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Abstract— For nonlinear systems that can be written in
pseudo-linear form, we use iterative model predictive control
(IMPC) for receding-horizon optimization. Pseudo-linear mod-
els, which are written in terms of state-dependent-coefficients
(SDC’s), are widely used with the state-dependent Riccati
equation. IMPC iterates over the horizon by updating the future
control and state sequences until the future control sequence
converges. To facilitate convergence, this paper explores the
effectiveness of four root-finding methods and compares their
performance with fixed-point iteration. At each iteration, a
quadratic programming problem is solved using the current
SDC’s to obtain a full-state-feedback controller. To assess the
effectiveness of the root-finding methods, each technique is used
to stabilize a collection of benchmark nonlinear systems.

I. INTRODUCTION

Aside from PID, the consensus of control practitioners
is that model predictive control (MPC) is the most widely
used and successful control technique. MPC determines
the control input by performing online, receding-horizon
optimization, where a future sequence of control actions
is determined, the first component of which is applied to
the physical system, and the procedure repeats at successive
steps. The success of MPC is due to its ability to stabilize,
respect control constraints (e.g., magnitude and rate satu-
ration), and enforce state constraints (e.g., safety limits on
position and temperature) [1].

For systems with linear dynamics, receding-horizon opti-
mization can be performed using the backward propagating
Riccati equation [2] or quadratic programming, where the
latter can be used to enforce control and state constraints. For
systems with nonlinear dynamics, various techniques have
been developed for nonlinear MPC. For example, symbolic
numerical differentiation is used in CasADi [3] together with
iterative methods, such as interior-point methods [4] and
sequential quadratic programming [5], [6].

The present paper considers an alternative approach to
MPC for nonlinear plants with pseudo-linear dynamics

ẋ = A(x)x+B(x)u, (1)
where A(x) and B(x) are state-dependent-coefficients
(SDC’s). Pseudo-linear dynamics are attractive due to the fact
that they mimic the form of linear dynamics. These models
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can be used to represent the dynamics of nonlinear systems
with linear and higher-order terms, which includes models
arising from classical dynamics. Systems with sublinear
dynamics, however, lead to coefficients with singularities,
and thus they cannot be represented in the form of (1).

Pseudo-linear dynamics are widely used with the state-
dependent Riccati equation (SDRE) [7]. SDRE control solves
the algebraic Riccati equation at each time instant, thus
providing an implementable control. A drawback of (1),
however, is the fact that this representation is not unique,
and thus the user may need to test various factorizations to
determine which one is most effective.

The present paper focuses on nonlinear MPC with pseudo-
linear models. As in [8], [9], the main idea is to use
quadratic programming to iteratively solve the receding-
horizon optimization problem, where, at each iteration, the
SDC’s are updated by the previous sequence of future control
inputs. The approach considered in [8], [9] uses successive
substitution, which seeks convergence to a fixed-point rep-
resenting the future control sequence. The contribution of
the present paper is the use of root-finding techniques to
facilitate the convergence of these iterations. In particular,
we compare the performance of fixed-point iteration [10],
Anderson acceleration [11], [12], generalized secant [13],
Broyden [14], and generalized Aitken-Steffensen [15] for
various nonlinear benchmark problems.

II. DISCRETIZATION OF PSEUDO-LINEAR MODEL

This section presents the continuous-time pseudo-linear
model and then discretizes this model for model predictive
control (MPC). We consider the continuous-time nonlinear
system ẋ = f(x) + g(x)u, where x ∈ Rn and u ∈ Rm,
which can be expressed as

ẋ = Ac(x)x+Bc(x)u, (2)
where, for all x ∈ Rn, Ac(x) : Rn → Rn×n and
Bc(x) : Rn → Rn×m are continuous-time state-dependent-
coefficients (SDC’s).

