Rp×m be the coefficient
matrices to be estimated using RLS. Furthermore, let ŷk ∈
Rp be an estimate of yk defined by

ŷk
△
= −

n̂∑
i=1

Fm,i,kyk−i +

n̂∑
i=1

Gm,i,kuk−i, (7)

where y−n̂ = · · · = y−1 = u−n̂ = · · · = u−1 = 0. Using
the identity vec(XY ) = (Y T ⊗ I)vecX, it follows from (7)
that, for all k ≥ 0, ŷk = ϕkθk, where

θk
△
=

[
θTFm,k θTGm,k

]T ∈ Rn̂p(m+p), (8)

θFm,k
△
= vec

[
Fm,1,k · · · Fm,n̂,k

]
∈ Rn̂p

2

, (9)

θGm,k
△
= vec

[
Gm,1,k · · · Gm,n̂,k

]
∈ Rn̂pm, (10)

ϕk
△
=
[
−yT

k−1 · · · −yT
k−n̂ uT

k−1 · · · uT
k−n̂

]
⊗ Ip

∈ Rp×n̂p(m+p). (11)

Then, the update equations for θk are given by the RLS
update equations [10]

θk+1 = θk +Ψk+1ϕ
T
k(yk − ϕkθk), (12)

where

Ψk+1
△
= βkΨk − βkΨkϕ

T
k(

1
βk

Ip + ϕkΨkϕ
T
k)

−1ϕkΨk, (13)

Ψ0 is a performance-regularization weighting,

βk
△
=

{
1, k < τd,

1 + ηβ̄k, k ≥ τd,
(14)

β̄k
△
= g(ek−τd (θk−τd ), . . . , ek(θk))1

(
g(ek−τd (θk−τd ), . . . , ek(θk))

)
,

(15)

ek(θk)
△
= yk − ϕkθk, τd > p, η > 0, 1 : R → {0, 1} is the

unit step function, and g is a function of past identification
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errors. To determine g when p = 1, let τn ∈ [p, τd),
and let σ2

k,τd
and σ2

k,τn
be the variances of past RLS

prediction-error sequences {ek−τd(θk−τd), . . . , ek(θk)} and
{ek−τn(θk−τn), . . . , ek(θk)}, respectively. In this case, g is
defined by

g(ek−τd(θk−τd), . . . , ek(θk))
△
=

√
σ2
k,τn

σ2
k,τd

−
√

F inv
τn,τd(1− α),

(16)
where α ∈ (0, 1] is the significance level, and F inv

τn,τd
(x)

is the inverse cumulative distribution function of the F-
distribution with degrees of freedom τn and τd. Additional
details concerning RLS with forgetting based on the F-
distribution are given in [11].

B. Input-Output Model and the Block Observable Canonical
Form

Considering the estimate ŷk of yk given by (7), it follows
that, for all k ≥ 0,

yk ≈ −
n̂∑
i=1

Fm,i,kyk−i +

n̂∑
i=1

Gm,i,kuk−i. (17)

Viewing (17) as an equality, it follows that, for all k ≥ 0,
the BOCF state-space realization of (17) is given by [32]

xm,k+1 = Am,kxm,k +Bm,kuk, (18)
yk = Cmxm,k, (19)

where

Am,k
△
=



−Fm,1,k+1 Ip · · · · · · 0p×p

−Fm,2,k+1 0p×p
. . .

...
...

...
. . .

. . . 0p×p
...

...
. . . Ip

−Fm,n̂,k+1 0p×p · · · · · · 0p×p


∈ Rn̂p×n̂p,

(20)

Bm,k
△
=

[
GT

m,1,k+1 GT
m,2,k+1 . . . GT

m,n̂,k+1

]T ∈ Rn̂p×m,
(21)

Cm
△
=

[
Ip 0p×p · · · 0p×p

]
∈ Rp×n̂p, (22)

and xm,k
△
=

[
xT
m,k(1) · · · xT

m,k(n̂)

]T
∈ Rn̂p, where

xm,k(1)
△
= yk, and, for all j = 2, . . . , n̂,

xm,k(j)
△
= −

n̂−j+1∑
i=1

Fm,i+j−1,k+1yk−i +

n̂−j+1∑
i=1

Gm,i+j−1,k+1uk−i.