We assume that sampled measurements xk
△
= x(kTs) of x

are available at each sample instant k ≥ 0, where Ts is the
sample rate in s/step. Using fourth-order Runge-Kutta (RK4)
to discretize (2) yields

xk+1 = A(xk)xk +B(xk)uk, (3)
where A(xk) and B(xk) are the discrete-time SDC’s by RK4
using Ac(x), Bc(x), xk, and Ts, and uk is the control input
at step k.
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Fig. 1. Timing diagram for implementing IMPC at step k. At step k, IMPC
uses xk and uk . Between steps k and k + 1, uk is applied and IMPC is
executed and computes uk+1. Between steps k + 1 and k + 2, uk+1 is
applied. The green-shaded region shows the ℓ-step prediction horizon.

III. CONTROL CONSTRAINTS FOR (1)

As in [8], we enforce magnitude saturation by using a
state- and control-dependent-coefficient (SCDC’s). Let uk be
subject to umin ≤ uk ≤ umax, where the inequalities are
interpreted component-wise, and umin ∈ Rm and umax ∈
Rm. For all i = 1, . . . ,m, let ui,k ∈ R, ui,min ∈ R,
and ui,max ∈ R, be the entries of uk, umin, and umax,
respectively. Then, for all xk and uk, we define

B(xk, uk)
△
= B(xk)σ(uk), (4)

where σ(u)
△
= diag(σ1(u1), . . . , σm(um)) ∈ Rm×m and

σi(ui)
△
=


ui,min

ui
, ui < ui,min,

1, ui,min ≤ ui ≤ ui,max or ui = 0,
ui,max

ui
, ui > ui,max.

(5)

Thus, in the presence of magnitude constraints on uk, the
SDC’s B(xk) in (3) is replaced with the SCDC’s B(xk, uk),
and thus (3) is replaced with

xk+1 = A(xk)xk +B(xk, uk)uk. (6)
The computational advantage of (6) is the fact that the
magnitude of uk is not constrained.

IV. ITERATIVE MODEL PREDICTIVE CONTROL

This section presents iterative model predictive control
(IMPC) for controlling nonlinear systems represented in
SCDC’s form. At step k, IMPC computes a sequence of
control actions and predicted states over the horizon of length
ℓ ≥ 1. To do this, a subiteration is performed j = 0, . . . , ν
times. At subiteration j, the SCDC’s are constructed using
the predicted sequence of states and controls. For quadratic
programming, the quadratic cost is minimized to obtain a
predicted sequence of controls, which are used to construct
a predicted sequence of states using one of the classical
root-finding methods. Finally, the first component of the
optimized sequence of controls is applied at step k + 1.
A. Prediction over the Horizon

At step k, IMPC takes measurements of the state xk and
applied control uk, and computes the next control uk+1.
Hence, IMPC timing takes into account the computational
delay as shown in Figure 1.

First, we define the predicted state

x̂k+1
△
= A(xk)xk +B(xk, uk)uk. (7)

Next, for all k ≥ 0, i = 1, . . . , ℓ, and j = 0, . . . , ν, χk|i,j
denotes the predicted value of χk+i at subiteration j. Thus,
for all k ≥ 0, i = 1, . . . , ℓ, and j = 0, . . . , ν, the predicted
dynamics are given by

xk|i+1,j = A(xk|i,j)xk|i,j +B(xk|i,j , uk|i,j)uk|i,j , (8)

where, for all j = 0, . . . , ν, xk|1,j
△
= x̂k+1. Furthermore, we

define the state and control sequence vectors,

Xk,j
△
=

 xk|2,j
...

xk|ℓ+1,j

 ∈ Rnℓ, Uk,j
△
=

uk|1,j
...

uk|ℓ,j

 ∈ Rmℓ, (9)

Xk,j
△
=

[
Xk,j

Uk,j

]
∈ R(n+m)ℓ, (10)

respectively, and SCDC’s Ak|1
△
= A(x̂k+1) and for all j =

0, . . . , ν, Bk|1,j
△
= B(x̂k+1, uk|1,j), and for all i = 2, . . . , ℓ

Ak|i,j
△
= A(xk|i,j), Bk|i,j

△
= B(xk|i,j , uk|i,j). (11)

B. Cost and Constraints

We define the cost
J(X)

△
= XT HX, (12)

where H △
= diag(Iℓ ⊗ Q, Iℓ ⊗ R) ∈ R(n+m)ℓ×(n+m)ℓ,

X ∈ R(n+m)ℓ is the optimization variable, Q ∈ Rn×n is
the positive-semidefinite state weighting, and R ∈ Rm×m is
the positive-definite control weighting.

The cost in (12) is subject to equality constraints that arise
from (8). To formulate these constraints, we rewrite (8) for
i = 1, . . . , ℓ as

Xk,j = Ak|1x̂k+1 +Ak,jXk,j +Bk,jUk,j , (13)
where

Ak|1
△
=

[
AT

k|1 0n×n . . . 0n×n

]T
∈ Rnℓ×n, (14)

Ak,j
△
=


0n×n · · · 0n×n 0n×n

Ak|2,j · · · 0n×n 0n×n

...
. . .

...
...

0n×n · · · Ak|ℓ,j 0n×n

 ∈ Rnℓ×nℓ, (15)

Bk,j
△
= diag(Bk|1,j , . . . , Bk|ℓ,j) ∈ Rnℓ×mℓ. (16)

Next, we write (13) as Aeq,k,jXk,j = beq,k, where

Aeq,k,j
△
=

[
Ak,j − Inℓ Bk,j

]
, beq,k

△
= −Ak|1x̂k+1.

(17)
Thus, (12) is subject to

Aeq,k,jX = beq,k. (18)
C. Optimization

At step k and at subiteration j, we minimize (12) subject
to (18) using the MATLAB quadprog function with Xk,j as
the initial guess. We assume the SCDC’s (11) are constant
with respect to quadprog optimization. Hence, the constraints
(18) is linear in Xk,j . Next, we define

Xk,j,opt
△
=

[
xT
k|2,j,opt . . . xT

k|ℓ+1,j,opt

]T
∈ Rnℓ, (19)

Uk,j,opt
△
=

[
uT
k|1,j,opt . . . uT

k|ℓ,j,opt

]T
∈ Rmℓ, (20)

Xk,j,opt
△
=

[
XT

k,j,opt UT
k,j,opt

]T ∈ R(n+m)ℓ, (21)
where, for all i = 1, . . . , ℓ and j = 0, . . . , ν, xk|i+1,j,opt and
uk|i,j,opt are the minimizing states and controls at step k.
D. Nonlinear Root Finding

We assume that the control sequence entries of the mini-
mizer (20) are determined by the function g(Uk,j , x̂k+1)

△
=
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Uk,j,opt, which represents the minimization of the cost
function (12) subject to the constraints (18). It is important
to note that the dependencies of Uk,j and x̂k+1 within g are
derived from the constraint (18) and the predicted dynamics
(8). In other words, the state sequence Xk,j is not included
as a dependency in the optimization. This is because Xk,j

is exclusively determined by the initial predicted state x̂k+1

and the control sequence Uk,j . Thus, Xk,j is redundant in
the root-finding optimization process. Next, we define

f(Uk,j , x̂k+1)
△
= g(Uk,j , x̂k+1)− Uk,j . (22)

We aim to find a root for f ; a fixed-point for g, by iterating
over j. The root of f is reached when |f(Uk,j)| < ϵ, where
ϵ > 0 is a small tolerance. Equivalently, the fixed-point of
g is reached when |g(Uk,j) − Uk,j | < ϵ. Note, we drop
the dependency of x̂k+1 in f and g, since it is fixed with
respect to j. We use one of the classical iterative root-finding
methods described in Section V to obtain Uk,j+1.