(23)

C. Receding-Horizon Control with Backward-Propagating
Riccati Equation (BPRE)

In this section, we use receding-horizon optimization to
determine the requested control ur,k+1 and thus the imple-
mented control uk+1, as discussed in Section II. Let ℓ ≥ 1 be
the horizon, and, for all k ≥ 0 and all j = 1, . . . , ℓ, consider
the state-space prediction model

xm,k|j+1 = Am,kxm,k|j +Bm,kur,k|j , (24)

where Am,k and Bm,k are given by (20) and (21), respec-
tively, xm,k|j ∈ Rn̂p is the j-step predicted state, ur,k|j ∈ Rm
is the j-step predicted control, and the initial conditions are

xm,k|1
△
= xm,k+1, ur,k|1

△
= ur,k+1. (25)

Note that, at each step k ≥ 0, after obtaining the mea-
surement yk, xm,k+1 is computed using (18). Furthermore,
ur,k+1, which is determined below, is the requested discrete-
time control at step k+ 1. For all k ≥ 0, define the positive
semidefinite terminal weighting Pk|ℓ+1 ∈ Rn̂p×n̂p, and all
j = ℓ, ℓ− 1, . . . , 1, let Pk|j be given by

Pk|j = AT
m,kPk|j+1

(
Am,k −Bm,kΓk|j

)
+R1,k|j , (26)

Γk|j
△
= (R2,k|j +BT

m,kPk|j+1Bm,k)
−1BT

m,kPk|j+1Am,k, (27)

where R1,k|j ∈ Rn̂p×n̂p is the positive semidefinite state
weighting and R2,k|j ∈ Rm×m is the positive definite control
weighting. Then, for all k ≥ 0 and all j = 1, . . . , ℓ, the
requested optimal control is given by

ur,k|j = Kk|jxm,k|j , (28)

where Kk|j
△
= −Γk|j . For all k ≥ 0, define Kk+1

△
= Kk|1.

Then, for all k ≥ 0, it follows from (25) and (28) that

ur,k+1 = Kk+1xm,k+1. (29)

For all k ≥ 0, the discrete-time control that is implemented
at step k + 1 is given by

uk+1 = σ(ur,k+1). (30)

Note that the initial control u0 ∈ Rm is not computed and
must be specified. In this work, u0 = 0. For all examples in
this paper, we choose R1,k|j , R2,k|j , E1,k|j and Pk|ℓ+1 to be
independent of k and j, and we thus write R1, R2, E1, and
Pℓ+1, respectively.

IV. CLOSED-LOOP LUR’E SYSTEM FOR ABSOLUTE
STABILITY ANALYSIS

To derive the dynamics of the closed-loop Lur’e system,
note that (18) and (19) imply that

xm,k+1 = (Am,k − FkCm)xm,k +Bm,kuk + Fkyk, (31)

where Fk
△
=

[
−FT

m,1,k+1 · · · −FT
m,n̂,k+1

]T ∈ Rn̂p×p.
Then, it follows from (29) and (31)

xm,k+1 = (Am,k − FkCm +Bm,kKk)xm,k + Fkyk. (32)

Hence, replacing nc, xc,k, (3), and (4) with n̂p, xm,k, (29),
and (32), respectively, yields the closed-loop dynamics of the
PCAC-based controller

xc,k+1 = xm,k+1 = Ac,kxm,k +Bc,kyk, (33)
uk = Cc,kxm,k, (34)