Moreover, we track the subiteration number at which
the lowest value of |f(Uk,j)| is achieved to assign to Uk,ν

at the subiteration ν − 1. At subiteration j, for all e =
0, . . . , j, let ej denote the subiteration at which the control
sequence Uk,ej produced the lowest value of |f(Uk,ej )|. That

is, |f(Uk,ej )| ≤ |f(Uk,e)|. Thus, we define e0
△
= 0 and

Uk,ν
△
= Uk,ej .

E. Initialization and Time-Shift Operation

IMPC requires an initialization sequence for k = 0 and
a time-shift operation for k > 0. The initialization at step
k = 0 sets a constant arbitrary control ua ∈ R to the control
sequence U0,0. That is,

U0,0
△
= ua1mℓ×1. (23)

Moreover, the time-shift allows the use of control sequences
at the previous step k−1 to be used at the current step k. In
particular, consider the predicted control vector at step k−1
and subiteration ν, Uk−1,ν . Then the time-shifted predicted
control vector at step k and subiteration 0 is defined to be

Uk,0
△
=

[
uT
k−1|2,ν · · · uT

k−1|ℓ,ν uT
k−1|ℓ,ν

]T
∈ Rmℓ.

(24)F. Algorithm

At step k, IMPC has access to the measurement of the
state xk, and a measurement of the applied control uk at
t = kTs. Then, IMPC executes the following algorithm to
produce uk+1, which is the control that will be applied on
the interval t = [(k+1)Ts, (k+2)Ts], as shown in Figure 1.
Algorithm 1 shows the pseudo-code of the IMPC algorithm.

V. ROOT-FINDING METHODS FOR IMPC
In this section, we present methods for updating the con-

trol sequence from Uk,j to Uk,j+1. To do this, we consider
three classes of root-finding methods. The first method is
fixed-point iteration. The next two methods are based on
linear combinations of previous iterates, namely, Anderson
acceleration and generalized secant. Finally, the last two
methods are quasi-Newton methods, namely, Broyden and
Aitken-Steffensen, which are based on approximations of the
Jacobian of f .

Algorithm 1: IMPC

Result: uk+1
△
= uk|1,ν,opt

1 Use xk , uk , and (7) to compute x̂k+1;
2 if k = 0 then
3 Use (23) to compute U0,0;
4 else
5 Use the time-shift operation (24) on Uk−1,ν to obtain Uk,0;
6 for j ← 0 to ν do
7 Use x̂k+1, Uk,j , (8) and (9) to compute Xk,j ;
8 Use (4)–(5), (11), Xk,j , and Uk,j to compute Ak|i,j , Bk|i,j ,

for all i = 1, . . . , ℓ;
9 Use Ak|i,j , Bk|i,j , for all i = 1, . . . , ℓ, and (14)–(16) to

construct the equality constraint matrices (17);
10 Construct Xk,j using Xk,j , Uk,j , and (10);
11 Compute Xk,j,opt by minimizing (12) subject to (18) with

the initial guess Xk,j using the MATLAB quadprog;
12 Use (21) and Xk,j,opt to compute Uk,j,opt;
13 if |f(Uk,j)| ≤ |f(Uk,ej )| then
14 ej ← j
15 if j < ν − 1 then
16 switch Root-finding Method do
17 case Root-finding Method do
18 Use root-finding method in section V to

compute Uk,j+1;
19 otherwise do
20 Do fixed-point iteration, Uk,j+1 ← Uk,j,opt;
21 if j = ν − 1 then
22 Uk,j+1 ← Uk,ej
23 Output uk+1, which is defined to be the first m entries of

Uk,ν,opt;

A. Fixed-Point Iteration

The control sequence initial guess at subiteration j + 1 is
given by Uk,j+1

△
= Uk,j,opt.

B. Anderson Acceleration

The control sequence initial guess at subiteration j + 1 is
given by Uk,j+1

△
= gk,jαk,j , where gk,j is defined by

gk,j
△
=

[
g(Uk,j−mj+1) · · · g(Uk,j)

]
∈ Rmℓ×mj , (25)

where mj
△
= min{j + 1, µ} and µ ∈ Z+ is the tuning

parameter that selects the maximum number of subiterations
used by the method, and the coefficients vector αk,j ∈ Rmj

is given by αk,j
△
= argminα |fk,jα|, subject to 11×mj

α = 1,
where α ∈ Rmj is the optimization variable and

fk,j
△
=

[
f(Uk,j−mj+1) · · · f(Uk,j)

]
∈ Rmℓ×mj . (26)

Hence, Anderson acceleration [11], [12] gives the next
subiteration in terms of a linear combination of the columns
of (25).

C. Generalized Secant

The control sequence initial guess at subiteration j + 1 is
given by

Uk,j+1
△
=

{
Uk,j + f(Uk,j), j < mℓ

gk,jαk,j , j ≥ mℓ
(27)

Hence, the generalized secant is a special case of Anderson
acceleration, where mj

△
= mℓ.

D. Broyden

The Broyden method attempts to find the root of (22)
iteratively using quasi-Newton. Since the Jacobian of f(Uk,j)
cannot be generally computed analytically, we use Broyden
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numerical approximation of the Jacobian to solve the root-
finding problem (22). Then Broyden computes the control
sequence at subiteration j + 1.

When using Broyden to approximate the Jacobian of
f(Uk,j), we use backtracking which is activated at subitera-
tion jb. Once activated, unless a new ej is set, the move is
reduced by a factor λ at every subsequent subiteration reach-
ing a local minimum. Therefore, backtracking converts the
root-finding problem to a minimization problem: minimizing
|f(Uk,j)| over j by damping the Newton-Raphson step at
subiteration j + 1 when |f(Uk,j+1)| > |f(Uk,j)|, [16].

The control sequence initial guess at subiteration j + 1 is

Uk,j+1
△
=


Uk,j −B−1

k,jf(Uk,j), j < jb,

Uk,ej , j = jb,

Uk,ej − λjB
−1
k,ej

f(Uk,ej ), j > jb,

(28)

where λj
△
= λj−ej ∈ (0, 1], λ is the damping coefficient

tuning parameter, jb ≥ 0, Bk,0
△
= −I ∈ Rmℓ×mℓ, and, for

j = 0, . . . , ν−2, the updated Broyden estimate of the inverse
Jacobian [14] is given by

B−1
k,j+1

△
= B−1

k,j −
(B−1

k,jyj+1 + Sk,j+1)S
T
k,j+1B

−1
k,j

ST
k,j+1B

−1
k,jyj+1

, (29)

where yj+1
△
= f(Uk,j+1) − f(Uk,j) ∈ Rmℓ and Sk,j+1

△
=

Uk,j+1 − Uk,j ∈ Rmℓ.
E. Generalized Aitken-Steffensen

The generalized Aitken-Steffensen is also a quasi-Newton
method. Similar to Broyden, we use backtracking which
is activated at subiteration jb. The control sequence initial
guess at subiteration j + 1 is given by

Uk,j+1
△
=


Uk,j + f(Uk,j), j ≤ mℓ,

Uk,j −B†
k,jf(Uk,j), mℓ < j < jb,

Uk,ej , j = jb,

Uk,ej − λjB
†
k,ej

f(Uk,ej ), jb < j,

(30)

where, for j = mℓ + 1, . . . , ν − 2, B†
k,j

△
= ∆Uk,j∆f†k,j ,

∆Uk,j
△
=

[
Sk,j−mℓ+1 · · · Sk,j

]
∈ Rmℓ×mℓ, ∆fk,j

△
=[

yk,j−mℓ+1 · · · yk,j

]
∈ Rmℓ×mℓ, and † denotes the

Moore-Penrose inverse. We assume that ν ≥ mℓ + 4. Note
that (30) approximates the Jacobian of f(Uk,j) with mℓ
forward-iteration differences [15].