where Ac,k
△
= Am,k−FkCm+Bm,kKk, Bc,k

△
= Fk, Cc,k

△
=

Kk.
Next, we analyze the stability of the closed-loop Lur’e

system shown in Figure 1 with the controller (33), (34).
Since the feedback controller is LTV, absolute stability tests
such as the circle and Tsypkin criteria, which assume that
the linear dynamics are LTI, are not applicable. However, as
a heuristic criterion, we apply these criteria instantaneously,
which provides insight into the ability of PCAC to stabilize
the Lur’e system. When the controller converges, the abso-
lute stability criteria guarantee global asymptotic stability of
the asymptotic closed-loop dynamics. The absolute stability
criteria used in this work are summarized in the Appendix; in
particular, Theorem A.2 is the discrete-time circle criterion,
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and Theorem A.4 is the Tsypkin criterion. Furthermore,
sector-bounded (SB) and diagonal, increasing, and sector-
bounded (DISB) nonlinearities are defined by Definitions A.1
and A.3, respectively.

To apply the circle criterion, let γ be SB with sec-
tor bound [M1,M2], and, for all k ≥ 0, define Hk

△
=

[Im −M2G̃k][Im −M1G̃k]
−1, αCC,k

△
= spr(Hk), βCC,k

△
=

minψ∈[0,π]

(
λmin

[
Hk(e

ȷψ) +HT
k (e

−ȷψ)
])

. At step k, if
αCC,k < 1, then (CC1) of Theorem A.2 is instantaneously
satisfied by the closed-loop Lur’e system, and, if βCC,k > 0,
then (CC2) of Theorem A.2 is instantaneously satisfied by
the closed-loop Lur’e system. Hence, Theorem A.2 implies
that, if αCC,k < 1 and βCC,k > 0, then the closed-loop Lur’e
system shown in Figure 1 with the PCAC controller satisfies
(CC1) and (CC2) at step k.

To apply the Tsypkin criterion, let m = p, let γ be DISB
with sector bound [0,M ], let N

△
= diag(N1, N2, . . . , Nm)

be positive definite, and, for all k ≥ 0, define LN,k(q)
△
=

M−1−[Im+(1−q−1)N ] G̃k(q), ζ1,k
△
= det(C̃Ã−1

k B̃), ζ2,N,k
△
=

rank(obsv((Ãk, C̃ + NC̃ − NC̃Ã−1
k ))), ζ3,N,k

△
=

limz→∞[LN (z) + LT
N (z)], αTC,N,k

△
= spr(LN,k), βTC,N,k

△
=

minψ∈[0,π]

(
λmin

[
LN,k(e

ȷψ) + LT
N,k(e

−ȷψ)
])

. At step k, if
ζ1,k ̸= 0, ζ2,N,k = n + n̂p, and ζ3,N,k > 0, then (TC1) of
Theorem A.4 is instantaneously satisfied by the closed-loop
Lur’e system, if αTC,N,k < 1, then (TC2) of Theorem
A.4 is instantaneously satisfied by the closed-loop Lur’e
system, and, if βTC,N,k > 0, then (TC3) of Theorem
A.4 is instantaneously satisfied by the closed-loop Lur’e
system. Hence, Theorem A.4 implies that, if ζ1,k ̸= 0,
ζ2,N,k = n+n̂p, ζ3,N,k > 0, αTC,N,k < 1, and βTC,N,k > 0,
then the closed-loop Lur’e system shown in Figure 1 with
the PCAC controller instantaneously satisfies (TC1), (TC2),
and (TC3) at step k.

These conditions are evaluated in Section VI to determine
whether PCAC yields a globally asymptotically stable (GAS)
closed-loop Lur’e system.

V. EXOGENOUS PERSISTENCY FOR GLOBAL
ASYMPTOTIC STABILITY

The exogenous input vk is used to increase persistency and
thus enhance the ability of the closed-loop Lur’e system to
satisfy the absolute stability criteria. Suppose the output of
the system is approximately zero after kstb steps. Then, an
exploration policy is implemented via vk for ℓe steps. After-
wards, for all k ≥ kstb+ℓe, we set vk = 0. In this work, the
exploration policy is determined by an ε-greedy algorithm,
which intermittently applies a Gaussian-distributed random
variable to the closed-loop system. Hence, for all k ≥ 0,