VI. NUMERICAL EXAMPLES

Example 1. Van der Pol oscillator. The Van der Pol
oscillator dynamics are given by

ẋ1 = x2, ẋ2 = µ̄(1− x2
1)x2 − x1 + u, (31)

where µ̄ > 0 is the nonlinear damping coefficient, x
△
=[

x1 x2

]T
is the state, and u is the control input. The

dynamics (31) can be expressed in terms of SDC’s with

Ac(x)
△
=

[
0 1
−1 µ̄(1− x2

1)

]
, Bc

△
=

[
0
1

]
. (32)

We apply IMPC with the root-finding methods to the VDP
oscillator. We set µ̄ = 0.7, x(0) =

[
5 5

]T
, u(0) = 0,

ℓ = 30, ν = 99, umax = 5, umin = −5, ua = 0.1, Q =
diag(103, 102), R = 1, Ts = 0.1, λ = 0.9, jb = 49, and
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Fig. 2. Example 1: Control of the Van der Pol oscillator. (a) and (b) show
the states x1 and x2, respectively; (c) shows the control. All of the root-
finding methods yield the same traces.

-2 0 2 4

-2

0

2

4

Fig. 3. Example 1: Control of the Van der Pol oscillator.

µ = 10. Figures 2 and 3 show convergence of the state to
zero. Figures 4 and 5 compare the performance of the root-
finding methods. ⋄

Example 2. Unicycle. Let q1 and q2 be the displacements
of the unicycle, and θ be the heading angle of the unicycle
as shown in Figure 6. Then the dynamics of the unicycle
[17] are given by

q̇1 = v̄ cosx3, q̇2 = v̄ sinx3, θ̇ = ū, (33)
where v̄ is the speed of the unicycle, ū is the heading rate,
x̄

△
=

[
q1 q2 θ

]T
is the state, and u =

[
ū v̄

]T
is the

control input. Next, using the state transformation[
x1
x2
x3

]
△
=

[
cos θ sin θ 0
− sin θ cos θ 0

0 0 1

]
x̄, (34)

the unicycle dynamics (33) can be written as
ẋ1 = v̄ + x2ū, ẋ2 = −x1ū, ẋ3 = ū, (35)

where x
△
=

[
x1 x2 x3

]T
is the state and u =

[
ū v̄

]T
is the control input. The dynamics (35) can be expressed in

0 20 40 60 80 100

-10

-5

0

Fig. 4. Example 1: Control of the Van der Pol oscillator. (a) shows
|f(Uk,j)| versus subiteration j for steps k = 0. Broyden has the fastest
convergence as demonstrated by the smallest values of |f(Uk,j)|.

0 2 4 6 8 10

-20

-10

0

Fig. 5. Example 1: Control of the Van der Pol oscillator. We plot |f(Uk,ν)|
versus step time t = kTs. At the final subiteration ν, Broyden and Anderson
acceleration have the lowest values of the root error |f(Uk,ν)|. For t > 4
s, missing values indicate that |f(Uk,ν)| is smaller than machine precision.
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Fig. 6. Example 2: Top view of the unicycle.
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Fig. 7. Example 2: Driving the unicycle state to zero. (a) and (b) show
the unicycle position q1 and q2, respectively; (c) shows the orientation of
the unicycle; (d) shows the heading rate; (e) shows the unicycle speed. All
of the root-finding methods yield the same traces.

terms of SDC’s with

Ac
△
= 0 ∈ R3×3, Bc(x)

△
=

[
x2 1
−x1 0
1 0

]
. (36)

We apply IMPC with the root-finding methods to drive the
unicycle state to zero. We set x̄(0) =

[
5 2 0.1

]T
, u(0) =

0 ∈ R2, ℓ = 30, ν = 99, umax =
[
0.2, 1

]T
, umin = −umax,

ua = 0.1, Q = diag(1, 103, 0), R = diag(103, 1), Ts = 0.1,
λ = 0.9, jb = 49, and µ = 20. Figures 7 and 8 show that
IMPC drives the unicycle to zero. Figure 9 compares the
performance of the root-finding methods. ⋄

Example 3. Rotational-translational actuator. The
Rotational-translational actuator (RTAC) [18] dynamics are
given by

ẋ =


q̇

meθ̇2 sin θ−kq−bq̇
γ(θ)(M+m)

θ̇
(kq+bq̇−meθ̇2 sin θ)ε2 cos θ

meγ(θ)

+


0

− ε2 cos θ
meγ(θ)

0
1

me2γ(θ)

 τ, (37)
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Fig. 8. Example 2: Driving the unicycle state to zero. All of the root-
finding methods lead to the same traces as the fixed-point iteration method.
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Fig. 9. Example 2: Driving the unicycle state to zero. We plot |f(Uk,ν)|
versus step time t = kTs. At the final subiteration ν, Broyden and Anderson
acceleration have the lowest value of the root error |f(Uk,ν)|. For t > 4 s,
missing values indicate that |f(Uk,ν)| is smaller than machine precision.

Fig. 10. Example 3: Rotational-translational actuator.
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Fig. 11. Example 3: Control of RTAC using Broyden. (a) and (b) show
RTAC q and θ; (c) shows the applied torque. All of the root-finding methods
yield comparable traces.

where γ(θ)
△
= 1− (ε cos θ)2, ε

△
=

√
m

M+m , q, and θ are the
position of the cart and angle of the pendulum in Figure 10,
respectively, τ is the torque applied to the pendulum link
x

△
=

[
q q̇ θ θ̇

]T
, is the state, and u

△
= τ is the control.

The dynamics (37) can be expressed in terms of SDC’s with

Ac(x)
△
=


0 1 0 0
−k

γ(θ)(M+m)
−b

γ(θ)(M+m) 0
meθ̇ sin θ

γ(θ)(M+m)

0 0 0 1
kε2 cos θ
meγ(θ)

bε2 cos θ
meγ(θ) 0 −meε2θ̇ sin(2θ)

2meγ(θ)

 , (38)

Bc(x)
△
=

[
0 − ε2 cos θ

meγ(θ) 0 1
me2γ(θ)

]T
. (39)

We apply IMPC with the root-finding methods to RTAC. We
set m = 0.1 kg, M = 0.5 kg, k = 20 N/m, b = 0 N-s/m,
e = 0.15 m, J = 0.01 kg-m2, x(0) =

[
0.2 0 0 0

]T
,

u(0) = 0, ℓ = 30, ν = 99, umax = 0.1, umin = −umax,
ua = 0.1, Q = diag(106, 104, 1, 102), R = 100, Ts = 0.1,
λ = 0.9, jb = 49, and µ = 10. Figure 11 shows the
convergence of the state to zero. Figure 12 compares the
performance of the root-finding methods. ⋄

Example 4. Kapitza pendulum. Consider the Kapitza
pendulum (KP) in Figure 13 composed of the frictionless
pin joint p constrained to vertical motion, a massless, rigid
rod L1 of length ℓ1, a particle q̄ of mass m̄ that is connected
to p by L1, the clockwise angle from the vertical direction
to the pendulum consists of L1 and the particle q̄ is θ̄, the
pin joint p is driven by the slider-crank mechanism, where a
rigid link L3, which has length ℓ3 and moment of inertia J̄
relative to o around the direction perpendicular to the plane
of the figure, rotates around the fixed pin joint o, the massless
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Fig. 12. Example 3: Control of the RTAC. We plot |f(Uk,ν)| versus step
time t = kTs. At the final subiteration ν, all of the root-finding methods
have comparable performance. However, Broyden and the generalized secant
have the lowest and most stable value of the root error |f(Uk,ν)|. For t > 5
s, missing values indicate |f(Uk,ν)| is less than machine precision.
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o
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ϕ