vk =

{
vexp,k, k ∈ [kstb, kstb + ℓe],

0, otherwise,
, vexp,k

△
=

{
σk, µk > ε,

0, otherwise,
(35)

where ℓe > 0 is the number of steps over which the
exploration policy is implemented, σk ∈ R is a Gaussian
random variable with mean 0 and standard deviation ν,
µk ∈ [0, 1] is a random variable with uniform distribution,
and ε ∈ [0, 1] is the probability that σk is applied by vexp,k.
Note that ν, ℓe, and ε are determined by the user. The

example in Section VI shows how these hyperparameters
determine the effectiveness of the exogenous signal vk.

VI. NUMERICAL EXAMPLE

In this section, PCAC is applied to a DTL system and
the resulting closed-loop system is analyzed using absolute
stability criteria. In particular, the circle criterion given by
Theorem A.2 and the Tsypkin criterion given by Theorem
A.4 are used to evaluate the stability of the closed-loop
system at each step. Since the closed-loop Lur’e system has
time-varying linear dynamics, application of these absolute
stability criteria is heuristic. Nevertheless, this technique
provides insight into the ability of the adaptive controller to
stabilize the Lur’e system. When the controller converges,
the absolute stability criteria guarantee global asymptotic
stability of the asymptotic closed-loop dynamics. The exoge-
nous input vk shown in (35) is used to enhance persistency
after the initial convergence of the closed-loop Lur’e system.
Multiple runs with different random number generator seeds
for various values of ν, ℓe, and ε are performed to determine
the percentage of runs in which applying vk results in a
closed-loop Lur’e system that satisfies the absolute stability
criteria to determine the probability of improving the stability
properties of the closed-loop Lur’e system after applying the
exogenous input vk.

Example 6.1: Let G(q) = (q − 1)/(q2 − q + 0.5) with
minimal realization

A =

[
1 −0.5
1 0

]
, B =

[
1
0

]
, C =

[
1 −1

]
, (36)

x0 = 1000B, and γ(y) = tanh(y). The open-loop response
of the DTL system and the nonlinearity γ are shown in Fig-
ure 2. Note, γ is SB and DISB with sector bound [0, 1]. This
system exhibits self-oscillation. Hence, the simulations begin
in open-loop operation to allow the self-excited oscillations
to fully develop before PCAC is applied. In this example, the
simulation transitions from open-loop operation to closed-
loop operation at k = 100. The RLS hyperparameters are
given by n̂ = 10, θ0 = 10−10 12n̂×1, Ψ0 = 10−4I2n̂,
τn = 40, τd = 200, η = 0.1, α = 0.001, and the
BPRE hyperparameters are given by ℓ = 20, Pℓ+1 =
diag(1, 0, . . . , 0), R1 = diag(1, 0, . . . , 0), R2 = 10−4.

The results for k ∈ [0, 2000] with kstb = 1000, ν = 1,
ℓe = 500, and ε = 0.02 are shown in Figure 3. Furthermore,
variables associated with the evaluation of the circle criterion
and the Tsypkin criterion with N = 0.01 are shown in
Figures 4, and 5, respectively. Note that, although the output
yk of the closed-loop DTL system converges to zero at
k = 1000, the circle and Tsypkin criteria are not satisfied
at this step. Then, after the steps at which vk = vexp,k, the
circle and Tsypkin criteria are both satisfied at k = 2000.

Next, for kstb = 1000 and for all ν ∈ {1, . . . , 5},
ℓe ∈ {500, 750, 1000}, and ε ∈ {0.02, 0.05, 0.1, 0.5}, the
simulation is run 1000 times with different random number
generator seeds and the circle and Tsypkin criteria are evalu-
ated at k = 2200 in each run. The percentage of runs out of
1000 that satisfy the circle and Tsypkin criteria at k = 2200
are shown in Tables I and II, respectively. As ε increases,
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an increase in le decreases the probability of satisfying the
absolute stability criteria, and, as ε decreases, an increase
in le increases this probability. Furthermore, as ε increases,
the value of ν that yields the highest probability decreases.
Finally, the average probability for all ν ∈ {1, . . . , 5} and
ℓe ∈ {500, 750, 1000} is the highest for ε = 0.1 and
decreases as the value of ε either decreases or increases.
⋄

Fig. 2: Example 6.1: Open-loop response of the DTL system in Example
6.1 for k ∈ [100, 150]. γ is DISB and SB with sector bound [0, 1], as
indicated by the red, dashed line segments and the green-shaded region.