Fig. 13. Kapitza pendulum. The pin joint p moves vertically relative to
the fixed pin joint o.
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Fig. 14. Example 4: Control of the Kapitza pendulum using Aitken-
Steffensen. (a) and (b) show Kapitza pendulum θ̄ and ϕe; (c) shows the
applied torque.

rigid link L2 with length ℓ2 is connected by a frictionless
pin joint to the end of L3 to p, the clockwise angle from the
vertical direction to L3 is the crank angle ϕ, and η

△
= ℓ2

ℓ3
,

and assume ℓ2 > ℓ3, which implies that η > 1. Then the
dynamics are given by

¨̄θ = −ℓ3
ℓ1
(α(ϕ)ϕ̈+ β(ϕ)ϕ̇2) sin θ̄ +

g

ℓ1
sin θ̄, (40)

where

α(ϕ)
△
= sinϕ+

sin 2ϕ

2
√
η2 − (sinϕ)2

,

β(ϕ)
△
= cosϕ+

cos 2ϕ√
η2 − (sinϕ)2

+
(sin 2ϕ)2

4[η2 − (sinϕ)2]3/2
.

Note that the dynamics of θ̄ are independent of m̄ and
J̄ . Next, let ϕe

△
= ϕ̄ − ϕ, where ϕ̄ ∈ R is the crank-

angle setpoint, then ϕ̇e = −ϕ̇ and the dynamic of ϕ̈ is
approximated with an inner loop equation

ϕ̈ = K(−ϕ̇+ ϕ̇c), (41)
where K is the inner loop tuning gain and ϕ̇c is the control

input. Let x
△
=

[
θ̄ ˙̄θ ϕe ϕ̇

]T
, and u

△
= ϕ̇c, then the

dynamics (40) and (41) can be expressed in terms of SDC’s
with

Ac(x)
△
=


0 1 0 0

g sin θ̄
ℓ1θ̄

0 0 ℓ3
ℓ1
[Kα(ϕ)− β(ϕ)ϕ̇] sin θ̄

0 0 0 −1
0 0 0 −K

 , (42)

Bc(x)
△
=

[
0 − ℓ3

ℓ1
Kα(ϕ) sin θ̄ 0 K

]T
. (43)

We apply IMPC with the root-finding methods to stabilize
the KP. We set ϕ̄ = π

2 , ℓ1 = 0.25 m, ℓ2 = 2 m, ℓ3 = 1 m,
K = 50, x(0) =

[
179π
180 0 179π

180 0
]T

, u(0) = 0, ℓ = 50,
ν = 99, umax = 10 rad/s, umin = −umax, ua = 0.1 rad/s,
Q = diag(104, 103, 106, 0), R = 8.1, Ts = 0.02 s, λ = 0.9,
jb = 49, and µ = 10. Figure 14 shows the convergence of
the state to zero. Figure 15 compares the performance of the
root-finding methods. ⋄

VII. CONCLUSIONS AND FUTURE RESEARCH

This paper focused on model predictive control (MPC)
for nonlinear systems that are pseudo-linear. For receding-
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Fig. 15. Example 4: Control of the Kapitza pendulum. We plot |f(Uk,ν)|
versus t = kTs. Fixed-point iteration converges with the largest delay
compared to other methods; All methods oscillate for t ≥ 3 s; Secant
and Aitken-Steffensen exhibit superior convergence performance.

horizon optimization, root-finding methods were used iter-
atively to optimize the sequence of future control inputs.
These methods were shown to be effective for various
benchmark nonlinear systems.

For pseudo-linear systems, state-dependent-coefficients
(SDC’s) need not be differentiable, and thus these systems
may not be amenable to symbolic numerical differentiation
[3]. Nevertheless, for the case of smooth SDC’s, future
research will compare the efficiency of root-finding methods
with methods based on linearization. This framework enables
output-feedback MPC for a class of nonlinear systems.
Finally, online identification of pseudo-linear, input-output
models will provide a path toward adaptive control of uncer-
tain nonlinear systems.
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