Fig. 3: Example 6.1: DTL system output y and the adaptive controller
coefficients θk for x0 = 1000B and vk given by (35) with kstb = 1000,
ν = 1, ℓe = 500, and ε = 0.02. The simulation transitions from open-
loop operation to closed-loop operation at k = 100, denoted by the vertical,
dashed red line. Between the vertical, dashed green lines, vk = vexp,k.

Fig. 4: Example 6.1: Evaluation of (CC1) and (CC2) for x0 = 1000B and
vk given by (35) with kstb = 1000, ν = 1, ℓe = 500, and ε = 0.02.
Values in red correspond to steps at which 1 − αCC,k and βCC,k are
nonpositive. Values in blue correspond to steps at which 1 − αCC,k and
βCC,k are positive. The closed-loop system satisfies (CC1) and (CC2) when
the values in both plots are green. The circle criterion is thus satisfied for
all k ≥ 1385.

TABLE I: Percentage of runs in which the circle criterion is satisfied at
k = 2200 out of 1000 runs.

ε = 0.02 ε = 0.05 ε = 0.1 ε = 0.5

ν
ℓe 500 750 1000 500 750 1000 500 750 1000 500 750 1000

1 30.8 41.4 55.1 56.1 67.1 66.7 71.2 78.3 77.9 95.2 88.1 78.2

2 60.6 69.3 71.7 84.7 84.8 80.3 90.7 88.8 80.6 87.4 82.6 74.6

3 68.1 71.9 71.1 84.4 82.2 78.6 90.1 89.8 80.6 67.2 69.3 69.4

4 64.6 69.4 71.3 79.8 78.0 76.5 84.9 86.2 81.0 49.1 56.6 62.1

5 61.3 64.9 67.0 74.5 74.1 73.6 76.6 83.9 79.9 37.6 45.8 52.8

VII. CONCLUSIONS

This paper provided a numerical investigation of the appli-
cation of absolute stability theory adaptive model predictive
control applied to self-excited Lur’e systems. In particular,
predictive cost adaptive control (PCAC) using online iden-
tification of linear models was shown to drive the output

Fig. 5: Example 6.1: Evaluation of the Tsypkin criterion with N = 0.01 for
x0 = 1000B and vk given by (35) with kstb = 1000, ν = 1, ℓe = 500,
and ε = 0.02. Values not in black correspond to steps at which ζ1,k ̸= 0,
ζ2,N,k = n + n̂p, and ζ3,N,k > 0. Values in red correspond to steps at
which 1−αTC,N,k and βTC,N,k are nonpositive. Values in blue correspond
to steps at which 1−αTC,N,k and βTC,N,k are positive. The closed-loop
system satisfies (TC1), (TC2), and (TC3) when the values in both plots are
green. The Tsypkin criterion is thus satisfied for all k ≥ 1385.

TABLE II: Percentage of runs in which the Tsypkin criterion with N = 0.01
is satisfied at k = 2200 out of 1000 runs.

ε = 0.02 ε = 0.05 ε = 0.1 ε = 0.5

ν
ℓe 500 750 1000 500 750 1000 500 750 1000 500 750 1000

1 30.5 41.3 54.7 56.3 67.0 66.8 70.6 78.5 78.3 94.9 88.2 78.2

2 58.7 69.8 70.5 83.0 84.2 79.8 89.1 88.5 80.6 81.4 81.3 73.4

3 64.2 69.6 69.3 81.7 80.4 77.4 87.7 88.4 80.2 55.9 61.8 64.7

4 58.9 65.7 68.7 74.9 75.2 75.4 79.9 84.4 80.1 37.8 46.7 54.4

5 51.9 60.9 63.5 66.6 69.9 71.6 69.4 81.0 77.5 27.7 35.3 43.0

to zero. By injecting exogenous persistency, it was shown
numerically that, under various levels of persistency, both
the discrete-time circle criterion and the Tsypkin criterion
were satisfied in the majority of cases. This numerical
investigation motivates future theoretical research into the
role of absolute stability theory in determining the stability
of adaptive model predictive control of nonlinear systems
based on linear system identification. An additional question
that motivates future theoretical research is the surprising
ability of linear-model identification of a nonlinear system
to provide a model for receding-horizon optimization that
leads to output convergence and, under additional persistent
excitation, global closed-loop stability.
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APPENDIX

Let G(q)
△
= C(qIn−A)−1B be a strictly proper, discrete-

time transfer function with nth-order minimal realization
(A,B,C) and state xk ∈ Rn, let vk ∈ Rm be an exogenous
input, let yk ∈ Rp be the output of G, and let γ : Rp → Rm.
Then, for all k ≥ 0, the discrete-time Lur’e (DTL) system
composed of the positive feedback interconnection of G and
γ shown in Figure A.1 has the closed-loop dynamics

xk+1 = Axk +B(γ(yk) + vk), (A.1)
yk = Cxk. (A.2)

Definition A.1: Let γ : Rp → Rm, and let M1 ∈ Rm×p

and M2 ∈ Rm×p be such that M2 −M1 is positive definite.
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Fig. A.1: Discrete-time Lur’e (DTL) system composed of the positive
feedback interconnection of G and γ.

Then, γ is sector-bounded (SB) with sector bound [M1,M2]
if, for all y ∈ Rp, [γ(y)−M1y]

T[γ(y)−M2y] ≤ 0.
The following result is the circle criterion [22, Thm 5.1].
Theorem A.2: Assume that G is strictly proper, let M1 ∈

Rm×p and M2 ∈ Rm×p be such that M2 − M1 is positive
definite, assume that γ is SB with sector bound [M1,M2],
define H(q)

△
= [Im − M2G(q)][Im − M1G(q)]−1, and

assume that the following conditions are satisfied:

(CC1) αCC
△
= spr(H) < 1.

(CC2) βCC
△
= minψ∈[0,π]

(
λmin

[
H(eȷψ) +HT(e−ȷψ)

])
> 0.

Then, the zero solution of (A.1), (A.2) is GAS.
The following definition considers the case where m = p.
Definition A.3: Let γ : Rm → Rm be continuous, and

let M ∈ Rm×m be positive definite. Then, γ is diagonal,
increasing, and sector-bounded (DISB) with sector bound
[0,M ] if the following conditions are satisfied:

i) For all y ∈ Rm, γ(y) = [γ(1)(y(1)) · · · γ(m)(y(m))]
T.

ii) For all y ∈ Rm, γT(y)[γ(y)−My] ≤ 0.
iii) For all i ∈ {1, . . . ,m} and distinct σ, σ̂ ∈ R, it follows

that (γ(i)(σ)− γ(i)(σ̂))/(σ − σ̂) > 0.
Next is the Tsypkin criterion [23, Thm 3.1].
Theorem A.4: Assume m = p, G is strictly proper, γ is

DISB with sector bound [0,M ], let N
△
= diag(N1, . . . , Nm)

be positive definite, define LN (q)
△
= M−1 − [Im + (1 −

q−1)N ]G(q), and assume the following conditions hold:
(TC1) det(CA−1B) ̸= 0, (A,C+NC−NCA−1) is observable,

and limz→∞[LN (z) + LN (z)T] > 0.

(TC2) αTC,N
△
= spr(LN ) < 1.

(TC3) βTC,N
△
= minψ∈[0,π](λmin[LN (eȷψ) + LT

N (e−ȷψ)]) > 0.

Then, the zero solution of (A.1), (A.2) is GAS.
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